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Preface

Complex analysis is a rich and textured subject. It is quite old, and its history
is broad and deep. Yet the basic graduate course in complex variables has
become rather cut and dried. The choice of topics, the order of the topics,
and the overall flavor of the presentation are strongly influenced by the need
to prepare students for the qualifying exams. The qual-level course is designed
to serve a limited purpose, and it does that but little more.

Basic complex analysis is startling for its elegance and clarity. One pro-
gresses very rapidly from the basics of the Cauchy theory to profound results
such as the fundamental theorem of algebra and the Riemann mapping theo-
rem. Many a student is left, at the end of the course, yearning for more—to be
advanced to a level where he or she could consider research questions, indeed
the possibility of writing a thesis in the subject.

Yet there are few places to turn in such a quest. The book [BEG] of
Berenstein and Gay and the book [CON] of Conway give particular takes on
some of the more advanced material in the subject. Some of the older books,
such as [FUKS], [GOL], [HIL], [MAR] treat topics not usually found in the
basic texts. But it seems that there is a need for a book that will open the
student’s eyes to what this subject has to offer, and give him or her a taste of
some of the areas of current research. This is meant to be such a book.

Our prejudice in the subject is geometric, but this does not prevent us
from exploring byways that come from analysis, algebra, and other parts
of mathematics. Thus, on the one hand, we treat invariant geometry, the
Bergman metric, the automorphism groups of domains, and the boundary
regularity of conformal mappings. On the other hand, we also explore the
Hilbert transform, the Laplacian, the corona problem, harmonic measure, the
inhomogenous Cauchy—Riemann equations, and sheaf theory.

The aim of the book is to expose the student to mathematics as it is
practiced: as a synthesis of many different areas, exhibiting particular flavors
and features that arise from that synthesis. The student who reads this book
should be inspired to go further in the subject, to begin to explore the primary
literature, and (one hopes) to think about his or her own research problems.



xii Preface

One of the rewards and pleasures that the student will find in reading this
book is the rich interactions that are displayed among the various topics. For
example, harmonic measure is used to prove a sharp version of the Lindelof
principle. It is also used to establish the three lines (viz. three circles) theorem
of Hadamard. This in turn is used to prove (in another chapter) the Riesz—
Thorin theorem. In another venue, the Riesz—Thorin theorem is used to prove
the LP-boundedness of the Hilbert transform. The Laplacian is reviewed and
used as a device to introduce the Green’s function. The Green’s function is
used, of course, to derive the Poisson kernel. But it is also used to develop the
Bergman kernel. The Bergman kernel is used to study boundary regularity of
conformal mappings. It is also used in the study of automorphism groups, and
to prove various uniqueness theorems for conformal mappings. The Bergman
metric interacts with and arises alongside consideration of other conformal
metrics, and leads to Ahlfors’s version of the Schwarz lemma.

The Poisson kernel is used to study the boundary behavior of harmonic
and holomorphic functions. The Dirichlet problem for the Laplacian is used
to give a nonstandard proof of the Riemann mapping theorem. The Green’s
function is used to prove a canonical representation of multiply connected
regions on slit-domains. The Ahlfors map gives a new view of uniformization
as introduced by these topics.

The Green’s function and Stokes’s theorem lead to a solution of the in-
homogeneous Cauchy-Riemann equations, which are in turn used to make
new constructions in function theory. The Green’s function and the Hilbert
transform, together with our solution of the inhomogeneous Cauchy—Riemann
equations and the F. and M. Riesz theorem, are used to derive a proof of the
corona theorem. Duality properties of Hardy spaces (covered in an earlier
chapter) are exploited along the way.

Our study of the Ahlfors map uses Banach algebra properties of H* that
we developed in our study of the corona theorem. It also gives a reprise of the
Green’s function and harmonic measure. The Green’s function and Green’s
theorem are used extensively in the proof of the corona theorem and also in our
development of the uniformization theorem. Nontrivial ideas from functional
analysis arise in our study of the Riesz—Thorin theorem, the Hilbert transform,
the summation of Fourier series, the corona theorem, and the Ahlfors map.

We provide a discussion of the statement, concept, and proof of Kébe’s uni-
formization theorem, together with various planar variants. Thus we examine
uniformization from many different points of view. When we treat automor-
phism groups, uniformization provides a powerful tool.

Algebra is encountered in various guises throughout the book. Certainly it
plays a role in the group-theoretic aspects of automorphisms. It occurs again
in our treatment of Banach algebra techniques. And it plays a decisive role
in the study of sheaves. Sheaf theory gives the student a new way to view
the Weierstrass and Mittag—Leffler theorems, as well as questions of analytic
continuation. Thus this text shows the students many different aspects of
complex analysis, and how they interact with each other.
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With this book, the student and the advanced worker too are introduced
to a rich tapestry of function theory as it interacts with other parts of mathe-
matics. There is hardly any other analysis text that offers such a variety and
synthesis of mathematical topics.

Part of my own training is to think of the subject of complex analysis as a
foil, or perhaps as a gadfly. Many an interesting problem of geometric analysis
is very naturally formulated in the language of complex function theory; but
then it is best solved by stripping away the complex analysis and applying
tools of geometry, or partial differential equations, or harmonic analysis. That
is the point of view that we shall, at least in part, take in the present book.
Complex analysis will be our touchstone, but it will be the entrée to many
another byway of mathematics—from the Cauchy-Riemann equations to in-
terpolation of linear operators to the study of invariant metrics. It is our view
that this is a productive and rewarding way to practice mathematics, and we
would like to teach it to a new generation.

It is a pleasure to thank my editor, Ann Kostant, for encouraging me to
write this book, and for making the process as smooth and carefree as possible.
She enlisted strong and insightful reviewers to help me craft this book into a
more precise and useful tool. I thank Elizabeth Loew for a marvelous job of
editing and TEX typesetting. I look forward to comments and criticisms from
the readership, and hope to make future editions more accurate and therefore
more useful.

St. Louis, Missouri and Berkeley, California Steven G. Krantz
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Classical Function Theory



1

Invariant Geometry

Genesis and Development

The idea of using invariant geometry to study complex function theory
has its foundation in the ideas of Poincaré. Certainly he is credited
with the creation of a conformally invariant metric on the unit disk
D. The uniformization theorem (covered later in this book) may be
used to transfer the metric to other planar domains. Later on, Stefan
Bergman found a way to define invariant metrics on virtually any do-
main in any complex manifold. We shall explore his ideas further on
in the book.

The geometric approach provides a new way to view the subject
of complex variables. It is the source of tantalizing new questions.
But it also provides a vast array of powerful new weapons to use on
traditional problems. Any number of problems about mappings and
conformality—just as an instance—are rendered transparent by way
of geometric language.

An appreciation of the concepts in this chapter requires under-
standing of the idea of a Riemannian metric. Our presentation, how-
ever, is self-contained. The reader may learn what such a metric is by
doing, that is, by studying this chapter. Even the student who is new
to geometric language will find that the material in the ensuing pages
will introduce him to a new way to approach function theory.

1.1 Conformality and Invariance

Conformal mappings are characterized by the fact that they infinitesimally (i)
preserve angles, and (ii) preserve length (up to a scalar factor). It is worth-
while to picture the matter in the following manner: Let f be holomorphic on
the open set U C C. Fix a point P € U. Write f = u + v as usual. Thus we
may write the mapping f as (x,y) — (u,v). Then the (real) Jacobian matrix
of the mapping is
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Uz (P)  uy(P)
J(P) = ’
v2(P)  vy(P)
where subscripts denote derivatives. We may use the Cauchy-Riemann equa-
tions to rewrite this matrix as

( Uy (P) uy(P)>
J(P) = .
—uy(P)  ug(P)

Factoring out a numerical coefficient, we finally write this two-dimensional
derivative as

\/ ug (P) \/ uy (P)

ug (P)2+uy (P)? ug (P)?+uy (P)?

— 2 2, ’

J(P) = \Juu(P)? +u, (P) Cim i
Vua(P)2 +uy (P)? Vua(P)2+uy (P)?

= h(P)- J(P).

The matrix J(P) is of course a special orthogonal matrix (i.e., its rows form
an orthonormal basis of R?, and it is oriented positively). Thus we see that
the derivative of our mapping is a rotation J(P) (which preserves angles)
followed by a positive “stretching factor” h(P) (which also preserves angles).

It would be incorrect to infer from these considerations that a conformal
map therefore preserves Euclidean angles, or Euclidean length, in any global
sense. Such a mapping would perforce be linear and in fact special orthogo-
nal; and thus complex function theory would be reduced to a triviality. The
mapping of the disk D(0,2) given by

¢z (z4+4)1,

illustrated in Figure 1.1, exhibits rather dramatically the failure of Euclidean
isometry. The mapping is one-to-one, onto its image, yet ¢(0) = 256, ¢(1) =
625, and hence

1-0=1%#369 = ¢(1) — ¢(0).

And yet it is obviously desirable to have a notion of distance that is pre-
served under holomorphic mappings. Part of Klein’s Erlangen program is to
understand geometric objects according to the groups that act on them. Such
an understanding is of course facilitated when the group is actually a group
of isometries.

It was H. Poincaré who first found a way to carry out this idea when the
domain in question is the unit disk D. To understand his thinking, let us recall
that the collection of all conformal maps of the unit disk D = D(0,1) can be
described explicitly: it consists of
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a

—

v

Fig. 1.1. The failure of Euclidean isometry under conformal mappings.

(i) All rotations py : z +— e - 2, 0 < X < 2m;
(ii) All Mé&bius transformations ¢, : z +— [z — a]/[1 — @z],
acC,lal <1;
(iii) All compositions of mappings of type (i) and (ii).

We will use Riemann’s paradigm for a metric, that is, we shall specify the
length of a (tangent) vector at each point of the disk D. If the point is P and
the vector is v, then let us denote this length by |v|p.

Our goal now is to “discover” the Poincaré metric by way of a sequence of
calculations. We must begin somewhere, so let us declare that the length of
the vector e = (1,0) = 1 4 0i at the origin is 1. Thus |e|o = 1. Now if ¢ is a
conformal self-map of the disk, then invariance means that

VIp = [¢«(P)V]p(p) (1.1.1)

where ¢, (P)v is defined to equal ¢'(P) - v. Here ¢.(P)v is called the “push-
forward by ¢” of the vector v.

Now let us apply equation (1.1.1) to the information that we have about
the length of the unit vector e at the origin. Let ¢(z) = ¢ - z. Then we see
that

1= |e\0 = |¢*(0)e|¢(0) = |€i>\ . e|0 = |6i)\|0 . (112)

We conclude that the length of the vector e** at the origin is 1. So all Euclidean
unit vectors based at the origin have length 1 in our new invariant metric.
Now let 9(z) be the Mébius transformation

z+a
¥(z) = 14+az’

with a a complex number of modulus less than 1. Let v = ¢** be a unit vector
at the origin. Then ¢’(0) = 1 — |a|? and equation (1.1.1) tells us that
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1= |vlo = [¢:(0)V]y) = (1 = [a*) - v]a.
We conclude that 1
1—laf?
Of course our new metric will respect scalar multiplication, so we may
apply the preceding calculation to vectors of any length. If we let ||v| denote

the Fuclidean length of a vector v, then we may summarize all our calculations
as follows:

Vle =

Let P be a point of the unit disk D and let v be any vector based at
that point. Then

We call this new metric the Poincaré metric.

We see in particular that, as P gets ever nearer to the boundary of D, the
new metric length of v becomes greater and greater.

It is well worth spending some time interpreting this new metric and its
implications for complex analysis. Let v : [0,1] — D be a continuously differ-
entiable curve. We define the length of v in the Poincaré metric to be

() Z/O 17 ()] 2y dt .

Observe that +/(t) is a vector located at ~y(t), so the definition makes good
sense. Of course we can consider curves parametrized over any interval, and
the definition of length is independent (by the change of variables formula of
calculus) of the choice of parametrization. We define the length of a piecewise
continuously differentiable curve to be the sum of the lengths of its continu-
ously differentiable pieces.

Ezample 1.1.1. Let € > 0. Consider the curve y(t) = (1—¢€)t, 0 < ¢ < 1. Then,
according to the definition,

1 ! —€

- / i ([}1_61%12 it = 5 1o (2 c ) |

We see immediately that, as € — 07, the expression £(7) tends to +oo. Thus,
in some sense, the distance from 0 to the boundary (at least along the given
linear path) is infinite.

We define the Poincaré distance d( P, Q) between two points P, Q € D to be
the infimum of the Poincaré lengths of all piecewise continuously differentiable
curves connecting P to Q.
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Proposition 1.1.2. Let P € D. Then the Poincaré distance of 0 to P is equal

o 1 . 1+]|P|
_l’_
d(0,P) == -lo .

Proof. By rotational invariance, we may as well suppose that P is real and
positive, so P = (1 —€) +i0 = (1 — ¢,0). It is an exercise for the reader
to see that there is no loss of generality to consider only curves of the form
~v(t) = (t,g9(t)), 0 <t <1—e Then

o) — / e I VAL VI

1= y(®)? o 1-t2—]g2(0)

1—e¢
1 1 2 —
z/ = _dt==log ‘
0o 1-—1t? 2 €

_11 1+ |P|
2% \1 P )

Thus we see explicitly that p(t) = (¢,0) is the shortest curve from 0 to P, and
the distance is as we claimed. |

Combining the result of this proposition with the preceding example, we
see that any curve that starts at the origin and runs out to the boundary of
the disk will have infinite length. Thus the boundary is infinitely far away.

Exercise for the Reader: Prove that if P is any point of the disk and r > 0,
then the metric disk

B(P,r)={z€D:d(z,P)<r}

is actually a Euclidean disk. What are its Euclidean center and radius (ex-
pressed in terms of r and P)? Show that the disk S(P,r) is relatively compact
(i.e., has compact closure) in the disk. It follows that any Cauchy sequence in
the Poincaré metric has a limit point in the disk. Thus the Poincaré metric
turns D into a complete metric space. &

1.2 Bergman’s Construction

Stefan Bergman created a device for equipping virtually any planar domain
with an invariant metric that is analogous to the Poincaré metric on the disk."
Some tracts call this new metric the Poincaré—Bergman metric, though it is

! Later on, in Section 4.6, we shall treat the uniformization theorem of Kobe. It
gives a means for transferring the Poincaré metric from the disk to virtually any
planar domain.
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more commonly called just the Bergman metric. In order to construct the
Bergman metric we must first construct the Bergman kernel. For that we
need just a little Hilbert space theory (see [RUD2], for example).

A domain in C is a connected open set. Fix a domain {2 C C, and define

2 = olomorphic on (2 : 2)[? z 00 2 .
42(@) = {  olomorptic on 2 [ [7(2)2 dA(2) < o0 € £2(2)

Here dA is an ordinary two-dimensional area measure. Of course A%(£2) is a
complex linear space, called the Bergman space. The norm on A%(£2) is given
by

| fllaz(2) = [/Q If(z)QdA(z)] v .

We define an inner product on A?({2) by

(f.9) = /Q F(2)3(2) dA(2).

The next technical lemma will be the key to our analysis of the space AZ.

Lemma 1.2.1. Let K C {2 be compact. There is a constant Cx > 0, depend-
ing on K, such that

su}g |f(2)| < Ckl|fllaz), all fe AQ(Q).
zE

Proof. Since K is compact, there is an r(K) = r > 0 so that, for any z €
K,D(z,7) C 2. Therefore, for each 2 € K and f € A%(f2), we may use the
mean value property of harmonic functions to see that

1
1= g |, F0440
< / X () - | F(B)] dA(2)
= AB(z,r)) J BB ’

where ; (e.7)
1 i te B(z,r
X5 (t) = {O if t¢ B(z,r).
We apply the Cauchy—Schwarz inequality from integration theory (see [RUD2])
to the last expression to find that it is less than or equal to

o N /
A(B(z1)) /C'XB(m(t)PdA” /C F@OP daV?

1
= (AB(z ) 2 fllaz(se) = ﬁ”f”Az(Q)

= Ok fllazo) - O
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Proposition 1.2.2. The space A%(£2) is complete.

Proof. Let {f;} be a Cauchy sequence in A2. Then the sequence is Cauchy
in L?(2), and the completeness of L? (see [RUD2]) then tells us that there
is a limit function f. So f; — f in the L? topology. Now the lemma tells us
that in fact the convergence is taking place uniformly on compact sets. So
f € A%(£2). That completes the argument. O

Corollary 1.2.3. The space A%(§2) is a Hilbert space.

With a little extra effort (see [GRK1], [RUD3]), it can be shown that A%(£2)
is in fact a separable Hilbert space.

Now our point of view is to find a method for representing certain linear
functionals. The key fact is this:

Lemma 1.2.4. For each fized z € (2, the functional
D, fr f(2), feA*(N)
is a continuous linear functional on A%(2).

Proof. This is immediate from Lemma 1.2.1 if we take K to be the single-
ton {z}. O

We may now apply the Riesz representation theorem (see [RUD2]) to see
that there is an element k, € A%(£2) such that the linear functional @, is
represented by inner product with k,: if f € A%(£2) then, for all z € 2, we
have

f(2) =(f k). (1.2.1)

Definition 1.2.5. The Bergman kernel is the function K (z,() = k.(¢), 2, €
£2. It has the reproducing property

f(2) = / K(2,Q)f(Q)dA(Q), Vf € A%(2). (12.2)

Notice that (1.2.2) is just a restatement of (1.2.1).

Proposition 1.2.6. The Bergman kernel K(z,() is conjugate symmetric:
K(z,¢) = K(¢, 2).

Proof. By its very definition, K((,-) € A%(£2) for each fixed (. Therefore the
reproducing property of the Bergman kernel gives

/Q K(z,)K(C, 1) dA(t) = K(C, 7).

On the other hand,

/ K (2, KD dA(t) = /K((,t)K(z,t) dA(t)
2
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Proposition 1.2.7. The Bergman kernel is uniquely determined by the
properties that it is an element of A%(£2) in z, is conjugate symmetric, and

reproduces A?((2).

Proof. Let K (z,¢) be another such kernel. Then

K(2,¢) = K(C 2) = / Rz, ) K0 dA(t)

= [ K(C,O)K(z,t)dA(t) = K(2,¢) = K(2,0). ]

Since A2({2) is a separable Hilbert space, there is a complete orthonormal
basis {¢;}52, for A%(£2).

Proposition 1.2.8. Let E be a compact subset of £2. Then the series

> 9i(2)65(Q)

sums uniformly on E X E to the Bergman kernel K(z,().

Proof. By the Riesz—Fisher and Riesz representation theorems, we obtain
1/2

sup ;wj(zn? =§ggl|{¢>j(2)}§il||ez

sup Zaj¢j(z)
ajdlipz=1 |5
2€E J
— sup |f(2)| < Cr. (1.2.3)
Il 42 =1
z€EE

In the last inequality we have used Lemma 1.2.1. Therefore
1/2 1/2

Y |50 < [ XleEP | (X ls©P

and the convergence is uniform over z,( € E. For fixed z € {2, our preceding
calculation shows that {¢;(2)}72, € ¢%. Hence we have that Y ¢;(2)¢;(¢) €
A2(02) as a function of ¢. Let the sum of the series be denoted by K(z,().

Notice that K is conjugate symmetric by its very definition. Also, for f €
A%(£2), we have

[ 050 a0 = Y Fiest) = 10
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where convergence is in the Hilbert space topology. [Here f( 4) is the j*® Fourier
coefficient of f with respect to the basis {¢;}.] But Hilbert space convergence
dominates pointwise convergence (Lemma 1.2.1), so

f(z) = / R(2, Q) f(Q)dAQ), all f € A%(Q).

Therefore, by Proposition 1.2.7, K is the Bergman kernel. O

Proposition 1.2.9. If 2 is a bounded domain in C, then the mapping

P /Q K(-,¢) () dA(Q)

is the Hilbert space orthogonal projection of L*(§2, dA) onto A%(2).

Proof. Notice that P is idempotent and self-adjoint and that A2?(§2) is pre-
cisely the set of elements of L? that are fixed by P. |

Lemma 1.2.10. Let ¢ : 21 — 25 be a one-to-one, onto, conformal mapping

of domains. Then
/ 19’ (2)]? dxdy:/ drdy.
21 £

Proof. Write ¢ = u + iv. Then the Jacobian determinant of ¢, thought of as
a real mapping from R? to R?, is

J = det (uz uy) 5
Vg Uy

which, by the Cauchy—Riemann equations, equals

Vg Ug

det (“ ‘””C) =} + 0 =o.l = |4

The last equality is obtained by another application of the Cauchy—Riemann

equations.
//ldA://JdA://|¢’(z)|2da:dy. o
25 21 2

As a result,
This last result is called the Lusin area integral formula.

Proposition 1.2.11. Let 21, 25 be domains in C. Let f : 2y — (25 be con-
formal. Then

F'(2)Ka,(f(2), F(O)(C) = Ko, (2,€).
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Proof. Let ¢ € A%2(£21). Then, by change of variable,

| [r@raue.1)70] o aa
— [ P OKa (. OF N D) —— A,
[ KU E.07 GO0 e 440

In the last equality, we have used Lemma 1.2.10. This simplifies to

~ 1 ~ ~
(2 K 2), O ———o (1 dA(Q).
re 92<f<)<>{f,(f1(0)¢(f <<>)} ©

By change of variables, the expression in braces { } is an element of A2({2).
So the reproducing property of K, applies and the last line equals

1
f'(z ¢ (2) = o(z
() iy ¢ (2) = 9(2)
By the uniqueness of the Bergman kernel, the proposition follows. O

Proposition 1.2.12. For z € {2 CC C it holds that Ko(z,z) > 0.

Proof. 1f {¢;} is a complete orthonormal basis for A%(£2), then

oo

Ko(z,2) =Y |6;(2)]> > 0.

Jj=1

If in fact K(z,z) = 0 for some z, then ¢;(z) = 0 for all j; hence f(z) =0 for
every f € A%({2). This is absurd. O

As an exercise, the reader may wish to verify that the last proposition is
true with only the simple assumption that the area of {2 is finite.

Definition 1.2.13. For any bounded {2 C C we define a Hermitian metric on

2 by
2

9() = 5 5-log K(z,2), z€ 2.
This means that the length of a tangent vector £ at a point z € {2 is given by
[€l= = g(2)€]l-

The metric that we have defined is called the Bergman metric. Sometimes,
for clarity, we denote the metric by g*.

We note that the length of a curve, and the distance dp(z, w) between two
points z,w, is now defined just as for the Poincaré metric on the disk.



1.3 Calculation of the Bergman Kernel for the Disk 15

Proposition 1.2.14. Let {21, 2 C C be domains and let f : {1 — (25 be a
conformal mapping. Then f induces an isometry of Bergman metrics:

IEl: = 1f'(2) - €l y2) (1.2.4)

for all z € 21,& € C. Equivalently, f induces an isometry of Bergman dis-
tances in the sense that

do, (f(P), f(Q)) = de, (P, Q).

Proof. This is a formal exercise, but we include it for completeness:
From the definitions, it suffices to check that

92 (F()) f' (2)w| = | (2)w]
for all z € £2,w € C. But, by Proposition 1.2.11,
2

= 9207

2

0
020Z

2

= 9207

97 (2)

log Ko, (2, 2)

log {|f'(2)" K, (f(2), f(2))}

log Ka,(f(2), £(2)) (1.25)
since, locally,

log | f'(2)[2 = log (f'(2)) +log (F'(2)) + C
But line (1.2.5) is nothing other than

7| S = o ) | 242

and (1.2.4) follows. O

1.3 Calculation of the Bergman Kernel for the Disk

Proposition 1.3.1. The Bergman kernel for the unit disk D is

1 1
K(20) == ———.
T (1-2()
The Bergman metric for the disk is
2
= e

This is (up to a constant multiple) the well-known Poincaré, or Poincaré—
Bergman, metric.

This fact is so important that we now present three proofs. Some interest-
ing function theory will occur along the way.
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1.3.1 Construction of the Bergman Kernel for the Disk
by Conformal Invariance

Let D C C be the unit disk. First we notice that, if either f € A%*(D) or
f € A%(D), then

10 = [[ 10 aac0). (131)
D

This is the standard, two-dimensional area form of the mean value property
for holomorphic or harmonic functions.

Of course the constant function u(z) = 1 is in A?(D), so it is reproduced
by integration against the Bergman kernel. Hence, for any w € D,

1= u(w) = [[ Ktw.Ou¢)da0) = [[ Kw.0dac).
D D

%:%//KWKMMO-
D

By (1.3.1), we may conclude that

l:K(w,O)

™

or

for any w € D.
Now, for a € D fixed, consider the Mobius transformation

z—a

h(z)_l—ﬁz'

We know that 1 Jaf?
oy 1—]a

W) =g g

We may thus apply Proposition 1.2.11 with ¢ = h to find that

K(w,a) = W (w) - K(h(w), h(a)) - h'(a)
_ P w0y
= Tawp KOO0 Tp

—
| =

This is our formula for the Bergman kernel. The formula for the Bergman
metric follows immediately by differentiation.
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1.3.2 Construction of the Bergman Kernel by means of an
Orthonormal System

Now we will endeavor to write down the Bergman kernel for the disk by means
of an orthonormal basis for A?(D), that is, by applying Proposition 1.2.8. For
a general {2, it can be rather difficult to actually write down a complete
orthonormal system for A2({2). Fortunately, the unit disk D C C has enough
symmetry that we can actually pull this off.

It is not difficult to see that {27}52 is an orthogonal system for A*(D).
That is, the elements are pairwise orthogonal; but they are not normalized to
have unit length. We may confirm the first of these assertions by noting that,

if j # k, then
27 ) )
// 2R dA(z / / 719k e =0 g9 rdr
= / pithHl dr/ W=k g9 = 0.
0 0

The system {z7} is complete: If (f,27) = 0 for every j, then f will have a null
power series expansion and hence be identically zero. It remains to normalize
these monomials so that we have a complete orthonormal system.

We calculate that

2
/ |27 % dA(2) / / 23 df rdr
= 27r/ 2+t qr
0

1
=T .
j+1

We conclude that
I = M
Vitl
Therefore the elements of our orthonormal system are
N/ ES O
T )

Now, according to Proposition 1.2.8, the Bergman kernel is given by

¢;(2) =
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oo

j—|—1
=0

suH

J

Observe that, in this instance, the convergence of the series is manifest (for
both |z| < 1 and |{] < 1).
Of course we easily can sum > _,(j + 1)a by noticing that

Z(j+1 Zaj-i-l
j=0
o d 1
" da [a~ 1—04}
- 1
- (1-a)?’

Applying this result to our expression for K(z,() yields that

o
(1-20)

This is consistent with the formula that we obtained by conformal invariance
in Subsection 1.3.1 for the Bergman kernel of the disk. The formula for the
Bergman metric follows immediately by differentiation.

K(z,0) =1

1.3.3 Construction of the Bergman Kernel by way of Differential
Equations

It is actually possible to obtain the Bergman kernel of a domain in the plane
from the Green’s function for that domain (see [EPS]). Let us now summa-
rize the key ideas. Chapter 8, especially Section 8.2, contains more detailed
information about the Green’s function. Unlike the first two Bergman kernel
constructions, the present one will work for any domain with C? boundary.

First, the fundamental solution for the Laplacian in the plane is the func-
tion

I(¢,2) = 5= loglc

(in Proposition 8.1.4 we shall prove this assertion). This means that
NeI'(C,z) = d.. [Observe that . denotes the Dirac “delta mass” at z and
A is the Laplacian in the ¢ variable.] Here the derivatives are interpreted in
the sense of distributions. In more prosaic terms, the condition is that

/ I(¢,2) - Apl(C) dédn = ()

for any C? function ¢ with compact support. We write, as usual, ¢ = £ + in.
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Given a domain 2 C C, the Green’s function is posited to be a function
G(¢, z) that satisfies

G(¢,2) =T'(¢,2) = F=((),

where F,(¢) = F((,z) is a particular harmonic function in the ¢ variable.
Moreover, it is mandated that G( - ,z) vanish on the boundary of 2. One
constructs the function F( -, z), for each fixed z, by solving a suitable Dirichlet
problem. Again, the reference [KRA1, p. 40] has all the particulars. It is worth
noting, and this point will be discussed later, that the Green’s function is a
symmetric function of its arguments.

The next proposition establishes a striking connection between the Bergman
kernel and the classical Green’s function.

Proposition 1.3.2. Let 2 C C be a bounded domain with C? boundary. Let
G(¢, z) be the Green’s function for {2 and let K(z,() be the Bergman kernel
for £2. Then

82
9oz

K(z,()=4 G(¢,2). (1.3.2)
Proof. Our proof will use a version of Stokes’s theorem written in the notation
of complex variables. It says that if u € C*(£2), then

ngu(C)dgzzi.//gzdgdn, (1.3.3)
U

where again ( = & + in. The reader is invited to convert this formula to
an expression in £ and 7 and to confirm that the result coincides with the
standard real-variable version of Stokes’s theorem that can be found in any
calculus book (see, e.g., [THO], [BLK]).

Now we already know that

1

GG,2) = -

log(¢ — 2) + % log (¢ —2)+ F((, z). (1.3.4)
Here we think of the logarithm as a multivalued holomorphic function; after
we take a derivative, the ambiguity (which comes from an additive multiple
of 27i) goes away.

Differentiating with respect to z (and using subscripts to denote deriva-
tives), we find that

-1

GZ(QZ):EC—Z

+F.((,2).

We may rearrange this formula to read

1
C—iz = —4m- Gz(ga Z) + 47TFZ(C’ Z) :
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We know that G, as a function of (, vanishes on 9f2. Hence so does G. Let
f € C?(02) be holomorphic on £2. It follows that the Cauchy formula

fo - L S©

27 00 C—2

d¢
can be rewritten as

f(z)=-2i ¢ [f(Q)F:(¢, 2)dC.
on
Now we apply Stokes’s theorem (in the complex form) to rewrite this last
as

1) =1 [[ (.2 dean,
(9]

where ( = £ 4 in. Since f is holomorphic and F' is real-valued, we may con-
veniently write this last formula as

£ =1 [ [ £ Fetc,2) dean.
Q
Now formula (1.3.4) tells us that Fez = G¢z. Therefore we have

f(2) = / / F(OATE(C. 2) de dn. (1.3.5)
(9]

With a suitable limiting argument, we may extend this formula from functions
f that are holomorphic and in C?({2) to functions in A?({2).

It is straightforward now to verify that 4Gz satisfies the first three charac-
terizing properties of the Bergman kernel, just by examining our construction.
The crucial reproducing property is of course formula (1.3.5). Then it follows
that

2

That is the desired result. O

It is worth noting that the proposition we have just established gives a
practical method for confirming the existence of the Bergman kernel—by re-
lating it to the Green’s function, whose existence is elementary.

Now let us calculate. Of course the Green’s function of the unit disk D is

1 1
G(¢.2) = 5 log|¢ — 2 — 5 log |1 - ¢31

as a glance at any classical complex analysis text will tell us (see, for example,
[AHL2] or [HIL]). Verify the defining properties of the Green’s function for
yourself.
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With formula (1.3.2) in mind, we can make life a bit easier by writing
G(G.2) = 1= Toa(¢ — 2) + 1= los(C—2)
,2) = - log z)+ - log z

—%log(l —(z)— ﬁlog (1 —CE) .

Here we think of the expression on the right as the concatenation of four
multivalued functions, in view of the ambiguity of the logarithm function. This
ambiguity is irrelevant for us because the derivative of the Green’s function
is still well defined (i.e., the derivative annihilates additive constants).
Now we readily calculate that
oG 1 -1 1 ¢

T dn -z i 1-Gz

Nl

and
*G 1 1
0C0z  4Am (1-(z)?°
In conclusion, we may apply Proposition 1.3.2 to see that
1 1
K(z(=-——.
-z
This result is consistent with that obtained in the first two calculations (Sub-
sections 1.3.1, 1.3.2). The Bergman metric, as before, is obtained by differen-
tiation.

1.4 A New Application

We now present a rather profound, and relatively new, application of invariant
metrics on planar domains. This result was first discovered around 1978 by
several different authors. The complete history may be found in [FKKM]. We
give here an argument from that paper.

Before we begin the proof, some remarks are in order. First we note that
if  is an automorphism of the disk D that has just two fixed points, then ¢
is the identity. For we may as well assume that one of the fixed points is the
origin. By Schwarz’s lemma, we know immediately that ¢ is a rotation. Now
one additional fixed point forces ¢ to be the identity. The domain {2 = C has
a similar property. All automorphisms have the form z — az+b, and two fixed
points provide the algebraic data to determine a and b. Refer to the cognate
discussion in Section 12.3.

Things are a bit more interesting for an annulus, say

1
A:{26C12<|z|<2}.
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The inversion mapping z — 1/z has 1 and —1 as fixed points. And of course it
is not the identity. Any third fixed point would (see the theorem below) force
an automorphism to be the identity. The Riemann sphere is similar. Any
automorphism is a linear fractional transformation, and it is easy to see (on
purely algebraic grounds) that three fixed points determine the transformation
uniquely.

For a Riemann surface of arbitrary genus, things are more complicated. It
is not difficult to see that if k is a positive integer, then there is a Riemann
surface with an automorphism ¢ that is not the identity such that ¢ has k
fixed points. We now provide a couple of quick examples:

Ezxample 1.4.1. Consider the complex one-dimensional torus 1" generated from
the lattice {1,7}. Let 7 : C — T be the standard covering map. Then z — —z
on the complex plane generates an automorphism, say 7, on 7. Now 7 has
four fixed points, which are

m(0), w(1/2+i/2), =(1/2), =(i/2).
Yet 7 does not fix 7(}), and so it is not the identity map.

Ezxample 1.4.2. We now consider a two-holed torus. This manifold can be gen-
erated by a regular octagon centered at the origin of the Poincaré disk together
with its reflections. Again, z — —z generates a nontrivial automorphism of
this Riemann surface. The number of fixed points is now siz, coming from the
center (the origin), the vertices, and the corresponding pairs of midpoints of
the sides of the octagon.

It is now clear that one can obtain arbitrarily large numbers of fixed points
just from among the compact Riemann surfaces. See [FKKM] for the details.

Theorem 1.4.3. Let 2 C C be any bounded, planar domain and ¢ : §2 — §2
a conformal map. If ¢ has three fized points (i.e., ¢(p) = p for three distinct
points p), then ¢ is the identity mapping.

Proof. We must begin with some terminology. We take it for granted that the
reader has at least an intuitive understanding of the concept of “geodesic” (see
[STO] or [BOO)] for background). Going by the book, a geodesic is defined by
a differential equation. For our purposes here, we may think of a geodesic as
a locally length-minimizing curve.

Let € M, where M is a Riemannian manifold. A point y € M is called
a cut point of x if there are two or more length-minimizing geodesics from
x to y in M. See Figure 1.2. We further use the following basic terminology
and facts from Riemannian geometry. Let dis(z, y) denote the metric distance
from z to y. A geodesic 7 : [a,b] — M is called a length-minimizing geodesic
(or alternatively, a minimal geodesic, or a minimal connector) from z to y
if v(a) = x, v(b) = y, and dis (z,y) = [arc length of 7]. By the Hopf-Rinow
theorem, any two points in a complete Riemannian manifold can be connected
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Fig. 1.2. The point y is a cut point for x.

by a minimizing geodesic. If there is a smooth family of minimizing geodesics
from z to y, then these two points are said to be conjugate. Conjugate points
are cut points. The collection of cut points of = in M is called the cut locus of
x, which we denote by C,. It is known that C), is nowhere dense in M ([GKM],
[KLI], e.g.), in fact, C, lies in the singular set for the distance function.

Now equip {2 with the Bergman metric. For convenience, we shall suppose
that 2 has C' boundary. This will guarantee that the Bergman metric is
complete (see [OHS]). We assume that f € Aut ({2) is not the identity map,
but has 3 distinct fixed points in (2. To reach a contradiction, let us start
with the fixed point a. If the set of fixed points accumulates at a, we are
done. So we may choose as the second fixed point b the closest (with respect
to the Hermitian metric) one to a apart from a itself. This choice may not be
unique, and hence we simply choose one.

We need to consider only the case that b is a cut point (not conjugate)
of a. [For otherwise f would fix the unique geodesic connecting a to b and
hence would be the identity.] Then there will be several unit-speed minimal
connectors (all of which have the same length, of course), say 71,72, . . ., joining
a to b. First notice that no minimal connector can have a self-intersection.
Then the automorphism f maps any one of the minimal connectors to another
such, since the endpoints a and b are fixed. Note that f oy, cannot intersect
71 except at the endpoints. For, if they do intersect at a point other than the
endpoints, then they have to intersect at the same time; otherwise one may
find an even shorter connector between a and b than the minimal connector,
which is a contradiction. Then the intersection point becomes a fixed point of
f closer to a than b, which is again not allowed.
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Now, 71 and f o~y; join to form a piecewise smooth Jordan curve in the
plane. Thus it bounds a cell, say E, in the plane C. Now consider the third
fixed point ¢ that is distinct from a and b. Notice that we may assume that ¢
is not on any of the minimal connectors for a and b. Suppose that c is inside
the cell E. Now join ¢ to a by an arc £ in F N {2 that does not intersect with
either v; or f o, or in fact with any minimal geodesics joining a and b.
Notice that the conformality of f at the fixed point a shows that there is a
sufficiently small open disk neighborhood U of a on which f must map UN¢
to the outside of the cell E. This results in the conclusion that f o & must
cross 1 or f oy;. But this is impossible, since a point not on any minimal
connector from a to b cannot be mapped to a point on a minimal connector
from a to b.

If ¢ is outside the cell E, then the arguments are similar. Since there are
only finitely many minimal connectors between a and b (since a and b are not
conjugate to each other, and the quotient from the universal covering space
is formed by a properly discontinuous group action; see [BRE]), some iterate
f™ of f will move & so that its image has points inside E. Then, f™ o ¢
again crosses one of these minimal geodesics joining a and b, which leads us
to another contradiction. |

Restricting attention back to the unit disk, we recall the difference between
fixed points in the interior and fixed points in the boundary (this is a remark
of Michael Christ). As we have noted, two fixed points in the interior force
an automorphism to be the identity. But it takes three fixed points in the
boundary for rigidity. One explanation for this difference is that two fixed
points in the interior will give rise, by way of Schwarz reflection, to four fixed
points of an automorphism of the Riemann sphere. That of course is impossible
unless the map is the identity. But of course fixed points in the boundary will
not multiply under reflection, so their behavior is different.

1.5 An Application to Mapping Theory

A classical result from complex function theory is this:

Theorem 1.5.1. Let A= {2z € C: 1< |z| < R}. If ¢ is a conformal mapping
of A to itself, then ¢ is either a rotation or an inversion of the form z — R/z.

It is interesting to note that it is quite difficult to compute the Bergman
kernel and metric for an annulus. One can certainly see (using Laurent series)
that the monomials {2 }32 _ form an orthogonal system on an annulus cen-
tered at the origin. And one can use a little calculus to normalize these to
an orthonormal system. But actually performing the necessary summation is
virtually intractable (and involves elliptic functions [BER, pp. 9-10]). Fortu-

nately, the proof that we are about to present requires no detailed knowledge
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of the Bergman metric of the annulus. Indeed, it uses only the fact that the
metric is complete, hence blows up at the boundary. We shall take this last
result for granted, although see [APF] for a detailed treatment of this and
related matters.

We will need to know that the Bergman metric has geodesics, but that
follows from the smoothness and completeness of the metric (see [KON]). We
will also utilize the real analyticity of the Bergman kernel and metric in an
interesting and surprising way.

Again, we shall indulge the reader’s intuition and invoke the heuristic idea
of geodesic (see [KON] for all the details). Now fix an annulus A = {z € C:
1 < |z| < R}. We will be using standard polar coordinates (r, ). At any point
p € A, a vector in the tangent space decomposes into a component in the
0/0r direction and a component in the 9/96 direction. One way to look at
the metric is that it assigns a length to 9/9r and to /06 at each point of the
annulus. Consider the set M of points where the Bergman length of 9/96 is
minimal. Such points exist just because the Bergman metric blows up at the
boundary of the domain. What geometric properties will the set M have?

First, the set must be rotationally invariant—because the metric will be
rotationally invariant (i.e., the rotations are conformal self-maps of A). Thus
M is a union of circles centered at the origin. And M is certainly a closed set
by the continuity of the metric. The set has no interior because the Bergman
metric p is given by a real analytic function (it is the second derivative of the
logarithm of the real analytic Bergman kernel), and the zero set of a nontrivial
real analytic function can have no interior—see [KRP1]. In fact we may also
note that [|0/00)||, is real analytic in the radial r direction, hence (by the same
reasoning) we claim that M can have only finitely many circles in it. More
precisely, let g(r,0) = [|0/00]|,,(r6). We have already noted that this function
is independent of §, so we may consider g(r) = ||0/06||,,». This function will
assume its minimum value at points r where ¢’(r) = 0. Since the metric is
complete, we know that the set of such points forms a compact subset of the
interval (0, R). If the set is infinite, then it has an accumulation point, and
therefore the real analytic function ¢’ is identically zero. That is impossible,
again by the completeness of the metric. Therefore the set M is finite.

Now it is easy to see that any curve (circle) in M will also be one of the
curves (the curves that go once around the hole in the middle of the annulus)
that minimizes arc length in the Bergman metric, and vice versa. This is so
because we have already selected the curve to have /06 length as small as
possible; a curve whose tangents have components in the §/9r direction will
a fortiori be longer. In more detail, the length of any curve v(¢), 0 <t <1, is
calculated by

1 1
0,(7) = / I ()l p ey dt = / () + Ao i
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where 7/ and ~y, are, respectively, the normal and tangential components of
7. Clearly, if we construct a new curve 7 by integrating the vector field ~;,
then the result is a curve that is shorter than ~.

Thus any circle in M is a length-minimizing geodesic. And the converse is
true as well.

Now let ¢ be a conformal self-map of A. Then, as a result of the consid-
erations in the last paragraph, ¢ will map circles in M (concentric with the
annulus) to circles in M (concentric with the annulus). But more is true: any
circle ¢ that is centered at 0 has constant Bergman distance from any one
given circle C' in M. Let 7. be the Bergman distance from the arbitrary circle
¢ to the fixed circle C. Then ¢ will be mapped by ¢ to another circle in A
that has Bergman distance 7. from ¢(C'). In short, ¢ maps circles to circles.
And the same remark applies to ¢~ 1.

Now the orthogonal trajectories to the family of circles centered at P will
of course be the radii of the annulus A. Therefore (by conformality) these
radii will get mapped to radii. Let R be the intersection of the positive real
axis with the annulus A. After composition with a rotation, we may assume
that ¢ maps R to R.

If M has just one circle in it, then that circle C' must be fixed. Since each
circle ¢ in the annulus (centered at P) has a distance 7, from C, then its image
under ¢ will have the same distance from C. Thus either c is fixed or it is
sent to its image under inversion. By continuity, whatever choice is valid for
c will be valid for all other circles. Thus, in this case, the map ¢ is either the
identity or inversion.

Now suppose that M contains at least two circles. The only possibilities
for the action of ¢ on M NR are preservation of the order of the points or
inversion of the order (since any other permutation of the points is ruled out
by elementary topology of a conformal mapping). By composing ¢ with an
inversion (z — R/z), we may assume that ¢ does not act as an inversion on
R. But of course ¢ must preserve M NR. We conclude that ¢ must be the
identity.

What we have just proved is that, after we normalize ¢ so that it maps the
positive real axis to itself, then in fact ¢ must be the identity (or an inversion).
In other words, the original map ¢ must be a rotation (or an inversion). O

Problems for Study and Exploration

1. Prove that if F is an isometry of the unit disk equipped with the Bergman
metric, then F' is conformal. Can you extend this result to any bounded,
simply connected domain?

2. Calculate the collection of all conformal self-maps of the annulus A =
{CeC:1/2< | <2}

3. Let ¢ : 21 — (25 be a conformal map of bounded domains in C. Derive
a formula relating the Bergman projection Pg, : L?(£21) — A2%(§21) to
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11.

12.
13.

14.

15.
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Pg, : L?(£2;) — A%(£2;). We shall consider this idea in detail in Section
5.2.

What can you say about the Bergman kernel of the annulus A = {¢ € C:
1/2 < |¢] < 2}7 Can you write it as a “principal term” plus a “lower-order
term”?

Calculate the Bergman kernel on a domain with a corner, such as 2 =
{¢ € C:Re¢ > 0,Im¢ > 0}. How does the kernel K(z,¢) blow up as
z, ¢ tend to 07 How does this compare with the boundary behavior of the
Bergman kernel on the disk?

. Write an explicit formula for the Bergman kernel on the upper halfplane

U={¢eC:Im( > 0}.

Give an example of a planar domain (not the entire plane) for which the
Bergman space consists only of the zero function. Can you characterize
all such domains?

. What is the Bergman projection of the function ¢(¢) = ¢ on the unit

disk? What about ¢;(¢) =C, j =2,3,...7

. Fix a bounded domain 2 C C. Fix also a point z € (2. Prove that

Kq(z,z) is the greatest value at z of the modulus of any Bergman
space function of norm 1 on 2.
Let {2 be any bounded domain in C. Prove that the Bergman space is
separable.
Let {21 C {25 C --- be domains and set {2 = U;{2;. How are Ko and KQj
related?
Let 21 C (2. How are K, (2, 2) and Kq,(z, z) related?
Let 2 C C be a domain and z € §2. Let §, be the Dirac delta mass at
the point z. Explain why the Bergman kernel function K(z,-) satisfies
equation

P_Q((SZ) = K(Z, ) .

On the domain the unit disk D, imitate the construction of the Bergman
kernel using harmonic functions rather than holomorphic functions. What
kernel results?

Let f be a one-to-one, onto map of the Riemann sphere to itself that maps
lines and great circles to lines and great circles. Prove that f is either a
linear fractional transformation or the conjugate of a linear fractional
transformation.
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Variations on the Theme of the
Schwarz Lemma

Genesis and Development

The Schwarz lemma is one of the simplest results in all of complex
function theory. A direct application of the maximum principle, it is
merely a statement about the rate of growth of holomorphic functions
on the unit disk.

But there is hardly any result that has been quite so influen-
tial. Thanks in part to Lars Ahlfors’s geometrization of the proof
(he showed that the Schwarz lemma can be interpreted in terms of
curvature), the Schwarz lemma has assumed a central and powerful
role in complex geometry. There are many seminal generalizations of
the Schwarz lemma, some of them quite deep. The Carathéodory and
Kobayashi metrics—distinctive Finsler metrics that can be used de-
cisively in the study of function-theoretic questions—are constructed
with methodologies that are based on the Schwarz lemma. Almost any
result in the geometric theory of analytic functions has the Schwarz
lemma lurking in the background.

The present chapter explores the Schwarz lemma and its variants.
We shall certainly learn about Ahlfors’s approach, and some of its
consequences. One of the beautiful byproducts of our work will be an
elegant new proof of Picard’s theorems.

2.1 Introduction

The classical Schwarz lemma is part of the grist of every complex analysis
class. A version of it says this:

Lemma 2.1.1. Let f : D — D be holomorphic. Assume that f(0) = 0. Then

(a) |f(2)| < |z| for all z € D;
(b) [f'(0)] < 1.
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At least as important as these two statements are the cognate uniqueness state-
ments:

(c) If | f(2)| = |z| for some z # 0, then f is a rotation: f(z) = Az
for some unimodular complex constant \;

(d) If |f'(0)| = 1, then f is a rotation: f(z) = Az for some
unimodular complex constant X.

There are a number of ways to prove this result. The classical argument is
to consider g(z) = f(2)/z. On a circle |z| = 1—¢, we see that |g(z)| < 1/(1—¢).
Thus |f(2)] < |z|/(1 — €). Since this inequality holds for all € > 0, part (a)
follows. The Cauchy estimates show that |f/(0)| < 1.

For the uniqueness, if |f(z)| = |z| for some z # 0, then |g(z)| = 1. The
maximum modulus principle then forces g to be a unimodular constant, and
hence f is a rotation. If instead |f’(0)] = 1, then |g(0)] = 1 and again the
maximum modulus principle yields that f is a rotation.

The Schwarz—Pick lemma observes that there is no need to restrict to
£(0) = 0. Once one comes up with the right formulation, the proof is straight-
forward:

Proposition 2.1.2. Let f : D — D. Assume that a # b are elements of D
and that f(a) = «, f(b) = . Then

08—« b—a |

(a) 1—-apg _llab’
1— 2
) If' )] < 1= -

There is also a pair of uniqueness statements:

(c) If s _704 = b _fl , then [ is a conformal self-map of the disk D;
1—ap 1—ab
1— 2
() If | f'(a)| = 1_||(Z:||2, then f is a conformal self-map of the disk D.

Proof.  We sketch the proof. Recall that for a a complex number in D,

_C-a
C1-ac

va(¢)

defines a Mobius transformation. This is a conformal self-map of the disk that
takes a to 0. Note that ¢_, is the inverse mapping to ¢, .
Now, for the given f, consider

g(z) =paofop_q.

Then g : D — D and ¢(0) = 0. So the standard Schwarz lemma applies to g.
By part (a) of that lemma,

l9(2)] < lz].
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Letting z = ¢,(¢) yields
|90a © f(C)| < |90a(<)| .

Writing this out, and setting ( = b, gives the conclusion

00—« <‘b—a

1—-aB| = |[1—ab

That is part (a).
For part (b), we certainly have that

[(pao fop_q)(0)]<1.

Using the chain rule, we may rewrite this as

[0 (f o p—a(O)]- |F'(9-al0))] - [¢_,(0)] < 1. (2.1.1)
Now of course - |2
@Q(C) = m .

So we may rewrite (2.1.1) as
1—|al? ,
(o) @l 0= <1,

Now part (b) follows.
We leave parts (c) and (d) as exercises for the reader. O

The quantity

|a —b]
p(avb) - |1 —6b|
is called the pseudohyperbolic metric. It is actually a metric on D (details left
to the reader). It is not identical to the Poincaré-Bergman metric. In fact it
is not a Riemannian metric at all. But it is still true that conformal maps
of the disk are distance-preserving in the pseudohyperbolic metric. Exercise:
Use the Schwarz—Pick lemma to prove this last assertion.
One useful interpretation of the Schwarz—Pick lemma is that a holomorphic
function f from the disk to the disk must take each disk D(0,7), 0 < r <
1, into (but not necessarily onto) the image of that disk under the linear

fractional map
zZ+ o

—
1+az’

where f(0) = «. This image is in fact (in case —1 < a < 1) a stan-

dard Euclidean disk with center on the real axis at o and diameter (in case

0 < o < 1) given by the interval

z

a—r a+r
l—ar’ 1+4+ar
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2.2 Other Versions of Schwarz’s Lemma

Here we present some fascinating but less well known versions of the Schwarz
lemma concept.

Proposition 2.2.1. Let f be holomorphic on D(0,71), and assume that | f(z)| <

M for all z. Then
F2) — fw)| _ 20
z—w =2 —zw|

Proof.  Define

f(rz)
Then g : D — D and we may apply Schwarz—Pick to g. The result is
9(z) —g(w) | _ [ 2w ’
1—g(z)g(w)| 11 —2w

which translates to

L= f(rz)/M - f(rw)/M

Doing some elementary algebra and replacing z — z/r, w — w/r yields

f(z) = f(w

)
L—[f(2)f (w)]/M?
This may be rearranged as

’f(Z) - f(w)‘ < ML — [f(2)f (w)]/M?|

|2 — Zw|

w — Zw

F(r2)/M — f(rw)/M ‘ .

Z—w ‘

< M-

).

re —Zw

and the right-hand side here can obviously be majorized by
2Mr
[r2 —Zw| "
This completes the argument. O
This last proposition is one way to adapt the ideas of Schwarz—Pick to a
disk of arbitrary radius and a function of arbitrary upper bound. The next

result, due to Lindeldf, gives a means for majorizing |f(z)], in the classical
Schwarz lemma setting, directly without assuming that f(0) = 0.

Proposition 2.2.2. Let f: D — D be holomorphic. Then

[£(0)] + 12|

&= TR
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Proof.  We first note that, for complex numbers a,b € D,

a=b [P (A—laP)a—]pP)
1—ab |1 —ab|?
(1= JaP)(1 - pP)
Z 1 T a2
_ (] = [p])?
(1 Jalo)?

Now we use this inequality to calculate, for z € D, that

fEI= O] _ 1f(z) = FO)]
L=[fOMNfG] ™ 1= F0)f(2)]

By Schwarz—Pick this last is not greater than

|z —0]
oo
Thus
|f)] = 1fO)] < [2] = |2] - [f(O)] - [f(2)]-
Rearranging the inequality gives
|£(0)] + |z
A= T3 Lron

That is the desired result.

2.3 A Geometric View of the Schwarz Lemma

In 1938, Lars Ahlfors [AHL1] caused a sensation by proving that the Schwarz
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lemma is really an inequality about the curvatures of Riemannian metrics. In

the present section we will give an exposition of Ahlfors’s ideas. Afterward we

can provide some applications.

We shall go into considerable detail in the present discussion, so that the

reader has ample motivation and context. Certainly it should be plain that

there is definite resonance with the material on the Poincaré and Bergman

metrics in Chapter 1.

2.3.1 Geometric Ideas

In classical analysis a metric is a device for measuring distance. If X is a set,

then a metric A for X is a function
AMXxX —R

satisfying, for all z,y,z € X,
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(1) Mz,y) = Ay, z)
(2) Mz,y) >0and A(z,y) =0iff x = y;

(3) Mxz,y) < Az, 2) +7(z,9).

The trouble with a metric defined in this generality is that it does not interact
well with calculus. What sort of interaction might we wish to see?

Given two points P, @ € X, one would like to consider the curve of least
length connecting P to ). Any reasonable construction of such a curve leads
to a differential equation, and thus we require that our metric lend itself to
differentiation. Yet another consideration is curvature: in the classical setting
curvature is measured by the rate of change of the normal vector field. The
concepts of normal and rate of change lead inexorably to differentiation. Thus
we shall now take a different approach to the concept of “metric.” The reader
will see definite parallels here with our treatment of “metric” in Chapter 1 on
invariant geometry.

Definition 2.3.1. If 2 C C is a domain, then a metric on {2 is a continuous
function p(z) > 0 in 2 that is twice continuously differentiable on {z € (2 :
p(z) >0} If z € 2 and € € C is a vector, then we define the length of £ at z
to be

[€lp.= = p(2) - lI€] 5
where ||£]| denotes the Euclidean length of the vector {. We shall use the
notation || || for the remainder of this chapter to denote Euclidean length of

a vector. This is a departure from the rest of the book, and we indulge in this
conceit in an attempt at local consistency. After that, we shall return to the
more familiar | |.

Remark 2.3.2. Usually our metrics p will be strictly positive, but it will occa-
sionally be convenient for us to allow a metric to have isolated zeros. These
will arise as zeros of holomorphic functions. The zeros of p should be thought
of as singular points of the metric.

For the record, the metrics we are considering here are a special case of
the type of differential metric called Hermitian. This terminology need not
concern us here. Classical analysts sometimes call these metrics conformal
metrics and write them in the form p(z)|dz|.

Technically speaking, our metric lives on the tangent bundle to the domain
£2. That is to say, the metric is a function of the variable (z,v), where v is
thought of as a tangent vector at the point z. This is just a mathematically
rigorous way of saying that the length of the vector v depends on the point z
at which it is positioned.

Definition 2.3.3. Let {2 C C be a domain and p a metric on 2. If
v : [a,b] — 2

is a continuously differentiable curve, then we define its length in the metric
p to be
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b
0,(7) = / 5oy -

The length of a piecewise continuously differentiable curve is defined to be the
sum of the lengths of its continuously differentiable pieces.

Classical sources write the arc length as
) = [ plaldz]
v

but we shall not use this notation.

If a metric p is given on a planar domain (2, and if P, @) are elements of
{2, then the distance in the metric p from P to @ should be defined as follows:
Define Cp (P, Q) to be the collection of all piecewise continuously differentiable
curves v: [0,1] — 2 such that v(0) = P and (1) = Q. Now define the p-
metric distance from P to ) to be

dp(Pv Q) = inf {gp(7)3 v € ColP, Q)} .

Check for yourself that the resulting notion of distance satisfies the classical
metric axioms listed at the outset of this section.

There is some subtlety connected with defining distance in this fashion. If
p(z) = 1, the Euclidean metric, and if {2 is the entire plane, then d,(P,Q) is
the ordinary Euclidean distance from P to Q. The “shortest curve” from P
to @ in this setting is the usual straight line segment. But if {2 and P and @
are as shown in Figure 2.1, then there is no shortest curve in {2 connecting P
to Q. The distance from P to @ is suggested by the dotted curve, but notice
that this curve does not lie in (2. The crucial issue here is whether the domain
is complete in the metric, and we shall have more to say about this point later
on.

2.3.2 Calculus in the Complex Domain

In order that we may be able to do calculus computations easily and efficiently
in the context of complex analysis, we recast some of the basic ideas in new
notation. We define the differential operators

9 _1(o o\ 9 _1(0 .0
0z 2\0x Oy 0z  2\ox 0y’
This is, in effect, a new basis for the tangent space to C. In complex analysis

it is more convenient to use these operators than to use d/0z and 0/9y.

Proposition 2.3.4. If f and g are continuously differentiable functions, and
if fog is well defined on some open set U C C, then we have
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Fig. 2.1. No shortest curve.

(o0 = o) 2 + i) 22 e)
and
L(roa)e) = a2+ P i) 2 o).

Proof. We will sketch the proof of the first identity and leave the second as

an exercise.
We have

0 170
(o0 =3( 55 iz ) (o0
We write g(z) = a(z) +i8(z), with a and § real-valued functions, and apply

the usual calculus chain rule for /9 and 9/0y. We obtain that the last line
equals

0rda 9705 oroa 0fos\ .0
Ox dx Oy Ox Yor Oy ay Oy e
Now, with the aid of the identities
9 9 0 9 (0 o
oxr 0z 0z oy \o9z 0z)

we may reduce the expression (2.3.1) (after some tedious calculations) to the
desired formula. O

Corollary 2.3.5. If either f or g is holomorphic, then

T(Foa)e) = g2 ().

z
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Here is an example of the utility of our complex calculus notation.

Ezample 2.3.6. Let f be a nonvanishing holomorphic function on a planar
domain (2. Then
A(log(]I fII*)) = 0.
In other words, log(]|f]|?) is harmonic.
To see this, fix P € {2 and let U C (2 be a neighborhood of P on which f
has a holomorphic logarithm. Then on U we have

Alog(|f1%) = A(log f +log f)
g 0 0 0 —
= 0.

Of course the reader may also check that log||f]| is harmonic.

‘We conclude this section with some exercises for the reader.
Exercises

1. Calculate that, for a > 0,
8?2@ log (1 + (zz)“) = m .
2. If g is holomorphic (and f continuously differentiable), then calculate that
A(fog)=(Dfog)-lg'”.
3. If f is holomorphic (and g continuously differentiable), then calculate that
A(fog)=(fog)Dg+(f"o9)l(Dsg)* + (Dyg)?].

2.3.3 Isometries

In any mathematical subject there are morphisms: functions that preserve
the relevant properties being studied. In linear algebra these are linear maps,
in Euclidean geometry these are rigid motions, and in Riemannian geometry
these are “isometries.” We now define the concept of isometry.

Definition 2.3.7. Let {2, and {2, be planar domains and let
f . Ql — .QQ

be a continuously differentiable mapping with Jacobian having isolated zeros.
Assume that {25 is equipped with a metric p. We define the pullback of the
metric p under the map f to be the metric on §2; given by

oot = ol | 5
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Remark 2.3.8. The particular form that we use to define the pullback is moti-
vated by the way that f induces mappings on tangent and cotangent vectors,
but this motivation is irrelevant for us here.

It should be noted that the pullback of any metric under a conjugate
holomorphic f will be the zero metric. Thus we have designed our definition
of pullback so that holomorphic pullbacks will be the ones of greatest interest.
This assertion will be made substantive in Proposition 2.3.10 below.

Definition 2.3.9. Let {21, {25 be planar domains equipped with metrics p;
and po, respectively. Let
f : Ql — .QQ

be an onto, holomorphic mapping. If

[ p2(2) = p1(2)

for all z € 2y, then f is called an isometry of the pair ({21, p1) with the pair
(22, p2).

The differential definition of isometry (Definition 2.3.9) is very natural
from the point of view of differential geometry, but it is not intuitive. The
next proposition relates the notion of isometry to more familiar ideas.

Proposition 2.3.10. Let (21,25 be domains and p1, ps be metrics on these
respective domains. If

[ — 8
is a holomorphic isometry (in particular, an onto mapping) of (£21,p1) to
(22, p2), then the following three properties hold:

(@) If~y:[a,b] — £21 is a continuously differentiable curve, then so is the
push-forward fi,y = f o~ and

ZP1 (’7) = €P2 (f*’Y)
(b) If P,Q are elements of 21, then

dpl (P’ Q) = dﬂz(f(P)af(Q))

(c) Part (b) implies that the isometry f is one-to-one. Then f~1 is well
defined and f~' is also an isometry.

Proof.  Assertion (b) is an immediate consequence of (a). Also (c) is a
formal exercise in definition chasing. Therefore we shall prove (a).
By definition,

Loy b

p2,fey(t)

b b
fpz(f»ﬂ/) :/ |(f*'7>/(t)|P2,f*’Y(t) dt :/

With elementary manipulations, we see that the integrand equals
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52| 5Ol g = G000 - 50N 270

=13(®) Frp2,(t)
=1 Oy 5

since f is an isometry. Substituting this result back into the formula for the
length of f.~ gives

b
(pa(fir) = / 50 ot = (7).

This ends the proof. |

In the next section we shall consider the isometries of the Poincaré metric on
the disk.

If you have previously studied metric space theory or Banach space theory,
then you may have already encountered the term “isometry.” The essential
notion is that an isometry should preserve distance. In fact you can prove as
an exercise that if f is a holomorphic mapping of (21, p1) onto ({22, p2) that
preserves distance, then f is an isometry according to Definition 2.3.9. (Hint:
compose f with a curve and differentiate.)

We close this section by noting an important technical fact about isome-
tries:

Proposition 2.3.11. Let p; be metrics on the domains §2;, j = 1,2,3, re-
spectively. Let f: 21 — (25 and g : 25 — (23 be isometries. Then go f is an
isometry of the metric py to the metric ps3.

Proof.  We calculate that
p3(g([f(2)]) - llg" (f (2D = p2(£(2))
hence

p3(g([F D - lg' (SN - ()N = p2(f(2)) - 1F ()]l = pr(2) -

In other words,
p3(go f(2)) - (go f) ()|l = pr(2),
as required by the definition of an isometry. O

2.3.4 The Poincaré Metric

The Poincaré metric on the disk has occurred frequently in this book. This
metric is the paradigm for much of what we want to do in the present chapter,
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and we shall treat it in some detail here. The Poincaré metric on the disk D
is given by
1

IR
(For the record, we note that there is no agreement in the literature as to
what constant goes in the numerator; many references use a factor of 2.)

In this and succeeding sections, we shall use the phrase “conformal map”
to refer to a holomorphic mapping of one planar region to another that is
both one-to-one and onto.

p(z)

Proposition 2.3.12. Let p be the Poincaré metric on the disk D. Let h :
D — D be a conformal self-map of the disk. Then h is an isometry of the pair
(D, p) with the pair (D, p).
Proof. We have that
h*p(z) = p(h(2)) - [’ (2)]].

We now have two cases:

(i) If h is a rotation, then h(z) = p - z for some unimodular constant
uweC.So ||k (2)|| =1 and

1 1

W p(z) = p(h(z)) = p(nz) = 1= e e p(2)

as desired.
(ii) If h is a Mobius transformation, then

h(z) = z _f , some constant a € D.
1—-az
But then Ll
IR’ (2)|| = m
and
v = (o) IO
R e T
T e TP
1= Jof?
@z — Iz ol
_ 1— aff?
1= l2l® = flall® + llaf?[12]2
_ 1
IR ER

= p(2).
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Since any conformal self-map of D is a composition of maps of the form (i)
or (ii), the proposition is proved. |

Remark 2.8.13. Certainly the last proposition can be derived from the Schwarz—
Pick lemma. Do this as an exercise.

We know from this result and from Chapter 1 that conformal self-maps of
the disk preserve Poincaré distance. To understand what this means, consider
the Mobius transformation

() zZ4+a
Z) = .
L4 1+az

Then ¢ maps the disk to the disk conformally. It does not preserve Euclidean
distance, but it does preserve Poincaré distance. See Figure 2.2.

We can use what we have learned so far to calculate the Poincaré metric
explicitly.

Proposition 2.3.14. If P and @ are points of the disk D, then the Poincaré
distance of P to Q is

1 1+l
d,,(P,Q)2log<1Pf§ :

- =5l

Proof. In case P = 0 and Q = R + 0, the result was already noted in
Proposition 1.1.2. In the general case, note that we may define

z—P

w2) =15,

a Mobius transformation of the disk. Then, by Proposition 2.3.12,

dp(P, Q) = dp(p(P), p(Q)) = dy(0,9(Q))-

Next we have

Fig. 2.2. Map preserves Poincaré distance but not Euclidean distance.
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dp(0,¢(Q)) = d, (0, [[P(Q)]) (2.3.2)
since there is a rotation of the disk taking ¢(Q) to ||¢(Q)|| + ¢0. Finally,
_|£=@
@)= |52

so that (2.3.2) together with the special case treated in the the first sentence
gives the result. O

One of the reasons that the Poincaré metric is so useful is that it induces
the same topology as the usual Euclidean metric topology. That is our next
result.

Proposition 2.3.15. The topology induced on the disk by the Poincaré metric
is the usual planar topology.

Proof. A neighborhood basis for the topology of the Poincaré metric at the
origin is given by the balls

B(0,7) = {2z :d,(0,2) <r}.

However, a calculation using Proposition 2.3.14 yields that these balls are the
same as the Euclidean disks

These disks form a neighborhood basis for the origin in the Euclidean topology.
Thus we find that the two topologies are the same at the origin. Now the origin
can be moved to any other point @ € D by the Mobius transformation

z4+a

Z .
1+az

Since the Poincaré metric is invariant under Mobius transformations, and
since Mobius transformations take circles to circles (after all, they are linear
fractional) and hence disks to disks, the two topologies are the same at every
point. O

One of the most striking facts about the Poincaré metric on the disk is
that it turns the disk into a complete metric space. How could this be? The
boundary is missing! The reason that the disk is complete in the Poincaré
metric is the same as the reason that the plane is complete in the Euclidean
metric: the boundary is infinitely far away. We now prove this assertion.

Proposition 2.3.16. The unit disk D, when equipped with the Poincaré met-
ric, is a complete metric space.
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Proof. Let p; be a sequence in D that is Cauchy in the Poincaré metric. Then
the sequence is bounded in that metric. So there is a positive, finite M such
that

d,(0,p;) < M, all j.

With Proposition 2.3.14 this translates to

1 1 ;
2 1 — |pjl

Solving for |p;| gives
e2M _ 1

|Pj|§m<1~

Thus our sequence is contained in a relatively compact subset of the disk.
A similar calculation yields that the sequence must in fact be Cauchy in
the Euclidean metric. Therefore it converges to a limit point in the disk, as
required for completeness. |

In the proof of Proposition 2.3.14 and in the subsequent remarks we used
implicitly the fact, whose verification was sketched earlier, that the curve of
least length (in the Poincaré metric) connecting 0 to a point of the form
R + 0 is in fact a Euclidean segment. We proved this result in Chapter 1.
More generally, the shortest path from 0 to any point w is a rotation of the
shortest path from 0 to ||w|| + 0, which is a segment. Let us now calculate
the “curve of least length” connecting any two given points P and @ in the
disk.

Proposition 2.3.17. Let P,Q be elements of the unit disk. The “curve of
least Poincaré length” connecting P to Q is

=L L p
1-QP
1+tP. L

Proof. Define the Mobius transformation
_z—P
1-Pz

¢(2)

By what we already know about shortest paths emanating from the origin, the
curve 7(t) = t- p(Q) is the shortest curve from ¢(P) =0 to p(Q), 0 <t < 1.
Applying the isometry

1, Z2t+P
to 7 we obtain that . P

(1+ Ptp(Q))

1

is the shortest path from P to Q. Since ¢ =" o7 = 7yp g, we are done. O
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Fig. 2.3. Calculation of geodesic arcs.

Let us analyze the curves discovered in Proposition 2.3.17. First notice that
since the curve yp g is the image under a linear fractional transformation of
a part of a line, the trace of yp g is, therefore, either a line segment or an
arc of a circle. In fact, if P and @ are collinear with 0, then the formula for
vp,@ quickly reduces to that for a segment; otherwise vp g traces an arc of a
Euclidean circle. Which circle is it?

Matters are simplest if we let ¢t range over the entire real line and look
for the whole circle. We find that ¢+ = oo corresponds to the point 1/P. It
is now a simple, but tedious, calculation to determine the Euclidean center
and radius of the circle determined by the three points P,Q,1/P (note that
by symmetry, the circle will also pass through 1/Q). The circle is depicted in
Figure 2.3. Notice that since the segment {t +i0: —1 < ¢ < 1} is orthogonal
to D at the endpoints 1 and —1, conformality dictates that the circular arcs
of least length provided by Proposition 2.3.17 are orthogonal to 0D at the
points of intersection. Some of these “geodesic arcs” are exhibited in Figure
24.

A final note on this matter is that geodesics are particularly easy to calcu-
late in the upper-half-plane realization U of the disk. For the geodesic circles
will then have their centers on the boundary (i.e., the real line). If P, Q are
points of U—mnot both on the same vertical line—then the perpendicular bi-
sector of the segment connecting these points will intersect the real axis at
the center C' of the circular arc that forms the geodesic through P and Q. See
Figure 2.5.

We next see that the Poincaré metric is characterized by its property of
invariance under conformal maps.

Proposition 2.3.18. If p(z2) is a metric on D that is such that every confor-
mal self-map of the disk is an isometry of the pair (D, p) with the pair (D, p),
then p is a constant multiple of the Poincaré metric p.
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Fig. 2.4. Some geodesic arcs.

A

v

Fig. 2.5. Intersection of geodesics.

Proof. The hypothesis guarantees that if zy € D is fixed and

h(z) = 220
142z

then
h*5(0) = A(0).
Writing out the left-hand side gives
17/(0)[Ip((0)) = £(0),

or

45
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Pz0) = ﬁ 5(0) = 5(0) - plz0).

Thus we have exhibited p as the constant p(0) times p. O

Now that we know that the Poincaré metric is the right metric for complex
analysis on the disk, a natural next question is to determine which other maps
preserve the Poincaré metric.

Proposition 2.3.19. Let f : D — D be continuously differentiable and let
p be the Poincaré metric. If [ pulls back the pair (D, p) to the pair (D, p),
then f is holomorphic and is one-to-one. We may conclude then that f is the
composition of a Mébius transformation and a rotation.

Proof. First suppose that f(0) = 0. For R > 0 let Cg be the set of points
in D that have Poincaré distance R from 0. Since the Poincaré metric is
invariant under rotations (after all, rotations are holomorphic self-maps), it
follows that Cg is a Euclidean circle (however, this circle will have Euclidean
radius (e2% —1)/(e2f 4+ 1), not R). Since f(0) = 0 and f preserves the metric,
it follows that f(Cgr) = Cg. The fact that f is distance-preserving then shows
that f is one-to-one on each Cg. As a result, f is globally one-to-one.
Let P € Cg. Then

I£(P) = fOI _ AP _
1P = 0] 1P| '

Letting R — 07, we conclude that f is conformal at the origin (that is, f
preserves length infinitesimally). Since f pulls back the metric p, we can be
sure that 0f/9z # 0 at the origin.

Now we drop the special hypothesis that f(0) = 0. Pick an arbitrary
zo € D and set wy = f(20). Define

_z+ 2 _Z—wo
o) =ras V=i
Also define
g=1tvofoep.

Then g(0) = 0 and g is an isometry (since 9, f, and ¢ are); therefore the
argument in the last paragraph applies and g is conformal at the origin. It
follows as before that dg/0z # 0 at the origin.

We conclude that f is conformal at every point—since ¥ and ¢ are—and
0f/0z # 0 at every point. Therefore f is holomorphic. |

Isometries are very rigid objects. They are completely determined by their
first-order behavior at just one point, as we have discussed in Chapter 1. While
a proof of this assertion in general is beyond us at this point, we can certainly
prove the result for the Poincaré metric on the disk.
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Proposition 2.3.20. Let p be the Poincaré metric on the disk. Let f be an
isometry of the pair (D, p) with the pair (D, p). If f(0) =0 and 8f/02(0) =1,
then f(z) = z.

Proof. By Proposition 2.3.19, f must be holomorphic. Since f preserves the
origin and is one-to-one and onto, f must be a rotation. Since f/(0) = 1, it
follows that f is the identity. |

Corollary 2.3.21. Let [ and g be isometries of the pair (D, p) with the pair
(D,p). Let zo € D and suppose that f(z0) = g(z0) and (0f/0z)(z0) =
(09/02)(20). Then f(z) = g(2).

Proof. We noted earlier in this section that g~ is an isometry. If ¢ is a Mobius
transformation that takes 0 to zp, then ¢y ~tog~'o f o4} satisfies the hypothesis
of the proposition. As a result, v tog=to fo(z)=zor g(z) = f(z). O

1

2.3.5 The Schwarz Lemma

One of the important facts about the Poincaré metric is that it can be used
to study not just conformal maps but all holomorphic maps of the disk. The
key to this assertion is the classical Schwarz lemma. We begin with an elegant
geometric interpretation of the Schwarz—Pick lemma (see Section 2.1).

Proposition 2.3.22. Let f : D — D be holomorphic. Then f is distance-
decreasing in the Poincaré metric p. That is, for any z € D,

[T p(2) < p(2).

The integrated form of this assertion is that if v : [0,1] — D is a continuously
differentiable curve, then

Co(fay) < Lp(7).

Therefore, if P and Q are elements of D, we may conclude that

dp(f(P), [(Q)) < dp(P, Q).
Proof. Now

1

@) = I @) = 17Ol =5

and
1

IR
so the asserted inequality is just the Schwarz—Pick lemma. The integrated

form of the inequality now follows by the definition of £,. The inequality for
the distance d, follows from the definition of distance. O

p(z)
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Image of f

2€

Fig. 2.6. The Farkas—Ritt theorem.

Notice that, in case f is a conformal self-map of the disk, we may apply this
corollary to both f and f~! to conclude that f preserves Poincaré distance,
giving a second proof of Proposition 2.3.12.

We next give an illustration of the utility of the geometric point of view.
We will see that the proposition just proved gives a very elegant proof of
Theorem 2.3.23 below (see [EAH] for the source of this proof).

Theorem 2.3.23 (Farkas, Ritt). Let f : D — D be holomorphic and as-
sume that the image M = {f(z) : z € D} of f has compact closure in D.
Then there is a unique point P € D such that f(P) = P. We call P a fized

point for f.

Proof. By hypothesis, there is an ¢ > 0 such that if m € M and ||z|| > 1, then
|lm — z|| > 2¢. See Figure 2.6. Fix zg € D and define

9(2) = f(2) + (£ (2) = f(20)).

Then g is holomorphic and g still maps D into D. Also

9'(20) = (14 €) f'(20)-

By the preceding proposition, g is thus distance-decreasing in the Poincaré
metric. Therefore
g*p(z0) < p(20)-

Writing out the definition of g* now yields

(1+€) - f7p(20) < p(20)-
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Note that this inequality holds for any zg € D. But now if v : [a,b] — D is
any continuously differentiable curve, then we may conclude that

Lo(fer) < (L4 €)M (7).
If P and @ are elements of D and d is Poincaré distance, then we have that
d(f(P), f(Q) < (1+¢)~Hd(P,Q) -

We see that f is a contraction in the Poincaré metric. Recall that in Propo-
sition 2.3.16 we proved that the disk D is a complete metric space when
equipped with the Poincaré metric. By the contraction mapping fixed-point
theorem (see [LOS]), f has a unique fixed point. O

The next result shows how to find the fixed point, and in effect proves the
contraction mapping fixed-point theorem in this special case.

Corollary 2.3.24. If f is as in the theorem and P is the unique fixed point,
then the iterates f, fo f, fo fof, ... converge uniformly on compact sets
to the constant function P.

Proof. Let f™ denote the n'" iterate of f. Let
B(P,R)={z€ D:d(z,P) <R}

be the closed Poincaré metric ball with center P and Poincaré metric radius
R. Then the theorem tells us that

f(B(P,R)) S B(P,R/(1+¢))

and, more generally,

f"(B(P,R)) CB(P,R/(1+¢)"). (2.3.3)
Observe that -
UBmp_D

Now Proposition 2.3.15 (or elementary calculation) tells us that these non-
Euclidean balls are in fact open disks in the usual Euclidean topology. There-
fore every (Euclidean) compact subset K of D lies in some B(P, j). Then line
(2.3.3) implies that

f7(K) CB(Pj/(1+ "),

The result follows. O
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2.4 Ahlfors’s Version of the Schwarz Lemma

If U C C is a planar domain and p is a metric on U, then the curvature of
the metric p at a point z € U is defined to be

_ () = —Alogp(z)
K ,p(2) = K(2) PO (2.4.1)

(Here zeros of p(z) will result in singularities of the curvature function—=« is
undefined at such points.)

Since p is twice continuously differentiable, this definition makes sense. It
assigns to each z € U a numerical quantity. The most important preliminary
fact about  is its conformal invariance:

Proposition 2.4.1. Let U; and Us be planar domains and h : Uy — Us a
conformal map (in particular, h' never vanishes). If p is a metric on Us, then

KUy hep(2) = Koy, p(R(2)), VzeU; .

Proof. We need to calculate:

i neo(z) = —2108lP(A(2)) - I ()]
R [p(h(2)) - [W(2)[}?
_ —Alogp(h(2))] — Allog([|'(2)ID]
[o(h(2)) - 1M (2)I]? '

Now the second term in the numerator vanishes by Example 2.3.6. We may
further simplify the numerator to obtain that the last line equals

— [Alog plne] 1M (=) _ —Alogplnc)
[p(h(2)) - [[W(2)[]]? p(h(z))?

Remark 2.4.2. In fact, the proof gives the slightly more general fact that if
Ui, U, are domains and f : U; — U is a holomorphic map (not necessarily
one-to-one or onto), then the following holds. If p is a metric on Us, then

rfep(2) = £y (f(2))

at every point z € Uy for which f/(z) # 0 and p(f(z)) # 0. Usually this is all
points except for a discrete set.

= Ky p(W(2)). O

From the point of view of geometry, any differential quantity that is in-
variant is automatically of great interest. But why do we call k “curvature”?
The answer is that a standard construction in Riemannian geometry assigns
to any Riemannian metric a quantity called Gaussian curvature. In the setting
of classical Euclidean geometry this quantity coincides with our intuitive no-
tion of what curvature ought to be. In more abstract settings, the structural
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equations of Cartan lead to a quantity called curvature, which is invariant
but has considerably less intuitive content. The appendix to the book [KRAS5]
gives a complete derivation—in the complex plane—of the above notion x of
curvature from more classical considerations of Gaussian curvature. One of
the pleasant facts about the use of elementary differential geometry in com-
plex function theory is that one does not require all the geometric machinery
that leads to the formula for x in order to make use of k.

Let us begin our study of curvature by calculating the curvature of the
Euclidean metric.

Ezample 2.4.3. Let U be a planar domain equipped with the Euclidean metric
p(z) = 1. It follows from the definition that x(z) = 0. This should be expected,
for the Euclidean metric does not change from point to point.

Ezample 2.4.4. The metric

2

“C) = TP

on C is called the spherical metric. A straightforward calculation shows that
the curvature of o is identically 1. It is a basic theorem of Riemannian geom-
etry that the sphere is the only manifold of constant positive curvature. In

fact, the study of manifolds of constant curvature is an entire subject in itself
(see [WOL ]).

Next we calculate the curvature of the Poincaré metric on the disk, which
calculation will be of great utility for us. Notice that since any point of the disk
may be moved to any other by a Mdbius transformation, and since curvature
is a conformal invariant, we will expect the curvature function to be constant.

Proposition 2.4.5. Consider the disk D equipped with the Poincaré metric.
For any point z € D it holds that k(z) = —4.

Proof. We notice that
—Alog p(z) = Alog(1 - ||2]]%).

Now we write A = 4(9/92)(0/0%) and ||z||*> = z - Z to obtain that this last
expression equals
4
(=217
It follows that x(z) = —4. O

The fact that the Poincaré metric on the disk has constant negative cur-
vature turns out to be a special property of the disk. We shall explore this
topic later in the book. Now we return to the Schwarz lemma.
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It was Ahlfors [AHL1] who first realized that the Schwarz lemma is really
an inequality about curvature. In his annotations to his collected works he
modestly asserts that, “This is an almost trivial fact and anybody who sees
the need could prove it at once.” However he goes on to say (most correctly)
that this point of view has been a decisive influence in modern function theory.
It is a good place to begin our understanding of curvature. Here is the Ahlfors
version of Schwarz’s lemma:

Theorem 2.4.6. Let the disk D = D(0,1) be equipped with the Poincaré met-
ric p and let U be a planar domain equipped with a metric o. Assume that, at
all points of U, o has curvature not exceeding —4. If f : D — U 1is holomor-

phic, then we have
fro(z) < p(z), VzeD.

Proof. We follow the argument in [MIS]. Let 0 < r < 1. On the disk D(0,r)

define the metric ,

pr(z) = 722
Then straightforward calculations (or change of variable) show that p,. is the
analogue of the Poincaré metric for D(0,r): it has constant curvature —4 and
is invariant under conformal maps. Define
fro
v = .
Pr
Observe that v is continuous and nonnegative on D(0,7) and that v — 0
when |z| — 7 (since f*o is bounded above on D(0,7) CC D while p, — 00).
It follows that v attains a maximum value M at some point 7 € D(0,r). We
will show that M < 1, hence that v < 1 on D(0,r). Letting » — 1~ then
finishes the proof.
If f*o(7) =0, then v = 0. So we may suppose that f*o(7) > 0. Therefore
k¢+«o is defined at 7. By hypothesis,

Kf.o < —4.
Since log v has a maximum at 7, we have
0 > Alogv(T)
= Alog f*o(1) — Alog py(7)
= —kpo(T) (fo(1))? + Kp, (1) - (pr(7))?
> 4(f o (1))* = 4(pr(7))?.

This gives
frotn) _
pr(T)
or
M<1

as desired. 0O
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Observe that the usual Schwarz lemma is a corollary of Ahlfors’s version: we
take U to be the disk with o being the Poincaré metric. Let f be a holomorphic
mapping of D to U = D such that f(0) = 0. Then o satisfies the hypotheses
of the theorem and the conclusion is that

f7o(0) < p(0).

Unraveling the definition of f*o yields

ILF ()] - o(£(0)) < p(0).

But 0 = p and f(0) = 0, so this becomes

17O < 1.

Exercise: The property

d(f(P), f(Q)) <d(P,Q) ,

where d is the Poincaré distance, is called the distance-decreasing property of
the Poincaré metric. Use this property to give a geometric proof of the other
inequality in the classical Schwarz lemma. &

With a little more notation we can obtain a more powerful version of the
Ahlfors/Schwarz lemma. Let D(0, &) be the open disk of radius o and center
0. For A > 0 define the metric p7} on D(0,a) by

Ay 2
%2l = o)

This metric has constant curvature —A. Now we obtain the following more
general version of Ahlfors’s Schwarz lemma.

Theorem 2.4.7. Let U be a planar domain that is equipped with a metric
o whose curvature is bounded above by a mnegative constant —B. Then every
holomorphic function f: D(0,«a) — U satisfies

VA
VB

It is a good exercise to construct a proof of this more general result, modeled
of course on the proof of Theorem 2.4.6.

In the next section we shall see several elegant applications of Theorems
2.4.6 and 2.4.7.

fro(z) < p(2), Vz € D(0,a).
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2.5 Liouville and Picard Theorems

It turns out that curvature gives criteria for when there do or do not exist
nonconstant holomorphic functions from a domain U; to a domain Us. The
most basic result along these lines is as follows

Theorem 2.5.1. Let U C C be an open set equipped with a metric o(z) having
the property that its curvature k,(z) satisfies

ke(2) < —B <0
for some positive constant B and for all z € U. Then any holomorphic function
f:C->U

must be constant.

Proof. For a > 0 we consider the mapping
f:D(0,a) = U.

Here D(0, «) is the Euclidean disk with center 0 and radius «, equipped with
the metric p(z) as in the last section. Fix A > 0. Theorem 2.4.7 yields, for
any fixed z and a > |z|, that

VA 4

“o(z) < —=p5 (2).
fro(z) < \/Epa( )
Letting o — +oo yields
ffo(z) <0
hence
ffo(z) =0.
This can be true only if f'(z) = 0. Since z was arbitrary, we conclude that f
is constant. |

An immediate consequence of Theorem 2.5.1 is Liouville’s theorem:
Theorem 2.5.2. Any bounded entire function is constant.

Proof. Let f be such a function. After multiplying f by a constant, we may
assume that the range of f lies in the unit disk. However, the Poincaré metric
on the unit disk has constant curvature —4. Thus Theorem 2.5.1 applies and
f must be constant. |

Remark 2.5.83. This argument does not apply if the range is, for example, C—
because the plane C does not support a metric of strictly negative curvature.
We shall refine the proof of Theorem 2.5.2 in the ensuing discussions.
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Picard’s theorem is a dramatic strengthening of Liouville’s theorem. It
says that the hypothesis “bounded” may be weakened considerably, yet the
same conclusion may be drawn.

Let us begin our discussion with a trivial example.

Example 2.5.4. Let f be an entire function taking values in the set
S=C\{z+i0:0<z<1}.

Following f by the mapping

we obtain an entire function g = o f taking values in C less the set {z 40 :
x < 0}. If r(z) is the principal branch of the square root function, then
h(z) = rog(z) is an entire function taking values in the right halfplane. Now

the Cayley map
z—1
c(z) = P

takes the right halfplane to the unit disk. So u(z) = coh(z) is a bounded entire
function. We conclude from Theorem 2.5.3 that u is constant. Unraveling our
construction, we have that f is constant.

The point of this easy example is that far from being bounded, an entire
function need only omit a segment from its values in order that it be forced
to be constant. And a small modification of the proof shows that the segment
can be arbitrarily short. Picard considered the question of how small a set the
image of a nonconstant entire function can omit.

Let us pursue the same line of inquiry rather modestly by asking whether a
nonconstant entire function can omit one complex value. The answer is “yes,”
for f(z) = e* assumes all complex values except zero. It also turns out that it
is impossible to construct a metric on the plane less a point that has negative
curvature bounded away from zero.

The next step is to ask whether a nonconstant entire function f can omit
two values. The striking answer, discovered by Picard, is “no.” Because of
Theorem 2.5.1, it suffices for us to prove the following:

Theorem 2.5.5. Let U be a planar open set such that C\ U contains at least
two points. Then U admits a metric p whose curvature k,(z) satisfies

ku(2) <—-B <0
for some positive constant B.

Proof. After applying an invertible affine map to U we may take the two
omitted points to be 0 and 1 (if there are more than two omitted points, we
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may ignore the extras). Thus we will construct a metric of strictly negative
curvature on Co; = C\ {0, 1}.
Define

wE) = | EEEG

(1+ ||z||1/3>1/2]

(1+ |z — 1||1/3>1/2]

(After the proof, we will discuss where this nonintuitive definition came from.)
Of course p is positive and smooth on Cp ;. We proceed to calculate the
curvature of pu.

First notice that, away from the origin,

5
A (log HzHS/G) = EA (log ||z||2) =0.

Thus

Alog

1 1/3\1/2 1
(U ] aye ] = L atog(1+ 1)

I12115/6
85@2 10g<1 +[z- 2]1/6> .

Now a straightforward calculation leads to the identity

=2

Alog

121376 T B[EPAA I

(1+ |z||1/3>1/2] 1 1

The very same calculation shows that

Alog

A+l =1HY20 1 1
Iz = 1][/6 A8z =P+ e — 1)

The definition of curvature now yields that

(Z) 1 Hz_]'”S/S

K =——

! 18 | (14 [|2][*/3)3(1 + ||z — L[|*/3)
[ERS

L+ [=[IV2) (A + [z = 11/3)?

We record the following obvious facts:

a) Ku(z) <0 forall ze Cyy;

b) lim k(=) = —5c;
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. 1
c) lim ru(2) = —53
d) lim k,(z) = —o0 .
200

It follows immediately that x,, is bounded from above by a negative constant.
O

Remark 2.5.6. Now we discuss the motivation for the construction of p. On
looking at the definition of u, one sees that the first factor is singular at 0 and
the second is singular at 1. Let us concentrate on the first of these.

Since the expression defining curvature is rotationally invariant, it is plau-
sible that the metric we define would also be rotationally invariant. Thus it
should be a function of ||z||. So one would like to choose an « such that ||z||*
defines a metric of negative curvature. However, a calculation reveals that the
« that is suitable for z large is not suitable for z small and vice versa. This
explains why the expression has powers both of ||z|| (for behavior near 0) and
of (14 ||z||) (for behavior near co). A similar discussion applies to the factors
2= 1.

Our calculations thus lead us to design the metric so that it behaves like
2] ~*/2 near oo and behaves like ||z||~%/¢ (respectively ||z — 1||~%/6) near 0
(respectively 1).

We formulate Picard’s little theorem as a corollary of Theorem 2.5.1 and
Theorem 2.5.5:

Corollary 2.5.7. Let f be an entire analytic function taking values in a set
U. If C\ U contains at least two points, then f is constant.

Proof. Since C\ U contains at least two points, Theorem 2.5.5 says that there
is a metric of strictly negative curvature on U. But then Theorem 2.5.1 implies
that any entire function taking values in U is constant. a

Entire functions are of two types: there are polynomials and non-polyno-
mials (transcendental entire functions). Notice that a polynomial has a pole at
infinity. Conversely, any entire function with a pole at infinity is a polynomial.
So a transcendental entire function cannot have a pole at infinity and, being
unbounded (by Liouville), cannot have a removable singularity at infinity. It
therefore has an essential singularity at infinity.

Now notice that, by the fundamental theorem of algebra, a polynomial
assumes all complex values. For a transcendental function, we analyze its
essential singularity at infinity by recalling the Casorati—Weierstrass theorem:
if 0 is an essential singularity for a holomorphic function f on a punctured disk
D'(0,e) = D(0,€) \ {0}, then f assumes values on D'(0,¢) that are dense in
the complex plane. One might therefore conjecture that the essential feature
of Picard’s theorem is not that the function being considered is entire, but
rather that it has an essential singularity at infinity. This is indeed the case
and is the content of the great Picard theorem, which we now state:
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Theorem 2.5.8. Let f be a holomorphic function on a punctured disk D' (p,r)
D(p,r) \ {p}. Assume that f has an essential singularity at p. Then the re-
striction of f to any punctured disk D'(p,s), 0 < s < r, omits at most one
value.

We shall provide a proof of the great Picard theorem when we treat The-
orem 3.4.5 below.

2.6 The Schwarz Lemma at the Boundary

There has been interest for some time in studying Schwarz lemmas at the
boundary of a domain. Lowner conducted early studies of a result weaker than
the one presented here; his motivation was the study of distortion theorems.
Our methods are quite distinct from Léwner’s (see [VEL] for a consideration of
classical results with references). The standard reference for this new material
is the paper [BUK] of Burns and Krantz.

Theorem 2.6.1. Let ¢ : D — D be a holomorphic function such that

P(Q) =1+ =1 +0(lc - 1)
as ¢ — 1. Then ©(¢) = ¢ on the disk.

Compare this result with the uniqueness part of the classical Schwarz
lemma. In that context, we assume that ©(0) = 0 and ||¢’(0)|| = 1. At the
boundary we must work harder. In fact, the following example shows that the
size of the error term cannot be reduced from fourth order to third order.

Ezxample 2.6.2. The function

P¢) = ¢ = 35 (¢~ 1)°

satisfies the hypotheses of the theorem with the exponent 4 replaced by 3. Yet
clearly this ¢ is not the identity.

To verify this example, we need only check that ¢ maps the disk to the
disk. It is useful to let { =1 — 7 and consider therefore the function

~ 1,

pry=1—-7+ LOT } )
Now the result is clear by inspection. If arg 7 is near to 0, then of course the
expression in brackets cannot push @(7) past the edge of the disk. If arg 7 is
larger, then one checks by hand that the expression in brackets has argument
that causes it to push the value of the function into the disk. We leave details
to the interested reader.
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Proof of the Theorem. Consider the holomorphic function

_ 14909
1=¢(C)
Then g maps the unit disk D to the right halfplane. By the Herglotz repre-

sentation theorem,! there must be a positive measure p on the interval [0, 27)
and an imaginary constant C such that

9(¢)

1 [*ef+¢
= — : du(8) +C. 2.6.1
00 =5- | Seauo+ (261)

We use the hypothesis on ¢ to analyze the structure of g and hence that
of p. To wit,

1+¢+0(¢—1)*
9(¢) = ( h
1-¢-0(—1)

1 040+ (-1t
1-¢ 1-0(¢-1)3

1
“1-¢ [T+ +0( -1 [1+0(-1)°]
14+¢ 9

=——4+0([—1).
o=
From this and equation (2.6.1) we easily conclude that the measure p has
the form §g + v, where dp is (27 times) the Dirac mass at the origin and v is
another positive measure on [0, 27). [In fact, a nice way to verify the positivity
of v is to use the equation
1+¢ s 1 [Tef 4
— 4+ 0 -1 =— —2d(6 0)+C 2.6.2
to derive a Fourier—Stieltjes expansion of §p+ v and then to apply the Herglotz
criterion for the expansion of a positive measure (see [KAT, p. 38]).
We may simplify equation (2.6.2) to

1 2ﬂ6i9+C
2 _ -
o -1) f%/o S (o) +C.

! The reference [AHL3] has a thorough treatment of Herglotz’s result. The reader
may find it convenient to think of the result in this way. For 0 < r < 1, the
functions G,(e?) = Reg(re®) are all positive and all have mean value g(0).
Thus they form a bounded set in L'[0,27) C M([0,2r)). Here M stands for
the space of finite Borel measure, which is certainly the dual of the continuous
functions. By the Banach—Alaoglu theorem (see [RUD3]), there is a subsequence
Gr; that converges weak-+ to a limit measure p. This measure of course must be
positive, and it is the measure that we seek. The Cauchy integral of p gives a
holomorphic function with the same real part as g. That real part determines the
imaginary part up to an additive imaginary constant C.
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Now pass to the real part of the last equation, thereby eliminating the
constant C. Since v is a positive measure, we see that the real part of the
integral on the right represents a positive harmonic function h on the disk
that satisfies

h(Q) = 0(¢ - 1)%. (2.6.3)

In particular, h takes a minimum at the point ¢ = 1 and is O(¢ —1)? there
as well. This contradicts Hopf’s lemma (Lemma 5.3.1 below) unless i = 0.
More specifically, Hopf’s lemma tells us that a positive harmonic function
with a minimum at the boundary point 1 must have nonvanishing normal
derivative at 1. But line (2.6.3) contradicts that assertion.

The only possible conclusion is that that v = 0, so that u = dg. As a result,

1+¢
In conclusion, ¢(¢) = ¢. The theorem is proved. O

Now we will treat some versions of the boundary Schwarz lemma that are
due to Robert Osserman [OSS]. One of the remarkable features of Osserman’s
work is that he directly relates the interior Schwarz lemma to the boundary
Schwarz lemma. The first result is reminiscent of Proposition 2.2.2.

Lemma 2.6.3. Let f : D — D be a holomorphic function on the disk such
that f(0) = 0. Then

121 + 17 (0) ]
L+ 1A=l

Proof. Set g(z) = f(z)/z. Then the standard Schwarz lemma tells us that
either ||g(z)|| < 1 for all z € D or else f is a rotation. In the latter case,
II//(0)]| =1 and (2.6.4) holds trivially. Thus we need only consider the case
lo()l < 1.

Since inequality (2.6.4) is unaffected by rotations, we may as well suppose
that g(0) = f/(0) = a, where 0 < a < 1. In this case (2.6.4) is equivalent to

IF )< =l - (2.6.4)

2l + @

(=)l < Trall (2.6.5)

This last inequality is our Proposition 2.2.2. In particular, g must map each
disk D(0,r) into the image of that disk under the linear fractional map

(+a

v-a(C) = 1+aC"

This latter image is the Euclidean disk whose diameter is the interval
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a—r a—+r
l—ar’ 1l4ar
in the real axis.
In conclusion,

a+r |z| + a

< .
1+ar 1+4a|z|

[l = 7 = [lg(=)]

This estimate establishes (2.6.5), and that in turn proves (2.6.4). O
Now we have a version of the boundary Schwarz lemma:

Proposition 2.6.4. Let f : D — D be holomorphic and suppose that
f(0) = 0. Further assume that, for some b € 0D, f extends continuously
tod, [|f(b)]] =1, and also that f'(b) exists. Then

2

1O > 7w -
L+ [lf(0)]

Proof. We use Lemma 2.6.3. If b,c € 9D with f(b) = ¢, then

R R SO YL

Izl =Hol = 1=zl = 1+ 7 O)ll=]
As ||z|| — 1, the right-hand side tends to 2/[1+] f'(0)]|]. This reasoning proves
that )
lim inf 7f(zj) - > liminf L= 7 (z)ll > - .
2= || |25 = [[oll z=b 1=z~ 1+ f(0)]

If we choose z; = (1 — 1/4)b, then the result follows. O

Osserman’s more general boundary Schwarz lemma is as follows:

Theorem 2.6.5. Let f : D — D be a holomorphic function such that, for
some b € OD, f extends continuously to b, || f(D)|| = 1, and f'(b) exists. [Note
that we do not assume that f(0) = 0.] Define

F(z)= JE SO
1—f(0)f(2)
Then
2 1— £

IOl = T Fmon 5o

Proof. Now F satisfies the hypotheses of Lemma 2.6.3, so that

2

(2.6.6)
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But it is easy to calculate that

/ / 1_||f(0)||2
F'(z) = z) — =
D=1 T Forer

Observe that || f(b)|| = 1 implies that

1= FOO =1 = [f0)f(O) =1 =[O,

hence
/ / 1— | f(o)? / L+ £
F')| = | ————— | - —5 - 2.6.7
LE ()] \U()HHl_f@ﬁwwzéﬂf(ﬂ\l_”ﬂmn (2.6.7)
Now (2.6.6) and (2.6.7) yield the desired conclusion. O

An interesting corollary of Proposition 2.6.4 is the following.

Corollary 2.6.6. Under the hypotheses of Proposition 2.6.4, we have

£ @1 =1

and
I ()] > 1 wunless f is a rotation.

Proof. These two inequalities follow from Proposition 2.6.4 and the classical
Schwarz lemma. O

Another interesting corollary, sort of an integrated form of the boundary
Schwarz lemma, is the next result.

Corollary 2.6.7. Let f satisfy all the conditions of Proposition 2.6.4 except
the hypothesis about the boundary point b. Assume that f extends continuously
to a boundary arc C C 0D with |f(z)| =1 for z € C. Then the length s of C
and the length o of f(C) satisfy

a>#~s
— 140

Proof. By the Schwarz reflection principle, f extends to be holomorphic on C
and therefore automatically satisfies the condition of Proposition 2.6.4 at the
boundary point b for every point of C'. Thus the corollary is immediate from
the proposition. O
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Problems for Study and Exploration

1.

2.

10.

11.

The Schwarz lemma on the disk implies the Cauchy estimates and vice
versa. Explain.
Fix a domain 2 C C. Let P € (2. Define the Carathéodory metric at P to
be the quantity

FE(P) = sup{||f'(P)| : f is holomorphic on £, || f|| < 1, f(P) = 0}.
Define the Kobayashi metric at P to be the quantity

: 1 . .
FR(P) = 1nf{||f’(P)|| : f is holomorphic on D,

f takes values in {2, f(0) = P} .

Use the Schwarz lemma to prove that FS(P) < Fi2(P) always.

. Refer to Exercise 2 for terminology. Prove that if {21, {2 are domains and

@ : {21 — (2 is a holomorphic mapping, then
FE&(p(P)) - ||¢/ (P)I| < FE' (P)
for all P € {2,. Likewise show that
F2(p(P) - €' (P)|| < F(P)
for all P € (2.
Refer to Exercises 2 and 3. Show that if 2y C (25 are domains, then
FE2(p(P)) < FE(P)
for all P € {21 and
F2(p(P)) < FZY(P)
for all P € (2.

. Formulate and prove a version of the Schwarz lemma for holomorphic

mappings of the strip 2 ={z € C: -1 <Imz < 1} to itself.

. Formulate a version of the Burns—Krantz theorem for the strip. Is the ex-

ponent still 47 Give an example to show that if the exponent 4 is replaced
by 3 then the result is false.

Give examples to show that the Schwarz—Pick lemma is sharp at each
point of the disk.

Give an example to show that Osserman’s Schwarz lemma is sharp.

. Let f: D — D be a holomorphic function, not necessarily one-to-one or

onto. What does the Schwarz lemma say about how many fixed points f
can have?

Refer to Exercise 9. What can you say about fixed points of f in the
boundary?

Can you refine the Burns—Krantz theorem if there are two fixed boundary
points instead of one?
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Normal Families

Genesis and Development

The concept of normal family is an outgrowth of the standard tech-
nique for proving the Riemann mapping theorem. Recall that the
mapping function is produced as the solution of a certain extremal
problem, and showing that that extremal problem actually has a so-
lution is a byproduct of a normal families argument.

Normal families have grown into a subject in its own right. There
are many interesting geometric conditions that imply that a family
of functions is normal. Also, as Hung-Hsi Wu has taught us [WU],
the theory of normal families is intimately bound up with ideas about
invariant metrics in complex analysis.

Today there are differential conditions, metric conditions, topo-
logical conditions, geometric conditions, value-distribution conditions,
and many combinations of these that can be used to show that a fam-
ily of functions is normal. By way of the Ascoli-Arzela theorem, we
can see that “normality” is not only the province of complex function
theory. It is actually a very useful property for solution sets of par-
tial differential equations and in many different venues of geometric
analysis.

In the present chapter we explore the world of normal families, and
their applications to questions in complex analysis. The reader who
has progressed this far in the book will have no trouble digesting the
ideas in the present chapter.

3.1 Introduction
The concept of “normal family” is one of the most elegant and most powerful

in complex function theory. It hinges on several key ideas: (i) the topology
on the space of holomorphic functions, (ii) the Cauchy estimates, (iii) the
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Ascoli-Arzela theorem. When properly viewed, Montel’s theorem is really
just the triangle inequality formulated in certain invariant metrics.

The applications of normal families are manifold. Of course they are used
decisively in the modern proof of the Riemann mapping theorem. They are
used in the proof of Picard’s theorems, especially the great Picard theorem.
They are used to study automorphisms of domains. And they can be used in
the estimation of invariant metrics.

In the present chapter we shall explore all of these avenues, and imbue the
reader with a greater appreciation for normal families.

3.2 Topologies on the Space of Holomorphic Functions

Let 2 C C be a domain. Let O(f2) denote the linear space of holomorphic
functions on §2. The most natural, and most commonly used, topology on
O(1?2) is the compact-open topology. This is just the same as the topology of
uniform convergence on compact sets.! Most any complex analysis text will
use this topology exclusively. For example, a basic theorem in the subject is
that a sequence {f;} of holomorphic functions that converges uniformly on
compact sets has a holomorphic function as its limit.

The most elementary topology on functions is that of pointwise conver-
gence. Yet one rarely encounters that topology in the subject of complex
function theory. There is, however, at least one interesting result about this
topology that ought to be recorded.

Proposition 3.2.1. Let 2 C C be a domain. Let {f;} be holomorphic func-
tions on §2. Assume that the f; converge pointwise to a function f on £2. Then
f is holomorphic on a dense, open subset of {2.

Proof. Let V be a subset of (2 that is the closure of an open set, and is
bounded. For each £ = 1,2,... we define

Sp={2€V: |fj(z)| <k forall j=1,2,...}.

[Note that we have resumed the habit of using | | to denote modulus of a
complex number.] Then clearly V' = Uy Sk. It follows from the Baire category
theorem that some Sy has nonempty interior. Say that D(p,r) C Sk.

For 0 < 7’ < r, we consider the Cauchy integral formula on D(p,r’). Thus,

for z € D(p,r’), X
£i(2) = fi(Q)

B % OD(p,r") < -z

dc .

! The remarkable book [LUR] explores the basic development of complex function
theory from the point of view of the holomorphic functions viewed as a topological
vector space equipped with this topology.
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Now let € > 0. By Egorov’s theorem from measure theory, there is a set
E C dD(p,r') such that [°E| < €1/ /4k and {f;} converges uniformly on E.2
Choose a number N > 0 such that j, j* > N implies |f;(z) — fj(2)| < e-7'/4
for all z € E. Then, if z € D(p,r'/2), we have

1 % fi(©) = fir(¢) dc
OD(p,r’)

2mi

1£5(2) = f3:(2)]

-z
c L[ |HOO) g L[ (8O- 5 g
2 E C_Z 27 cE C—Z
1 e-r 1 1 1
< . . . 2eml .o,
— 27 |E‘ 4 7‘//2+27T|E| Zk 7’//2
1 e-r 1 1 e 1
< . 9. R ) ¥ A
27 2m 4 r’/2+27r 4k F /2
_ec
2 2
=c.

Thus we see that every subset V' C 2, as specified above, has a disk in it
on which the convergence is uniform. We may produce a dense, open subset V
of {2 that is a union of such sets V. By a standard diagonalization argument,
we may show that every subsequence of { f;} has a subsequence that converges
uniformly on compact subsets of V. It follows then that the full sequence {f;}
converges uniformly on compact subsets of V. That is the desired result. [

In fact, Siciak [SIC] has studied the nature of the set 2\ V in terms of
capacity theory.

3.3 Normal Families in Their Natural Context

Let us begin by giving a definition of normal family of holomorphic functions.
These considerations will lead us naturally to extend our notion of normal
family to a broader class of functions.

Fix a domain {2 C C and let {f;} be a sequence of functions on 2. We say
that the sequence converges uniformly on compact sets if there is a function
f on §2 such that, for each compact K C {2 and each € > 0, thereisan N > 0
such that, when j > N, |f;(2) — f(2)] < € for each z € K. We sometimes say
that the family converges normally.

With (2 a domain and {f;} holomorphic on {2, we say that {f;} is com-
pactly divergent if, for each pair of compact sets K C {2 and L C C, there is
an N > 0 such that if j > N, then f;(z) € L for all z € K.

The correct definition of normal family in view of these definitions is this:

2 Here we use the notation °S to denote the complement of the set S.
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Definition 3.3.1. Let 2 C C be a domain. Let F = {fo }aca be a family of
functions on {2. We say that F is a normal family if each subsequence {f;} C F
either has a subsequence {f;, } that converges uniformly on compact sets or
else has a subsequence {f;,} C F that is compactly divergent.

In fact, the last definition makes more sense in a more general context.
Instead of holomorphic scalar-valued functions, let us consider meromorphic
functions. A meromorphic function should be thought of as a holomorphic
function taking values in the Riemann sphere C. What does this mean?

The Riemann sphere C is a complex manifold. If

f:0-C

and f(p) = oo, then we say that f is holomorphic near p if 1/f is holomorphic
at p in the classical sense. [What is going on here, of course, is that we are
applying a coordinate map to the image of f near the point co. See [LOS] for
more on manifolds.] The important point here is that a sequence of functions

fi:2—C

that converges uniformly on compact sets might in fact be compactly diver-
gent. Consider as an illustration the next example.

Ezample 5.3.2. Let f;(z) = z7. Think of these as functions taking values
in C.

On the domain §2; = {z € C: |z| < 1}, the sequence converges uniformly
on compact sets to 0.

On the domain 25 = {z € C : |z| > 1}, the sequence converges uniformly
on compact sets to oo (if we think of the functions as taking values in @) We
may also say that, on (25, the sequence is compactly divergent.

Now the elegant and all-inclusive formulation of Montel’s theorem—in a
temporarily heuristic format—is this:

Theorem 3.3.3 (Montel). Let 2 C C and let F = {fa}aca be a family
of meromorphic functions on (2. If F satisfies a suitable growth or value-
distribution condition, then F is a normal family.

This formulation of Montel’s celebrated result is not very satisfying, just
because it is too vague. The most naive condition to put on F is to mandate
that | f(z)| < M for some universal constant M and for all f € F, z € {2. But
that would rule out compact divergence and would also rule out meromorphic
functions. We need something more general. Even the more general condition,
commonly found in texts (see [RUD2] or [GRK1]), that |f(z)| < Mk for each
compact set K C 2 and some constant My depending on K would rule out
compact divergence.

In fact, one of the most succinct formulations of Montel’s theorem is this:
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Theorem 3.3.4 (Montel). Let {F} be a family of meromorphic functions
on a domain 2 C C. If there are three values «, 3,7y € C such that no f € F
takes any of the values «, 3,~, then F is a normal family.

Note in particular that this new version of Montel includes as a special case
the standard hypothesis that the family is uniformly bounded. But it includes
a number of other interesting cases as well. It is not, however, a universal or
all-inclusive result. For instance, it does not include the result about a family
of functions that is uniformly bounded on compact sets.

There is just one unifying theorem in the subject, and that is Marty’s
theorem. We treat that result now.

As already indicated, it is most convenient to think of normal families in
the context of meromorphic functions. This is just because we want to allow
for convergence to infinity (formerly called “compact divergence”). Thus we
will think of our functions as holomorphic maps from a domain 2 C C to
the Riemann sphere C. Since we want to look at things geometrically, we
shall equip each of 2 and C with a metric. In fact, since uniform convergence
on compact sets is a local property, we may as well take {2 to be the unit
disk. We shall equip the disk with the Poincaré or Poincaré-Bergman metric
(see Sections 1.1, 1.2). We shall equip the Riemann sphere with the spherical
metric.

The latter metric may be unfamiliar, so let us take a few moments to
discuss it. Imagine the stereographic projection p from the plane to the unit
sphere—see Figure 3.1. For a point (z,0) = (z + 4y,0) in the plane, the
intersection of the sphere with the line

t (tz,ty, (1—1))

Fig. 3.1. Stereographic projection.
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is (along with the north pole (0,0, 1)) the point

() 2x 2y |22 -1
z) = )
b 224+ 17 22+ 17|22+ 1

Now if (2,0) = (z + iy, 0) and (w,0) = (u + iv,0) are points in the plane,
then we measure their distance by taking the 3-dimensional Euclidean distance
between p(z) and p(w). The result is

( ) 2x 2u 2 n 2x 2v 2
s(z,w) = — —
’ 22+1  |wlP+1 z27+1  |wlP+1

22—-1  Jw}2-1)2
- <|z|2+1 B |w|2+1>
B 2|z — w|
VIRV P

This is the spherical metric. Some references call this the chordal metric.

It is also useful to have the infinitesimal form of the spherical metric. This
can be calculated by pulling back the infinitesimal 3-dimensional Euclidean
metric under the stereographic projection, or by differentiating the metric
that we just calculated. We take the latter approach. In point of fact,

s(z+h,z) —s(z,2) lim 2|h|/[\/1+[22/1+ ]z +h[2] -0

Il =0 |h| ~ |h|=0 |h|
= lim 2
Ih=0 \/1+ |2[2\/1 + |z + h|?
_ 2
IS

Thus if n is a tangent vector to C at the point w, then

_ 2l
|77‘sph,w - 1 + |w|2 .
Here of course || - || denotes the standard Euclidean length.

Remark 3.3.5. As an exercise, the reader may wish to calculate that the spher-
ical distance (i.e., the distance along the sphere) between z,w € C is

zZ—w
1+wz

2tan~!

This quantity in fact exceeds s(z,w), as it should on geometric grounds.

Before we proceed, we offer a few simple remarks about the spherical
metric:
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(1) It may be calculated directly that the spherical distance is invariant under
the inversion z +— 1/z, w +— 1/w. Details are left as an exercise.

(2) On any compact subset of C, the spherical metric is comparable to the
Euclidean metric. This result is immediate, for the numerator of our ex-
pression for the spherical metric is already the Euclidean metric. On a
compact subset of C, the denominator is bounded above and below.

(3) On any compact subset of (C\ {0}) x (C\ {0}), we have the estimates

1 1
c- —‘Ss(z,w)gC-

z w z w

1 1 ’

Here ¢, C' are positive constants. We invite the reader to verify this asser-
tion.

(4) Our original definition of “uniform convergence on compact sets” may
now be formulated in the language of the spherical metric. To wit, let
2 C C be a domain. A sequence {f;}72, of functions f; : £2 — C con-
verges uniformly on compact sets to a limit function f (we sometimes
say that the sequence {f;} converges normally) if s(f;(z), f(z)) converges
uniformly to 0 on compact subsets of 2. Notice that this definition of
normal convergence allows for the possibility of f;(z) converging to oo at
certain values of z. In other words, the definition using the spherical met-
ric amalgamates the ordinary notion of uniform convergence on compact
sets with the newer notion of compact divergence.

Of course a holomorphic function g : 2 — Cis actually meromorphic. But
we will sometimes find it convenient to refer to such functions as “holomor-
phic.” No confusion should result if we keep the range of the function clearly
in mind.

Lemma 3.3.6. Suppose that f; : {2 — Cisa normally convergent sequence of
holomorphic_functions. Then the limit function f is a holomorphic function
from 2 to C (in other words, the limit function is either meromorphic or
identically o).

Proof. At any point z where f(z) is a finite complex number, we can be sure
that there is a neighborhood U of z such that for j sufficiently large, the f; are
uniformly bounded on U. But then f is necessarily a holomorphic function
on U. At any point z where f(z) = oo, we know that 1/f; is uniformly
bounded and converges uniformly to 1/f on some neighborhood U’ of z. Now
the same argument shows that 1/f is holomorphic in a neighborhood of z. In
case 1/f = 0, then f = co. Otherwise the zeros of 1/f are isolated; so f is
meromorphic as claimed. O

We note that, in case the functions f; in the lemma are actually holomor-
phic (not meromorphic), then the limit function f is either holomorphic or
identically equal to co. The proof is essentially the same.
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Now here is our philosophical approach to the matter of normal families.
We begin with a sketch of the most classical Montel theorem. We have a family
F of holomorphic functions on a domain 2. The hypothesis is that | f(z)| < M
for all f € F and all z € (2. Using the Cauchy estimates, this information
implies that on a slightly smaller domain 2 we have |f/'(z)] < C - M for all

z € £2. Now the mean value theorem tells us that, for z € 2 and h small,
|f(2) = f(z+h)| <C- M]h]

for all f € F. But this means that the family F is equicontinuous on 0.
Of course F is equibounded by hypothesis. Now the Ascoli-Arzela theorem
applies to tell us that every sequence in F has a subsequence that converges
uniformly on compact sets. That is the result.

The nub of this proof is the uniform bound on the derivative of any func-
tion f € F. This is the only step in the proof where “holomorphic” is used.
Everything else in the proof is elementary topology and calculus. And this
will be the inspiration for our formulation of Marty’s result. We simply de-
mand, for a family of meromorphic functions f : D — C, that the derivative
be bounded from the Poincaré—Bergman metric on D (the unit disk) to the
spherical metric on C. Concretely, this condition is that

2/ 1

PO=Ter = T

In particular, this inequality means that f# is bounded—independent of f—
uniformly on compact subsets of D.

The expression f#(z) is called the spherical derivative of f at the point z.
Before we develop the theory any further, we make a few remarks about the
spherical derivative.

1.Iff: 02— C and v : [0,1] — 2 is a continuously differentiable curve,
then the spherical length of f o~y is

L F#(2)ldz]

2. The spherical derivative is invariant under inversion:

[1/f1%(2) = f#(2).

Now we come to the standard formulation of Marty’s theorem as can be
found in many standard complex function theory texts (see, for example,
[GAM)]). First we need a lemma.

Lemma 3.3.7. If f; are meromorphic functions on the disk D and f; — f
uniformly on compact sets, then f]# — f# uniformly on compact sets in D.

Proof. This result follows as usual from the Cauchy estimates. |
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Theorem 3.3.8 (Marty). Let F be a family of meromorphic functions on a
domain {2 C C. Then F is normal if and only if, for each compact set K C {2
and z € K, we have

where Ck is a constant that depends only on K.

Proof. We may take C'r = 1. Fix a point p € (2 and suppose that the spherical
derivatives of elements of F are uniformly bounded on a neighborhood of p.
Say that f#(z) < C for z € D(p,r). If ¢ € D(p,r) is any element and if ~y
is the straight line segment connecting p to g then, for any f € F, we may
estimate the spherical distance from f(p) to f(q) by

U@, f@) < / F#(2) 2] < Ip— gl

Thus we see that the family F is equicontinuous—from the Euclidean metric
to the spherical metric. The Ascoli-Arzela theorem now implies that F is
normal.

Conversely, suppose that the spherical derivatives of the elements of F are
not uniformly bounded on compact subsets of 2. Then there are elements
f; € F such that the maximum of f]# over some compact K C {2 tends to
+00. By the lemma, the sequence {f;} cannot have a normally convergent
subsequence. O

Exercise for the Reader: Show that under suitable hypotheses,
(9o N¥(2) = g"(f(2) - I (2)]. o

Exercise for the Reader: Let v be a compact curve in the complex plane
that contains more than one point. Show that a family F of holomorphic
functions on a domain {2, taking values in C \ v, will be normal. &

Exercise for the Reader: Suppose that F is a family of holomorphic func-
tions f : 2 — C and that
1) < )

for all f € F and all z € 2. Then prove that F is a normal family. &

3.4 Advanced Results on Normal Families

One of the unifying themes in the theory of normal families is Lawrence
Zalcman’s result that follows. It is based on an old idea in function theory
called the “Bloch principle.” We shall see this technique used to good effect
to establish a general version of Montel’s theorem and thereby the Picard
theorems. We shall also study Abraham Robinson’s Ansatz about conditions
that force a family of holomorphic functions to be normal.
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Proposition 3.4.1. Assume that F is a family of meromorphic functions f :
2 — C that is not normal. Then there exist

(a) Points z; € £2 converging to a point z € §2;

(b) Numbers p; > 0 converging to 0;

(c) Functions f; € F such that the dilated functions g;(¢) = f;(z; +p;¢) con-
verge normally to a nonconstant meromorphic function g on C satisfying
g7 (0) =1 and g% (¢) < 1 for all ¢ € C.

Conwversely, if these three conditions hold, then the family F is not normal.

Abraham Robinson’s principle (which we shall discuss below) posits that
there is a relationship between normal families and entire functions. Zalcman’s
proposition begins to make this connection palpable. For we see that a family
that is not normal can be forced, after dilations and translations, to converge
to an entire function with certain extremal properties.

Ezxample 3.4.2. Zalcman’s proposition is most useful in theoretical settings.
But we shall present now a very simple example of how it works.

Let fj(2) = 27 and F = {f;}52,. Let 2 = {z € C:1/2 < [2] < 2}. Then
F is not normal.

Now select z; = 1 for all j and p; = 1/j. We plainly see that

i
Jim fj(z + p;¢) = lim <1 + 5) = =9(0).

Furthermore,
2/ef|
#(0) — .

Therefore g7 (0) = 1 and (with a small calculation) g#(¢) < 1 for all (. We
conclude that the family F is not normal.

Proof of Zalcman’s Proposition. We may apply Marty’s theorem to find a
sequence {a;} in some compact subset of {2 and functions f; € F such that
fj#(ozj) — 4o00. Translating coordinates, we may as well suppose that a; —
0 € 2. Dilating coordinates, we may also assume that the closed unit disk

D(0,1) lies in £2.
Set
R; = gll%[fj#(z)] (1= 2.

Since aj — 0 and fj#(aj) — 400, we know immediately that lim; .. R; =

+00. Suppose, for each j, that [f]#(z)] - (1 — |z]) attains its maximum on the
closed disk at the point 3;. Then

Ry = [fF(B)]- (1—18;]).

Since fj# (8j) > R, we may conclude that fj#(ﬁj) — +00.
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Now we set 1

PTG

Certainly p; > 0 and p; — 0. Consider the disk parametrized by

CmBi+pi¢, [CI<R;. (3.4.1)

This disk has center §; and radius 1 —|3;| = p;R;. The disk defined in (3.4.1)
lies in the unit disk and hence certainly is a subset of 2.
Define

9;(Q) = f;(B; +p;Q) s (I <R;.

Since R; — oo, the functions g; are defined on larger and larger sets that
exhaust C. By the chain rule, we calculate that

97 () =p; - 7 (B; +piC) L ICl < R;.

Fix a positive number K. If j is so large that R; > K, then g;({) is
certainly defined on the disk D(0, K). Since

7 (85 + p;O1 - (1 =185+ pi¢l) < By,

we may conclude that
R
1= 165 + psC|
<l

1—|B;] = pi K

iR,
piRj — piKK
_ 1
 1-K/R;’

g7 () < p;-

I<| < K.

Marty’s theorem now tells us that on the disk D(0, K), the functions {g; }
form a normal family (we should restrict attention to j large so that all the
functions are defined on D(0, K)). Passing to a subsequence, and re-indexing,
we may thus assert that {g;} converges normally on C to a meromorphic
function g. We know that, for each fixed K, the quantity 1/[1 — K/R;] tends
to 1. Hence the estimate on gf shows that ¢ (¢) < 1 for all ¢ € C. Finally,

because gf(O) = pjfj#(ﬁj) = 1, we know that ¢ (0) = 1. That concludes the
proof of the first half of the result.

For the converse direction, suppose that F is a normal family. Say that
|zj| < r for every j and some r > 0. By Marty’s theorem, there is a constant
K > 0 such that

#
max z) < K
|Z|§[1+T}/2f () <
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for all f € F. Now suppose that
fi(zi +pi¢) — 9(C)

spherically uniformly on compact subsets of 2. Fix a point ¢ € C. For j large,
we know that |z; + p;¢| < [1 +r]/2. Hence

pif# (2 + piC) < piK .
As a result, for all { € C, we have

g7 () = j@gopjfj#(zj +0;0) =0.

We conclude that g is constant (perhaps co). That concludes the proof of the
converse direction. O

The following terminology will prove useful in our consideration of Picard’s
theorems.

Definition 3.4.3. Let f be meromorphic on a punctured disk D’(p,r) =
D(p,r) \ {p} (we allow the possibility that f is actually holomorphic on
D(p,r)). A value 8 € C is called an omitted value of f at the point p if
there is a number 0 > 0 such that f(z) # § for all 0 < |z —p| < §. An omitted
value for f at the point p = oo is defined similarly.

Theorem 3.4.4 (Montel). Let F be a family of meromorphic functions on a

domain §2. If there are extended complexr numbers a, 3,7y € C such that every
f € F omits each of o, 3,7, then the family F is normal.

Proof. Of course normality is a local property, so we may as well suppose that
2 = D(0,1). By postcomposing each element of F with a linear fractional
transformation, we can assume that the omitted values are 0,1, 0c0. Thus, in
particular, the elements of F are actually holomorphic. Since these functions
are nonvanishing on the simply connected domain D, they have roots of all
orders. Define

Fr={f"* eF:feF}.

The functions in F}, omit the values 0, 1, and all 2*th roots of unity. Evidently
the family Fy is normal if and only if the family F is normal.

Seeking a contradiction, we now suppose that the family F is not normal.
Thus, for each k, the family 7}, is not normal. For each k, let g* be the entire
function for the family F; that is produced by Zalcman’s proposition. Thus
(g%)#(0) =1 for each k and (¢*)#(¢) <1 for all k and all . Also, each g* is
the limit of scaled, translated functions in Fj.

Since the family Fj omits the 2¥th roots of unity, then so do the transla-
tions, dilations, and restrictions of the elements of F;. By Hurwitz’s theorem,
so does any limit function. Hence each ¢g* omits the values that are the 2Fth
roots of unity. By Marty’s theorem, {g*} is a normal family (because the
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spherical derivatives are uniformly bounded). Let ¢° be the normal limit of
some subsequence. By Hurwitz’s theorem, ¢° will omit all 2*th roots of unity
for all k (it also omits 0 and o). Because ¢° is an open mapping, it must be
therefore that ¢° omits every value on the unit circle.

Thus the image of g%, which is certainly connected, lies either in D(0, 1)
or in C\ D(0,1). In the first instance—since ¢° is entire—we see that ¢° is
constant. In the second instance, the function 1/¢g° (remember that ¢° does
not vanish!) is constant. This is of course a contradiction because certainly

(g°)#(0) = 1. O

Recall that the Casorati—Weierstrass theorem tells us that the distribution
of values of an analytic function near an essential singularity is dense in the
complex numbers. The theorems of Picard strengthen this result in a decisive
fashion.

Theorem 3.4.5 (Picard’s Great Theorem). Suppose that f is holomor-
phic on a punctured disk D'(p,r) = D(p,r)\{p}. If f has an essential singu-
larity at p, then f cannot omit two values at p.

Proof. We may as well suppose that p = 0 and that the function omits the
two values 0 and 1. We shall establish then that f cannot have an essential
singularity at p = 0.

Let 61 > 09 > -+ — 0. Set

fi(z) = f(6;2), 0<|z[<r.

Then {f;} omits three values (the two hypothesized plus co). Hence, by Mon-
tel, {f;} is a normal family. Let f° be a subsequential limit on D’(p,7).

If 9 is not identically oo, then f° is holomorphic on D’(p,r). Let 0 < s < r.
There is a positive number M such that |f9(z)] < M when |z| = s. For j
large, we may then conclude that |f;(z)] < M when |z| = s. In conclusion,
|f(2)] < M for |z| = d;s. By the maximum principle, |f(z)| < M for d;5 <
|z|] < s, 5 = 1,2,.... Taking the union over j, we find that |f(z)] < M
on the punctured disk D’(p,s). Now the Riemann removable singularities
theorem implies that f continues analytically across the puncture at p. That
is a contradiction.

If instead f° isidentically co, then we simply apply the preceding argument
to the function 1/f9. The conclusion is that 1/f continues analytically across
p with value 0 at p. Thus f has a pole at p. That is a contradiction. O

Theorem 3.4.6 (Picard’s Little Theorem). A nonconstant entire func-
tion f cannot omit two values.

Proof. If f is a polynomial, then f takes all values by the fundamental theorem
of algebra.

If f is transcendental, then f has an essential singularity at co. Now apply
the result of the preceding theorem (exercise for the reader). O
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It is easy to find examples that illustrate the principle of Picard’s theorems.
First, a polynomial is entire and omits no values. The function f(z) = e? is
entire and omits just one value. The function f(z) = e'/# has an essential
singularity at the origin and omits the value 0 near the origin. The function
ze® is entire and omits no values. The function cos z is entire and omits no
values.

3.5 Robinson’s Heuristic Principle

In his retiring presidential address to the Association for Symbolic Logic
[ROBJ, Abraham Robinson proposed an intuitive condition for normality of a
family of holomorphic or meromorphic functions. It says that any “property”
that would cause an entire function to be constant would also cause a fam-
ily of holomorphic or meromorphic functions to be normal. If we ignore for
the moment the fact that we do not have a rigorous definition of “property,”
then we can certainly appreciate Robinson’s idea. For example, “bounded-
ness” will cause an entire function to be constant. It will also, by Montel’s
theorem, cause a family of holomorphic functions to be normal. Omission of
two values will cause an entire function to be constant. It will also cause a
family of holomorphic functions to be normal.

In the present section we shall consider Robinson’s principle. We shall fol-
low the presentation in [ZAL], which gives the principle a rigorous formulation
and a proof. In what follows, we will consider (instead of functions in the or-
dinary sense) function elements. A function element is an ordered pair (f,U),
where U C C is an open set and f a holomorphic or meromorphic function
on U. A property P is a collection of function elements.

Definition 3.5.1. Let P be a property that satisfies the following conditions:

(a) If (f,U) € P and U C U, then (f,U) € P.

(b) If (f,U) € P and ¢(¢) = a¢ + b is an affine holomorphic mapping, then
(fod,0~'(U)) € P.

(c) Let (f;,U;) € P, where Uy C Uy C ---, and set U = U;U;. If f; — f
uniformly on compact sets in the spherical metric, then (f,U) € P.

We call such a property critical.

Theorem 3.5.2. Let P be a critical property. Assume that (f,C) € P if and
only if f is a constant function. Then, for any domain U, the family of func-
tions f satisfying (f,U) € P is normal.

This theorem is a rigorous enunciation of Abraham Robinson’s idea. Ac-
cording to Zalecman [ZAL], it is the outgrowth of ideas of Pommerenke. We
shall now prove the result and then offer some examples and applications. The
reference [ALK] offers some generalizations of Zalcman’s ideas.
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Proof of Theorem 3.5.2. Let F be the family of all functions on a domain U
that has property P. If F is not normal, then Marty’s condition shows that
it is not normal on some subdisk, which we may take to be D(0,1).

We apply Proposition 3.4.1 and use that notation. Fix » < 1 and define
R; = (r—|z])/p;- Since R; — oo, we may suppose (passing to a subsequence
if necessary) that the R; form an increasing sequence. Let ¢;(¢) = fj(z;+p;¢)
and D; = D(0, R;) = {¢ € C:|¢] < R;}. The functions (g;, D;) satisfy Prop-
erty P by conditions (a) and (b). Now condition (c) implies that the limit
element (g, C) also satisfies Property P. Since P has no nonconstant functions
that are defined on all of C, we now have a contradiction. It follows that F
must be a normal family. O

It is important now that we illustrate Robinson’s heuristic principle with
a few applications. We begin with a new proof of Montel’s theorem.

Theorem 3.5.3 (Montel). Let F be a family of meromorphic functions on
the domain 2. If F omits the three values «, 3,7, then F is a normal family.

Proof. We apply Robinson’s principle. Take for Property P the condition “ei-
ther f is constant or it omits the values «, 3, on {2.” We see immediately
that properties (a) and (b) of “critical property” hold. Also, condition (c) is
a consequence of Hurwitz’s theorem. Of course we know that any meromor-
phic function on all of C that satisfies Property P must be constant—that is
Picard’s Great Theorem. The proof is complete. O

We confess that our treatment here is not entirely satisfactory. After all, we
used Montel’s theorem earlier in the chapter to prove Picard’s Great Theorem.
Now we are using Picard to prove Montel. The concerned reader may consult
[GRK1], for example, where Picard is proved using the elliptic modular func-
tion, and thus in a fashion that is independent of the present discussion. The
book [KRAS5] presents yet another point of view.

Zalcman [ZAL] presents a rather exotic version of Montel’s theorem, one
that is not very well known. We recount it here.

Theorem 3.5.4. Let F be a family of meromorphic functions on the domain
2. Assume that each function f € F omits three distinct values—but the
choice of the three values may depend on f. Call the omitted values a = ay,
b = by, and ¢ = cy. Suppose that s is the spherical distance and there is a
constant A > 0 (independent of f € F) such that we always have

s(a,b) - s(b,c) - s(c,a) > A >0.
Then f is a normal family.

Proof. Let P be the property “f omits three values a,b, ¢ such that s(a,b) -
s(b,c) - s(e,a) > A.” By Picard’s theorem, no nonconstant meromorphic func-
tion can enjoy Property P. Certainly properties (a) and (b) of “critical prop-
erty” are satisfied. The proof will be complete if we can show that Property
P is preserved under uniform convergence in the spherical metric.
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So let us say that f; — f spherically uniformly on compact subsets of {2
and that each f; omits the values a;, b;, ¢; with s(a;, b;) - s(b;, ¢;) - s(¢j, a;) >
A > 0. We may suppose that f is nonconstant, for otherwise it trivially satisfies
Property P. Now the sphere is compact, so there exist points a,b,c € C and
a subsequence—still indexed by j—such that s(a;,a) — 0, s(b;,b) — 0, and
s(¢j, ¢) — 0. Continuity implies that s(a,b)-s(b, c) - s(c,a) > A. We shall show
that f omits the values a, b, c.

If f(w) = a and a # oo, then select a number r > 0 such that K =
{z€C:|z—w| <r} C N2 and f is holomorphic on K. Of course f is bounded
on K, so fj(z) —aj — f(2) —a on K. The function f(z) — a is nonconstant
and vanishes at z = w. Hurwitz’s theorem then implies that f;(z) — a; must
vanish on K for large j. That is a contradiction.

If instead a = oo then consider the functions 1/f;, 1/f. Arguing as before,
and using the invariance of the spherical metric under inversion, we see that
the proof is complete. O

Problems for Study and Exploration

1. Let {fa}aca be a normal family of holomorphic functions. Prove that
{f.}aca is a normal family.

2. If {fo}taca is a normal family and if {F, }ne .4 is a collection of antideriva-
tives, does it follow that {F,}ae.4 is a normal family?

3. Refer back to Exercises 2, 3, 4 in Chapter 2 for the concepts of Carathéo-
dory and Kobayashi metrics. Prove that if {2 is a bounded domain and
P € (2, then there is a function f that actually realizes the supremum in
the definition of the Carathéodory metric and there is also a function g
that realizes the infimum in the definition of the Kobayashi metric.

4. Prove that if {f,} is a family of holomorphic functions on a domain {2
and if || fa|lz2 < C < oo, then {f,} is a normal family.

5. Let f; be a sequence of meromorphic functions on a domain {2 C C, taking

values in C. Assume that {f;} converges pointwise to a limit function f.
What can you say about the holomorphicity /meromorphicity of the limit
function f? [Hint: You will need the Baire category theorem.]

6. Let S consist of the functions f holomorphic on the unit disk D such that
(i) f(0) =0, (i) f'(0) = 1, and (iii) f is univalent. Prove that S is a
normal family.

7. A function f holomorphic on the unit disk is said to be a normal function
if, whenever {¢;} is a collection of automorphisms of the disk, then { fop;}
is a normal family. Verify that any bounded holomorphic function on the
disk is normal. Verify that any holomorphic function on the disk whose
range omits two values is normal.

8. Refer to Exercise 7. Define a concept of mormal meromorphic function.
Formulate properties analogous to those in Exercise 7 for normal mero-
morphic functions and prove them.



10.

11.

12.

13.

14.
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. Refer to Exercises 7 and 8. Use Marty’s characterization of normality to

give a differential characterization of normal function—one that makes no
reference to automorphisms of the disk.
In fact, a successful solution of Exercise 9 will teach you that a normal
function is one whose derivative is bounded from the Poincaré metric on
the disk to the spherical metric on the Riemann sphere. Formulate this
statement precisely and prove it.
Prove that if {f;} is a sequence of holomorphic functions on a domain
U such that lim;_,. f;(2) exists for each point z in a set E that has
an interior accumulation point in U, then {f;} converges uniformly on
compact subsets of U to a holomorphic function on U.
Prove that if {f;} is a uniformly bounded sequence of holomorphic func-
tions on the disk D such that {f;} converges at each a; € U, j =1,2,...,
and if (1 — |a;]) = oo, then {f;} converges uniformly on compact sub-
sets of D to a holomorphic function.
Let F be a normal family of holomorphic functions on a domain U. Sup-
pose that each limit function of this family is not equal to a constant a.
Then, for each compact set K C U, there is a constant M = M (K) such
that, for each f € F, the number of zeros of f(z)—a in K does not exceed
M.
Prove Schottky’s theorem: Let f be a holomorphic function in the disk
D(0, R) that does not assume the values 0 or 1. Let f(0) = ag. Then, for
each value 6 with 0 < 6 < 1, there is a positive constant M (ag, ) such
that

|7 (2)] < M(ao, ) for all |z| <6OR.
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The Riemann Mapping Theorem
and Its Generalizations

Genesis and Development

The Riemann mapping theorem has been said by some to be the
greatest theorem of the nineteenth century. The entire concept of the
theorem is profoundly original, and its proof introduced many new
ideas. Certainly normal families and the use of extremal problems in
complex analysis are just two of the important techniques that have
grown out of studies of the Riemann mapping theorem.

As has been noted previously, conformal mappings lend themselves
well to study by way of invariant geometry. But even the classical Eu-
clidean geometry of the plane—by way of the Jordan curve theorem,
the Lusin area integral, the basic idea of conformality, and the study
of special mappings like the Schwarz—Christoffel mappings—plays a
central role in analytic studies.

The Riemann mapping theorem has many variants and general-
izations. Certainly adaptations of the result to nonsimply-connected
domains has been an important avenue of exploration. Generaliza-
tions to Riemann surfaces (the uniformization theorem) have been
profoundly influential. And, even though the Riemann mapping theo-
rem fails dramatically in several complex variables, the pursuit of such
a theorem has been a driving force in the subject.

Familiarity with the Riemann mapping theorem, and with the con-
cepts of conformal mapping theory, will be helpful in your study of
this chapter.

Certainly the Riemann mapping theorem is a standard part of any grad-
uate course in complex variables. The theorem says this.

Theorem 4.0.1. Let D be the unit disk. Let 2 C C be a simply connected
domain that is not the entire complex plane. Then there is a one-to-one, onto

holomorphic mapping
d:D— ().
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The standard textbook proof of this result considers a fixed point P € 2
and the set

S={f:D— 2:f(0)=P and f is one-to-one} .

Using normal families and the argument principle, one shows that there is an
extremal function fq such that |f;(0)| is maximal. It is a result of the argument
principle that fy is univalent. It follows from this extremal property that fy
is onto, and that completes the proof.

Riemann’s original proof of the theorem solved a somewhat different ex-
tremal problem related to the Dirichlet problem. His argument was flawed
because he in fact assumed that the extremal problem had a solution. He
did not prove it. The proof was rescued some years later using the Dirichlet
principle. Our modern proof—due to L. Fejér and F. Riesz—sidesteps those
difficulties, and uses Montel’s theorem to show that the extremal problem has
a solution.

There are a number of other approaches to proving the Riemann mapping
theorem. We shall begin the considerations of this chapter by presenting a
proof that relies on the solution of the Dirichlet problem. This is in fact quite
similar in spirit to Riemann’s original approach to the theorem.

4.1 The Riemann Mapping Theorem by way of the
Green’s Function

Now fix a domain {2 C C. We shall assume that {2 has twice continuously
differentiable boundary—just so that we can make good use of some results
about the Laplacian and associated ideas (see Chapter 8 for further details).

Fix a point b € 2. Let F}, be the solution of the Dirichlet problem with
data (—1/[27]) log|z — b|. Define

1
G(b,z) = ~or log |z —b] — Fp(2).

This is of course the Green’s function for 2 with pole at b.
Now let G(b, z) be the harmonic conjugate of G. Define

F(z) = e*G(b,z)fiC:'(b,z) '

Then F' is holomorphic and vanishes at b (because of the logarithmic singu-
larity of G at b. Observe that if z € 92, then

IF(2)| = 6—6‘(1’70)—1’5(’%0)‘ - ‘e_G(b’O)‘ — =1, (4.1.1)
Since the Green’s function is positive, —G is negative and hence F' maps {2

into the disk. We claim that F' is a one-to-one, onto mapping of {2 to the unit
disk D.
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To verify the claim, first note that |F'(z)] — 1 as z — 9£2. The function
F has only one zero, a simple zero, at b. If a is any point of the disk, then
we may apply the argument principle to conclude that F'(z) — « has precisely
one zero in {2. Thus F' is both one-to-one and onto.

Just for fun, we now also present an ad hoc argument to see these asser-
tions. By a translation of coordinates, we may take b to be the origin. Now
the Riemann mapping theorem provides a conformal mapping ¢ : 2 — D
such that ¢(0) = 0. We know that the Green’s function for D at 0 is
(—1/[27]) log | z|. It follows immediately that (—1/[27]) log |¢(z)| is the Green’s
function for {2 at 0. So

1
G(z,0) = 5 log |p(2)] -

Exponentiating both sides and adding in a conjugate function of G(z,0), we
find that

o(z) = o~ G(2,0)=iG(2,0)

Of course this equation is quite similar to (4.1.1). In fact, they differ only by a
unimodular multiplicative constant. We conclude that the function F' defined
above is one-to-one and onto.

4.2 Canonical Representations for Multiply Connected
Regions

Any simply connected domain, except the plane, can be conformally repre-
sented as the unit disk. What can be said for domains of higher connectivity?

For a doubly connected domain (i.e., a domain whose complement has two
connected components, a bounded component and an unbounded component),
there is a remarkable and elegant result.

Theorem 4.2.1. Let {2 C C be a doubly connected domain such that no com-
ponent of the complement is a point. Then (2 is conformally equivalent to an
annulus.

We will in fact prove something more general.

Definition 4.2.2. Let {2 C C be a domain. We say that (2 is finitely connected
if its complement C\ {2 has finitely many connected components. We say that
{2 is k-connected if C\ {2 has k components.

Theorem 4.2.3. Let 2 C C be a k-connected domain, k > 2, and assume
that no component of the complement is a point. Then there is a one-to-one,
onto, holomorphic map ¢ : 2 — B, where B is an annulus A ={( € C:c<
[¢| < C} with k — 2 concentric arcs (lying on circles |¢| = c1, |¢| = ca, ...
|¢| = cr—2) removed. See Figure 4.1.

7

Our proof will proceed in several steps. First we must review some basic
ideas about homology, and about periods of integrals. We collect that material
in the next section.
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Fig. 4.1. An annulus with & — 2 concentric arcs removed.

4.3 Review of Some Topological Ideas

We need the concepts of index of a point with respect to a curve, of homology,
and of periods of integrals. We now provide a brief treatment.

All curves that we consider in this chapter will be piecewise continuously
differentiable. We will not always enunciate this standing hypothesis. A closed
curve will be called a cycle. In some contexts, it is useful to let a cycle be any
formal “sum” of closed curves.

4.3.1 Cycles and Periods

Let v be a closed curve and a a point not on that curve. Then the index of ~

with respect to a is
1 dz
n(’Y’ a) = 2 . :
i J,z—a

The index is always an integer (see [AHL2] or [GRK1]). Intuitively, the index
measures how many times v wraps around a, and with what orientation. More
precisely, the index is positive when the orientation is counterclockwise and
negative when the orientation is clockwise.

In what follows, we shall say that a closed curve v in a domain {2 is
homologous to zero if the index of v with respect to any point a € {2 is zero.
In symbols, the condition is n(y,a) = 0. Note that a domain {2 is simply
connected if all closed curves in {2 are homologous to zero (see the detailed
discussion in [GRK1], Chapter 11).

Now let 2 C C be a multiply connected (but finitely connected) domain.
Let the components of the complement (in the extended complex plane, or
Riemann sphere) be Aj, Ao, ..., A; and suppose that Ay is that component
that contains oco. It is easy to find cycles v;, 7 =1,...,k — 1, such that

o n(vyj,a)=1forall a € Aj;
e n(y;,a)=0forall a€°R)\A,.
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Fig. 4.2. A homology basis.

See Figure 4.2.

Suppose that v is any cycle in 2. If ¢ € A; then the value of n(y, a) is, by
connectivity, independent of the choice of a € A;. Call the constant value c;.
Then the cycle g = v —c17y1 — cay2 — - - - — ck—17k—1 has the property that its
index with respect to any a € {2 is zero.! [Recall that Ay is the component of
the complement that contains oo, thus it is not considered in this list.] Thus
1 is homologous to 0. It convenient to phrase this idea as “the curve 7 is
homologous to a linear combination of 1, ...,vx—1.” It is easy to see that the
coefficients of this linear combination are uniquely determined.

We call 71, ...,7,—1 a homology basis for §2. It is not the only homology
basis, but certainly the number of elements in any homology basis will be
k — 1. We have established that every region with finite connectivity has a
finite homology basis, and vice versa.

Our homology statement has an interpretation in terms of complex line
integrals. Namely, for any function f holomorphic on {2 we have

%f(z)dz:cl f(z)dz+ca (2)dz+ -+ cp—1 f(z)dz.
y 71 72 Ye—1
This is the homology version of Cauchy’s theorem. The numbers
P, = % f(z)dz
Vi

! Since the ¢; are integers, this notation makes sense. Here ¢;v; means c; copies of
the cycle v;.
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are called the periods of the differential f dz.

As we know from our study of the Cauchy theory (see [AHL2] or [GRK1]),
it is possible on a suitable domain (a rectangle, for instance) to define an
antiderivative of a holomorphic function f by

) = § (@) de. (13.1)

Here the integral is understood to be along any piecewise continuously differ-
entiable curve from the fixed base point zy to z. Part of what one proves—just
using Cauchy’s theorem—is that the value of the integral is independent of
the choice of curve. Conversely, if f is a given holomorphic function on the
rectangle R and F' is a well-defined, single-valued antiderivative for f, then
F and f are related (up to an additive constant) by (4.3.1).

We may put the elementary ideas of the last paragraphs into context by
saying that, on a given domain {2, the vanishing of all the periods is a necessary
and sufficient condition for f to have a well-defined, single-valued antideriva-
tive.

4.3.2 Harmonic Functions

If w is a harmonic function on a region {2, then

£:) = 5o —igo () (432)

defines a holomorphic function on 2. This claim may be checked directly using
the Cauchy—Riemann equations. Now it is useful to write

ou ou . ou ou
= (axdw—i— E)ydy) +1 (—@da?—&-wdy) .

Observe that the real part in this last expression is simply the ordinary,
real-variable differential of u:

In the case that u has a conjugate harmonic function v on the region (2, then
of course we must have

ov ov ou ou

dv=—dr+ —dy=——dr+ —dy.
Ox oy Y x
We know that in general, even on an annulus, it will not always be the

case that u has a well-defined, single-valued harmonic conjugate. So it is best
in general not to discuss or write dv. Instead we introduce the notation
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. Ju ou
du-—a—ydx—i—%dy.

We give *du the name conjugate differential of du. We thus know that
fdz=du+1i"du.

Now let v be any curve that is homologous to zero in {2. Then, by Cauchy’s

theorem,
Oz%f(z)dz:j{du—i-ijg “du .
¥ ¥ ¥

Because du is exact, the first integral on the right vanishes. So we have

7{ “du =0, (4.3.3)
.

or

ou ou
——d —dy=20. 4.3.4
fi Sde+ Sy =0 (4.3.4)

We wish to give a geometric interpretation to (4.3.4).
It is convenient to write v(¢t) = z(t) for our closed curve (cycle). If a =
arg 2/ (t) is the direction of the tangent to 7, then we may write

dx = |dz|cos a,

dy = |dz|sina.

Let us consider the normal that points to the right of the tangent. Of course it
will have direction § = o — /2. We see that cos« = — sin § and sin & = cos §.
In summary, the directional derivative

Ju Ju . ou
%fcosﬁ~%+smﬂ~a—y

is the normal derivative of u in the direction of the normal that points to the
right of the tangent.
Thus we have

0 0
——u|dz| cosa + —u|dz| sin o
x

dy 0

. ,0u Ou
(Slnﬂay + COSE&C) |dz|

ou



90 4 The Riemann Mapping Theorem

So now we may rewrite (4.3.3) as

[ (&) o=

for all cycles v that are homologous to 0 in §2. Of course this last formula is
just a restatement of Lemma 8.1.6, which we shall encounter below.

And now let us repeat what we said in the last subsection using our new
language. If (2 is a simply connected region, then of course all cycles are
homologous to zero and hence ¢ *du = 0 for all cycles . But then, as we have
noted, u will have a well-defined, single-valued conjugate harmonic function
on {2. If instead (2 is multiply connected, then the conjugate function has

periods
j{ “du = 9u |dz|
Vi Yi on

corresponding to the cycles 71, ...,75—1 in a homology basis.

4.4 Uniformization of Multiply Connected Domains

Now we shall use the topological-analytical ideas developed thus far to prove
Theorem 4.2.3. It should be noted that there are a number of variants of this
result. Instead of an annulus with arcs removed, the target domain can instead
be the plane with vertical slits removed. Or it can be the disk with smaller
subdisks removed. In all cases, the classical result applies to finitely connected
domains. See [AHL2] or [GOL)] for detailed discussion of these matters. The
reference [HES] treats uniformization on a disk with smaller subdisks removed
in the case that ¢{2 has countably many components.

Now let {2 be a finitely connected domain in C, and assume that the

connectivity is k > 2. Let the connected components of the complement of {2
(in the Riemann sphere) be called Ay, As, ..., Ai. Let us suppose, as usual,
that Ay is the unbounded component of the complement (if we think of the
complement as taken in C instead of C, then Ay is the component that contains
00). We shall assume that none of these components of the complement is
a single point. Certainly a single point will be removable for a conformal
mapping (by the Riemann removable singularities theorem).
_ Now we shall make an important geometrical simplification. Notice that
2 =C\ Ay, is a simply connected region. So of course (2 can be conformally
mapped to the disk by a mapping ¢. Under the mapping ¢, {2 itself is mapped
to a new k-connected region, and Aj, ..., Ax_1 are mapped to the bounded,
connected components of its complement. We shall continue to denote the con-
nected components of the complement of the image of ¢ by Ay, ..., Ag. Then
Ay, must now be {¢ : |(| > 1}. The unit circle {¢ : |¢| = 1}, equipped with
positive orientation, is now the outer boundary contour of the new (mapped)
region, and we call it C.
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Now let us look at ©A; with respect to the extended plane (/(\?.A This is
a simply connected region, and we map it to the complement in C of the
unit disk, with oo mapping to co. Under this new mapping, of course C}, will
get mapped to a smooth (indeed, real analytic), closed curve, which we still
denote by Cf. So now our domain has two smooth (real analytic) boundary
curves: C and C. Now the inner contour C is the unit circle with negative
orientation.

Of course we may repeat this process k — 2 more times to obtain a region
bounded by an outer contour Cj and k — 1 inner contours C1,...,Ck_1. It is
important to observe that all these contours are smooth (indeed, real analytic)
and that the original domain {2 is conformally equivalent to this new region.
In our construction, each boundary curve is momentarily a circle. But, in the
end, we can say only that each boundary curve (except possibly the last one)
is a real analytic curve. We give the components of 92 the usual positive ori-
entation. This means that the “outer boundary curve” (the curve that bounds
the unbounded component of the complement) is oriented counterclockwise;
and the other boundary curves (that bound the bounded components of the
complement) are oriented clockwise. See Figure 4.3.

Fig. 4.3. Domain bounded by real analytic curves.

It is important to note that the index of any point in the plane with respect
to the various contours present is obvious. Indeed, the index of Cj, j < k, with
respect to any point in the interior of C; is —1. The index with respect to
any point exterior to Cj is 0. Of course the index of C} with respect to any
point that is in Ay (the unbounded component of the complement of 2) is
0, and the index with respect to all other points not on C} is 1. We see that
Ci+Cy+ .-+ C} bounds (2.
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We now have the advantage of working on a finitely connected domain
whose boundary curves are all real analytic. So certainly every boundary point
has a barrier (this term is discussed in detail in Section 8.1, or see [AHL2] or
[GRK1]). The Dirichlet problem is therefore solvable (see [AHL] or [GRK1]).
Now, for each 1 < j < k, we solve the Dirichlet problem with boundary trace
equal to 1 on C; and equal to 0 on the other boundary curves. Call the solution
w;(z). Then w;(z) is nothing other than harmonic measure for the curve C;
(see Chapter 9 below). Certainly 0 < w;(z) <1 on {2 and

wi1(z)Fwa(z)+- - Fwp(z) =1

on {2. Notice that w; can be analytically continued across each boundary curve
(by Schwarz reflection—just map each boundary curve to the circle). So we
may think of w;, each j, as harmonic on £2.

Of course the contours (1, ..., Cy form a homology basis for the cycles in
§2. For each j, the conjugate harmonic differential of w; has period along C,,

given by
O
aij/ ﬁdSZ/ *dw .
¢, On c

m

We claim that no linear combination
)\1(4)1 (Z) + /\2&)2(21) + -4 )\k_lwk_l(z) (441)

with constant coefficients )\; can have a single-valued harmonic conjugate
function unless all the \; are zero.

To verify the claim, suppose instead that (4.4.1) were the real part of
a holomorphic function f on (2. By the usual reflection argument, we may
suppose that f continues analytically to the closure {2 of £2. Then Re f would
take the value A; on the contour Cj, j =1,...,k — 1, and it would also take
the value 0 on Cj. So each of these contours would be mapped under f to a
vertical line segment. If 7 lies in the complement of all these line segments,
then the harmonic function arg(f(z) — 7) has a single-valued branch on each
contour Cq,...,Ck_1. The argument principle then tells us that f certainly
does not take the value 7 in (2. But f is a holomorphic function, hence has
open image. This is a contradiction. The only possible conclusion is that f is
a constant mapping. As a result, the real part of f is identically 0. So the A;
must all vanish.

Now we give an interpretation of our result in the language of linear alge-
bra. The homogeneous system of linear equations

Arar + Aot + - A+ Apmrag—1,1 = 0,
Aaaz + Aaags + - -+ Ag_1ag—12 = 0,

Ao -1+ Ao g1+ Aprop—16—1 = 0,
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has only the trivial solution \;y = Ay = -+ = Ag_1 = 0, for these are precisely
the conditions under which A\jw; 4+ Agws + - -+ + Ap_1wi_1 has a single-valued
harmonic conjugate. But now this result tells us that any inhomogeneous
system of linear equations with these same coefficients must in fact have a
unique solution. In particular, it is certainly possible to solve the system

Araqy + Agagr + -+ Apm1ag—1,1 = 2T,
A1aig + Aggg + - A+ Ap_1ag—1,2 0,
Arais + Agagz + -+ Apm1ag—1,3 = 0,

Mg -1+ Ao p—1 4+ F Ap—1og—1k—1 = 0.

We append to this system the additional (redundant) equation
Aroag + Ao + -+ A1 = 27,

which is obtained from adding the last k£ — 1 equations and using the fact that
a1 + ajo + -+ o = 0 for each j.

In the language of function theory, the solution of this last system gives
us a multiple-valued holomorphic function f with periods 27 along C7 and
C), and all other periods equal to 0. Also, Re f is constantly equal to A; on
Cj, j = 1,...,k (with Ay = 0). Tt follows that the function F(z) = e/*) is
single-valued and holomorphic. We now claim the following result:

Theorem 4.4.1. The function F' is a one-to-one, onto, holomorphic mapping
from £2 to the region B given by the annulus A = {¢ € C : 1 < |¢| < eM}
with k — 2 concentric arcs in the circles {( € C: |¢| =eM}, j=2,..., k-1,
removed.

The remainder of this section is devoted to the proof of the theorem. We
know that F' is a well-defined holomorphic function on 2 and that its image
lies in a region as described in the statement of the theorem. What we must
establish are the univalence and surjectivity. Note that the concept of the
mapping we are discussing is illustrated in Figure 4.4. Observe again that
the contours C7, C correspond to the outer and inner circles of the annulus.
The contours Co, ..., Ck_1 correspond to the arcs that are removed from the
annulus. It is useful to think of each arc as a closed cut whose two arc-shaped
sides have been forced to coincide.

If 7 € C, 7 not on any of the boundary curves of B, then the number of
roots of the equation F'(z) = 7 is of course given by

1 F'(z)dz 1 F'(z)dz 1 F'(z)dz
mf{clp(z)—TUm T - e b Ty = 1)
(4.4.2)
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Fig. 4.4. Representation of {2 on an annulus minus arcs.

For 7 = 0 the terms in (4.4.2) are known to be 1,0,0,...,0,—1. Hence the
sum in (4.4.2) is 0. The integral over C; (which corresponds to the outer circle
of the target annulus) is constantly equal to 1 for || < e*!; it vanishes for
|7| > e*t. Likewise the integral over C}, (which corresponds to the inner circle
of the target annulus) is constantly equal to —1 for |7| < 1 and is 0 for |7| > 1.
Of course the integrals over Cj, 2 < j < k—1, vanish for 7 not on the circular
arcs.

The aggregate of all this reasoning shows that if 7 € B, then the expression
in (4.4.2) is the sum of 0 4+ (04 --- 4+ 0) + 1 = 1, proving that the value 7 is
taken once and only once by the function F'. That is what we wished to show.

We remark that it is possible to calculate the valence of F' on the boundary
curves. This uses a version of the Plemelj jump formula, and we cannot treat
it here. See [AHL2, p.256] for details. Goluzin [GOL] also has a nice treatment
of Plemelj.

4.5 The Ahlfors Map

There are many approaches to uniformization of multiply connected domains
in the plane. In the present section we will present Ahlfors’s ideas that lead
to the Ahlfors map. For a detailed reference on this matter, see [FIS].

We fix a bounded domain {2 C C that is finitely connected, that is, its
complement has finitely many components. We begin our analysis just as
with the proof of the Riemann mapping theorem (RMT). That is, fix a point
p € £2. Set

v =sup{|f'(p)| : f € HZ(2), || flloc <1}

Any function f € H®({2) such that ||f|| = 1 and f'(p) = ~ we shall call
extremal. Just as in the proof of the RMT, we can prove that an extremal
exists with a simple normal families argument. The details are omitted.

Proposition 4.5.1. There is just one extremal function f, and f(p) = 0.
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Observe that if we defined extremal by the condition |f’(p)| = v then the
extremal would no longer be unique (just postcompose with a rotation). It is
the positivity of the derivative at p that gives us uniqueness.

Proof of the Proposition. Let f be an extremal function. Define, for z € 2,

S~ W)
= e
then £ - f @)
"(2) = GAS VAN
AT
and -
g (p) = W

Since ||g|lco < 1, we see that the function g is a candidate for the extremal.
It must be that f(p) = 0 otherwise ¢'(p) > .

For the uniqueness, suppose that both f; and f; are extremals. Then
certainly [f1 + f2]/2 is also an extremal. If we can show that any extremal
must be an extreme point of the unit ball of H*°({2), then it must follow that
f1 = f2 and the proof will be complete.

Thus let g € H* and suppose that ||f + g|jc < 1. It follows that

|f?+2Re fg+ 9> <1

and
IfI> = 2Re fg+|g]* < 1.

Adding these inequalities together yields

[fI?P+1g1? <1.
As a result,
g1 S1—[fP =@+~ [f) <20~ 1If])-
Now define P
h= ER

We see that h € H* and

fI+ IR <1+ A= [f)) =1.

We shall prove that this last estimate implies that h vanishes identically. Thus
g vanishes identically, and so f is an extreme point of the unit ball of H°.

First we claim that h(p) = 0. For if not, then we examine the function
f+ Afh for a constant A of modulus 1. Notice that
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[f+AFRL < |fI+ FlIRl < |f]+ 1R < 1.
But then

[f+AfR) (p) = £ (p) + A (D)h(p) + M (p)R' (p) = v + Avh(p) -

If h(p) # 0 then an appropriate choice of A makes this last quantity positive
and greater than v, contradicting the maximal value of . That establishes
the claim.

If h is not identically 0, then A has some finite order of vanishing r at p,
r > 1. Let € > 0 and set

m(z) = f(2) +eh(z)(z —p) 7.

Then |m/(p)| = |y + e (p)/r!| (where the exponent (r) denotes the rt®
derivative) and this quantity can be made to exceed 7 if we simply choose the
argument of e appropriately. Further observe that, if € is small and |z — p| >
e/Ir=1then |e(z — p)~"*+!| is less than 1. But then

Im(2)| < |f ()| + |h(z)] <1

for these values of z. By the maximum principle, we see that |m| < 1, and we
have once again contradicted the definition of extremal. In conclusion, h = 0,
and the proof is complete. O

Definition 4.5.2. The unique extremal function provided by the last propo-
sition will be called the Ahlfors map or Ahifors function of the domain 2.

The Ahlfors function will play the role, for a multiply connected domain,
of the Riemann mapping function for a simply connected domain. In honor
of Lars Ahlfors, we shall denote this function by a(z). We shall spend the
remainder of this section developing its properties.

Definition 4.5.3. A subset S C {2 is called dominating if

sup | f(z)| = sup [f(2)]
sesS ZEN

for all functions f € H>®(£2).

Lemma 4.5.4. The domain {2 has a countable dominating set that has no
limit point in (2.

Proof. Let K; be a sequence of compact subsets of {2 such that

[e]
Kj CKjn
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for each j and U;K; = (2. Define
Bi=K\Kj1,j=23,....
Certainly each FE; is compact. Also, for each f € H*>({2),
H;%le(Z) = H;gX\f(z)l = [[flle

as j — o0.

On each Ej, the unit ball B in H*°({2) forms an equicontinuous family. To
see this, notice that there is a number r > 0 such that D(e,r) C {2 for each
e € E;. Now apply the Cauchy estimates to any f € B on D(e,r). Now let us
select ; > 0 such that

£(2) = flw)] < (;)J if w2 <8, w2 E, fcB.

Let T; be a finite set in E; such that each point of £} is distance not greater
than ¢;/2 from some element of T;. [We call T; a §,/2-net in Ej.] It follows
that

1

J
x| 7(:)| < max £+ (3)

Now set S = U;T}. This S is the dominating set that we seek. |

Proposition 4.5.5. Let « be the Ahlfors map for £2 with respect to the point
p € 2. Then, for each h € H*(12), we have

llohilloae = {|P]loo -
Proof. Set
Q' ={z€ 2:3h € H®(N) such that |h(z)| > 1 and |ah| < 1}.

Seeking a contradiction, we suppose that p € §2'. Set @y = h-a. Thus ||aq || < 1.
But

1 (p)] = o’ (p)] - [h(p)] > o/ (p)] > 1,

and that is impossible. So p & £2'.

We shall show that 2’ is open and closed in §2. Since the last paragraph
shows that 2’ is not all of £2, the only possible conclusion is that 2’ = (). This
will prove the proposition.

It is clear from its very definition that {2’ is open. We concentrate our
efforts on showing that the set is closed; in fact we shall show that 2\ '
is (relatively) open. Fix a point ¢ € 2\ 2. Then ||ah| < 1 implies that
|h(q)] <1 for all h € H*. Let {s;} be a countable dominating sequence in
2 with no limit point in {2 (as provided by Lemma 4.5.4). We may of course
assume that no s; is equal to ¢. Let M be the maximal ideal space of £>° (see
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Section 11.1 for a discussion of Banach algebras and maximal ideal spaces).
Any function w that is bounded on a neighborhood of {s;} gives rise to a
continuous function @w on M. More precisely, define

wj = w(s;)
for j =1,2,.... Then W = {w;} € £*° and we have the induced function
w:M—C
given by
w(m) = W (m) form € M.

In particular, if w € H*(2), then w induces a continuous function on M.
Now our hypothesis that g € (2’ implies that the linear functional from
aH> into C given by
ah - h(q)

has norm 1. The Hahn-Banach theorem now yields that there is a measure p
on M, having norm (i.e., total mass) 1, such that

/

1= [aldu< [1aldul < ] = 1.

We conclude that the measure dr = adpu is nonnegative and has mass 1;
moreover, 7 is supported on the set where |a| = 1.
For ¢ € {2 a point near ¢, let

hdp = h(q) forall h € H®(£2).

)

Therefore

Set
w(¢) = / Sc(z)dr(z).
0
Clearly the function w is continuous at points near g. Also, since w(g) = 1 we

may conclude that w({) # 0 if ¢ is near to ¢. Let ¢ be such a point.
If h € H>°(£2), then we define

o) = M= o,

O:/’g\dr

Then

because g(q) = 0. Therefore
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hQyue) = [ s ar.
and this implies that
|h(¢)| < C - sup{|h(m)| : m € A},

where A is the support of 7 and C' is a constant that does not depend on h.
Now we replace h by h?, take the j* root of both sides, and let j — occ.
We conclude that

1(¢)] < |hlla = sup{[h(m)| : m € A}.

The upshot is that if ||AF|| < 1, then |E| <1 on A and hence |h(¢)| < 1. But
then ¢ ¢ 2. So ¢ has a neighborhood that does not lie in /. Hence 2’ is
closed. This completes the proof. |

Definition 4.5.6. Let {2 be a domain as usual. A point = € 942 is said to be
essential if there is a bounded, holomorphic function f on {2 and an € > 0
such that f does not extend analytically to be holomorphic on D(z, €).

If a point = € 02 is not essential, then it is said to be removable. If all
boundary points of a given domain {2 are essential, then the domain is said
to be mazimal.

In the rest of our exposition about the Ahlfors mapping, we shall assume
that 012 consists of finitely many smooth, closed curves. This extra hypothesis
will allow us to focus on the main analytic points and not get bogged down
in technical details. Note in particular that every boundary point of such a
domain is essential. For if x € 9f2, then there is a conformal mapping ¢
of 2 to the disk (not, in general, onto the disk) such that the boundary
curve containing = goes univalently under ¢ to the circle and x goes to 1
(see Section 4.4, where we discuss in detail how to construct such a mapping).
Since A(z) = e~(1+2)/(1=2) is 4 bounded, holomorphic function on D that does
not analytically continue past 1, we see that A o ¢ is a bounded, holomorphic
function on {2 that does not analytically continue past x. Likewise, we may
pull the peak function p(z) = (1 + 2)/2 back from the disk to get a peaking
function on {2 at z.

Proposition 4.5.7. Let « be the Ahlfors map for the domain {2 with respect
to the point p € §2. For each point x € 0f2 we have

limsup |a(z)| =1. (4.5.1)
25z—zx

Proof. As already noted, z € 042 is essential. Assume that (4.5.1) fails. In

particular, say that

limsup |a(z)|=1-14§
23z—zx
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for some 0 > 0. As noted in the discussion immediately preceding the propo-
sition, there exists h € H>(f2) such that
limsup |h(z)] =1
235z—x
while
limsup |h(z)] < 1
23z—y
for some y € 012, y # .
Now consider ah. At the point x we have
limsup |a(z)h(2)] <1-90.
Q

22—

But at 012 > y # x we have

limsup |a(z)h(z)| < 1

23z—y
since h has boundary limit less than 1 while a has boundary limit not exceed-
ing 1. In conclusion, ||ah|ls < 1 = ||h||s. This contradicts Proposition 4.5.5.
In conclusion, for any z € 942, (4.5.1) holds.

Our main result about the Ahlfors map is Theorem 4.5.9 below; it gives
a representation of a multiply connected domain onto the unit disk. Prior to
that result, we have one more general fact about the Ahlfors map.

In what follows, a set E in the Riemann sphere C is called a (Painlevé) null
set if the only holomorphic functions on C \ E are constants. As an example,
a singleton is a null set.

Lemma 4.5.8. Let « be the Ahlfors map for £2 with respect to the point p € (2.
Let X C D be those points of the unit disk that are not in the range of a.
Then X, = X N D(0,r) is a Painlevé null set for r < 1.

The upshot of this last result is that the Ahlfors map is onto. The details
of this assertion will follow below. The technical statement of the lemma is
just for convenience in proving the result.

Proof of the lemma. If the conclusion fails for some r < 1, then let D' =
D\ X, and let 3 be the Ahlfors map for D’ with respect to the point 0. Then
B8'(0) > 1, otherwise §'(0) = 1 and therefore uniqueness of the Ahlfors map
implies that 5(z) = z. This would contradict Proposition 4.5.7.

Now we see that

(Boa)(p) =B (alp)) - o'(p) = B5'(0) - &' (p) > &/ (p) -
Certainly this estimate contradicts the extremality of the Ahlfors map «. The
result is proved. O

For us, the main result about the Ahlfors map is contained in the next
theorem.
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Theorem 4.5.9. Let (2 be bounded by m + 1 disjoint, real analytic Jordan
CUTVES Y0, Y1, - - -, Ym and let a be the Ahlfors function for (2 relative to a
point p € 2. Then

(a) The mapping o maps §2 onto D precisely m + 1 times;

(b) The mapping a continues analytically across each boundary curve ~; and
maps each vy; diffeomorphically onto the circle;

(c) The derivative o’ does not vanish on any boundary curve ;.

Proof. Let n denote 9f2. We let A(£2) denote the continuous functions on 2
that are holomorphic on 2. Define

o =sup{|f'(p)| : f € A(2), I/l <1}

By the Hahn—Banach theorem and the Riesz representation theorem, there is
a finite Borel measure p on 92 of total variation o such that

/f(z) du(z) = f'(p) forall f e A(2).

Let G(z,p) be the Green’s function on {2 having pole at p. Let é(z,p) be
the harmonic conjugate of the Green’s function, and set ¢(z) = G(2) +iG(z).
We know from Propositions I and II in the appendix at the end of the section
that

iq'(z)dz = dwy(z) for z €.

Here wy, is the harmonic measure (what we usually call w(p, £2,012)) for 012
with respect to p—see Chapter 9. In addition, we know that

o) = — 1 w(z
(5=~ (),

where w is a function holomorphic in a neighborhood of 2. As a result,
%%f(z)q’(z) dz = f(p) forall f € A(R).
n

We conclude that

i q(2)
O]if(z) (z—p) {ZWz—de du(z)| forall f € A(2).
Now the F. and M. Riesz theorem essentially implies that the expression in
brackets, thought of as a measure, is absolutely continuous with respect to dz
(see [FIS, p. 85] for a more detailed treatment). We treat this theorem of the
Riesz brothers in detail in Section 9.6. Thus, by subtraction, the same is true
for du. Because ¢’ # 0 on 1), we may write

du(z) = r(z)éq’(z) dz for z € 092.
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Here f € L'(n,ds).
We conclude that

0= ﬁf(z) (z - p) Lip - r(z)] %q'(z) dz forall f € A(R2).

Now a version of the F. and M. Riesz theorem (see [FIS, p. 91]) tells us that
[1- (=~ pr(2)] () = h(z)

for z € 2 and some h € H'(£2). An equivalent formulation of this last identity
is

Z—0Dp R
for 2 € 2. Here g € H'(2), the ¢y, ..., ¢, are complex scalars, and t1, ..., t,,
are the critical points of ¢, that is, the zeros of ¢’. Note that ¢1,...,t,, come

from the Green’s function, and this is where the connectivity of {2 plays a
role.
If « is the Ahlfors mapping for {2 relative to p, then

n=o(p) = 74 a(2)r(2) o' (2) d
1
< fla@r ) |50 )| s < allo
" i
=0 <.
As a result,
a(z)r(z) >0 ae. |dz| onn (4.5.2)
and
|a(z)| =1 a.e. on the set where r # 0. (4.5.3)

Now each point z on 7 has a neighborhood V such that V N {2 is confor-
mally equivalent to the unit disk D and r is in H*(V N42). Thus, by a result in
the Appendix to this section, we may conclude that both o and r may be ana-
lytically continued over each point of 7. [This argument requires the canonical
factorization (Proposition 6.1.21), a concept not covered in full detail in this
book. See however [FIS, p. 75] and also [HOF] and [KRA1, Chapter 8]. Also
see the general discussion in Section 6.1.] Certainly |a| = 1 at every point of
7. Thus the meromorphic function r(z)a(z) is real and positive on 1 hence
has as many poles as zeros in 2. Note that the function has exactly m + 1
poles and therefore o has at most m + 1 zeros in 2.

Next we show that arga is locally increasing on 7. Fix a point x € 9f2.
Let w = log|a| near x. Then @ = arga and the Cauchy—Riemann equations
yield that
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ow  Ow
<=2
—Jv  Or
This is what we wanted to see. Since arg« must increase on each y; by an
integer multiple of 27, we find that o must have at least m + 1 zeros in f2.
In conclusion, « has precisely m + 1 zeros in {2 and arg « increases by 27 on
each arc ;. Now the argument principle tells us that a is (m + 1)-to-one.

That completes the proof of the theorem. ([

0 onn.

The Ahlfors map has developed into a powerful tool of modern function
theory. Just as an instance, Steven Bell [BEL;] has shown that the Bergman
kernel (see Chapter 1) for a finitely connected domain can be constructed
from finitely many Ahlfors maps (in analogy with the fact that the Bergman
kernel for a simply connected domain can be constructed from the Riemann

map).

Appendix to Section 4.5

In this appendix we collect some technical results that were used in Section
4.5.

Proposition I: Let {2 be smoothly bounded. Let w;,, be harmonic measure for
I" = 042 with respect to p—see Chapter 9. As usual, let G(z, p) be the Green’s
function, G(z, p) its harmonic conjugate, and ¢(z,p) = G(z, p)+iG(z, p). Then

dwy,(C) = !

= %q’(é) dg.

Proof. This is a calculation similar to one that we did in Subsection 4.3.1. Or
see [FIS, p. 23] for the full details. O

Proposition II: Let {2 be a smoothly bounded domain each of whose bound-
ary arcs is in fact real analytic. Let I" = 02 consist of m 4+ 1 disjoint
analytic simple closed curves (in other words, {2 has connectivity m + 1).
Fix a point p € 2. Let G(z,p) be the Green’s function as usual, and
let é(z,p) be the (multiple-valued) harmonic conjugate of g as usual. Set
q(z) = G(z,p) + ié(z,p). Then

(a) ¢’ does not vanish on I
(b) ¢ has exactly m zeros in {2, counting multiplicities.

Proof. Certainly ¢’ has a single pole of order 1 at p; this is by the construction
of the Green’s function. Further, from Proposition I above, we know that
i¢'(z) dz is a nonnegative measure on I'. As a result, the total change in the
quantity

1 / _ 1.,
218 ¢ (z) = %[zq (2)]
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as the point z traverses I" just once is precisely m — 1 (because each bound-
ary curve that bounds a bounded component of the complement contributes
+1—there are m of these—and the outside curve that bounds the unbounded
component of the complement contributes —1). But, by the argument princi-
ple, this number must be precisely the number of zeros of ¢’ minus the number
of poles. That quantity is then m — 1. So ¢’ has precisely m zeros, and part
(b) is proved.

For part(a), note that the Cauchy—Riemann equations imply that g is
increasing locally on I" hence g is locally one-to-one in a neighborhood of each
point of I'. So certainly ¢’ cannot vanish. O

4.6 The Uniformization Theorem

The philosophical grandfather of all the theorems discussed in the present
chapter is the celebrated uniformization theorem of Poincaré and Kobe. In
this section we shall discuss the meaning of the theorem, and then prove a
special case of it. The proof hinges on the existence of the Green’s function.

If X is any topological space, then it has a simply connected universal
covering space X. The universal covering space is constructed by fixing a
point zy € X and considering the space of all paths in X emanating from z.
The covering map N

m: X —-X

is a local homeomorphism. We refer the reader to [SPA] or [HUS] for details.

In case X is a domain {2 in the complex plane, or more generally a Riemann
surface, then the universal covering space {2 will be a two-dimensional object
(because 7 is a local homeomorphism), and {2 can be endowed with a complex
structure by local pullback under 7 of the complex structure from (2. So 0 is
a simply connected analytic object. What is it?

The uniformization theorem answers this question in a dramatic way. Be-
fore we present the answer, let us first restate the question—stripped of all
the preliminary material that led up to it.

QUESTION: What are all the simply connected Riemann surfaces?

The answer is

ANSWER: The only simply connected Riemann surfaces are (i) the
disk D, (ii) the plane C, and (iii) the Riemann sphere C.

And in fact much more can be said. Let us return to the motivational
discussion above. If the original analytic object X is a sphere, then it turns
out that the universal covering space X will be a sphere, and that is the only
circumstance under which a sphere arises as the universal covering space.
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If the original analytic object is a plane or a punctured plane or a torus or
a cylinder, then the universal covering space X is a plane, and these are the
only circumstances in which the plane arises as the universal covering space.

In all other circumstances, the universal covering space is the disk D. In
other words,

The universal covering space for any planar domain except C or C\ {0}
is the disk D.

This is powerful information, and those who study Riemann surfaces have
turned the result into an important tool (see [FAK]). As an instance, our
result (Theorem 1.4.3) that any automorphism of a planar domain that fixes
three points is the identity can be derived as a corollary of the uniformization
theorem (see [FKKM]). Many of our other results about automorphisms can
be studied with the aid of uniformization.

Our goal in the remainder of this section is to prove the last displayed
statement: that the disk is the universal covering space for virtually all planar
domains. For convenience and simplicity, we shall in fact restrict attention to
bounded planar domains with finitely many smooth boundary curves.

Theorem 4.6.1. Let {2 C C be a bounded domain whose boundary consists
of finitely many simple, closed, C? curves. Then the universal covering space
for 2 for 2 is conformally equivalent to the unit disk D.

Proof. The important fact for us is that 2 has a Green’s function. This is
easily seen by solving a suitable Dirichlet problem. The references [GAM] and
[FAK] provide all the details; see also our discussion in Chapter 8. We shall
take it for granted that Q has a Green’s function. The remainder of the proof
presented below studies {2 and its Green’s function.

Fix a point £ € 2 and let G(z,£) be the corresponding Green’s function.
Then, by a construction that we have used before (for instance in Section 1 of
this chapter), there is a holomorphic function ¢ defined near £ with a simple
zero at & such that

p(z)| = e=C=).
The function ¢ can be analytically continued along any path in Q2 from ¢ to
any other point z—just by continuing the harmonic conjugate g of g and then
taking an exponential. Since {2 is simply connected, the monodromy theorem
tells us that the analytic continuation does not depend on the choice of path.
By this means we define a holomorphic function ¢ on {2 such that

lp(2)| = e~ €= for z € 2.

In particular, since g has boundary values 0, we see immediately that |p(z)| <

1 for all z € !A27 and ¢ has only one zero: the simple zero at .
Fix a point 7 € {2 and define
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for 2 € 2.

e =)
Y = )

Then ¢ is holomorphic on 2, [1(z)] < 1 for z € 2, and ¥(7) = 0. Let u
be a subharmonic function on £2'\ {7} such that (i) u = 0 off some compact
subset of {2 and (ii) u(z) + log |1(z)| is subharmonic. Then u(z) + log |[¢(2)]
is subharmonic on 2 and u(z) + log |1(z)| < 0 off a compact subset of £2. By
the maximum principle for subharmonic functions, u(z) + log|y(z)| < 0 on
all of £2.

Taking the supremum over all such u, and recalling the construction of the
Green’s function, we find that

G(z,7) +log|(z)| <0 forz € 2. (4.6.1)

Since 1 (§) = —p(7), we determine using the symmetry of the Green’s function
that

G(&,7) +log|v(§)| = G(E,7) — G(7,§) = 0.
By the strict maximum principle, we see that equality holds in (4.6.1).
Thus log |1)(2)] = —G(z,7) for all z € £2 and so ¥ has no zeros on 2\ {7}.
It follows that ¢ assumes the value ¢(7) only at z = 7. Since 7 was quite
arbitrary, we deduce that ¢ is one-to-one. Hence ¢ maps (2 conformally onto

~

a domain ¢(£2) in the unit disk, and we see that ¢({2) is simply connected.

By the Riemann mapping theorem, ¢({2) is conformally equivalent to the unit
disk, and hence so is {2. O

Problems for Study and Exploration

1. A finitely connected domain in the plane is conformally equivalent to (i)
a disk with finitely many smaller disks removed or (ii) a disk with finitely
many concentric circular arcs removed or (iii) a plane with finitely many
vertical slits removed. Explain why these three statements are equivalent.

2. Prove that the region indicated in Figure 4.5 is simply connected. Then
prove that the conformal mapping of the disk to this region will not have
nice boundary behavior at the origin.

3. Does there exist a holomorphic mapping of the disk onto C? [Hint: The
holomorphic mapping z + (z — i)? takes the upper halfplane onto C.]

4. Prove that if f is entire and one-to-one, then f must be linear. [Hint: Use
the fact that f is one-to-one to analyze the possibilities for the singularity
at 00.]

5. Let £2 C C be a bounded, simply connected domain. Let ¢ : {2 — D and
¢2 : £2 — D be conformal maps. How are ¢1 and ¢, related to each other?
[Hint: Look at ¢z 0 ¢7'; it is a conformal self-map of the disk.]
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Fig. 4.5. The comb domain.

. Let 2 be a simply connected domain in C and let P and @ be distinct

points of 2. Let ¢; and ¢ be conformal self-maps of 2. If ¢1(P) = ¢o(P)
and ¢1(Q) = ¢2(Q), then prove that ¢ = ¢o.

Let {2 be a bounded, simply connected domain in C. Fix a point P € (2.
Let ¢ and ¢2 be conformal mappings of 2 to D. Prove that if ¢;(P) =
¢2(P) and sgn(¢)(P)) = sgn(¢5(P)), then ¢1 = ¢5. Here sgn(a) = o/|al
(definition) whenever « is a nonzero complex number.

. Let {2 be a simply connected planar domain and let ¢ be a conformal

mapping of 2 to D. Set P = ¢~1(0). Let f : 2 — D be any holomorphic
function such that f(P) = 0. Prove that |f/(P)| < |¢'(P)|.

. Complete the following outline to obtain a different proof that the Mobius

transformations ¢, map the unit disk conformally to the unit disk:
Check that ¢_, is the inverse of ¢,. Hence ¢, must be one-to-one.
If |z| = 1, then calculate that

zZ—a

1—az

Thus ¢, maps the unit circle to the unit circle. Since ¢, (a) = 0, it follows
from connectedness of the unit disk that ¢, maps the disk D into itself.
But, replacing a by —a, we see that ¢_, maps D into D. Hence ¢, maps
D onto D. That is the desired conclusion.

Can you explicitly calculate the Ahlfors map of the annulus A = {z € C:
1/2 < |z| < 2}7?
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Boundary Regularity of Conformal Maps

Genesis and Development

It is a truism that the Riemann mapping theorem allows us to transfer
the complex function theory of any simply connected domain (except
the plane itself) back to the unit disk, or vice versa. But many of the
more delicate questions require something more. If we wish to study
behavior of functions at the boundary, or growth or regularity condi-
tions, then we must know something about the boundary behavior of
the conformal mapping.

Looking at the matter from another point of view, one of the
most important practical applications of conformal mapping is to the
study of the Dirichlet problem. In particular, those who design air-
plane wings make considerable use of this technique. And one needs
to know in that context that the relevant conformal mapping extends
nicely to the boundary.

It was Painlevé [PAI] who first showed that a conformal mapping of
a smoothly bounded domain to the disk extends smoothly and univa-
lently to the boundary (and so does its inverse). In fact this result, part
of Painlevé’s thesis, preceded by a good many years Carathéodory’s
better-known result about continuous extension to the boundary.
Kellogg, Warschawski, and many others have refined Painlevé’s orig-
inal result so that today we have very precise information about the
boundary regularity of conformal mappings.

The subject of boundary regularity of conformal mappings cer-
tainly has aesthetic appeal. But, as indicated above, it also offers
copious practical applications. The theorems offer a model for many
of the standard questions of partial differential equations. The tech-
niques of this chapter are a combination of basic complex function
theory and hard analysis.
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5.1 Continuity to the Boundary

The Riemann mapping theorem (RMT) states that if 2 C C is a simply
connected domain, not all of C, then there is a conformal mapping ¢ : 2 — D,
where D is the unit disk. This result has had a profound influence over the
way that we study complex function theory. It has no analogue in the complex
analysis of several variables.

The RMT was profoundly generalized by Koébe and Poincaré with their
uniformization theorem. A deeper understanding of the Riemann mapping, or
of the uniformization mapping, rather naturally raises the question of whether
the mapping extends to the boundary in a nice way.

In general, the answer is no. In fact the textbook example to look at is the
domain (2 exhibited in Figure 5.1 (see also Exercise 2 in the last chapter).

Fig. 5.1. The comb domain.

We call this the “comb domain.” The domain is obviously simply con-
nected, and not all of C, so the RMT guarantees the existence of a conformal
map ¢ : 2 — D. This map cannot extend continuously to 942, as (i) the
boundary is not a Jordan curve and (ii) there are portions of the boundary of
infinite length in arbitrarily small neighborhoods of the origin. So some condi-
tion will be required in order to obtain a positive result. In fact the textbook
theorem on the subject is due to Carathéodory:

Theorem 5.1.1 (Carathéodory). Let (21,22 be bounded domains in C,
each of which is bounded by a single Jordan curve. If p : {21 — (25 is a con-
formal (one-to-one, onto, holomorphic) mapping, then ¢ extends continuously
and one-to-one to 0§21. That is, there is a continuous, one-to-one function
P : 21 — 29 such that (’5’91 = .
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Remark 5.1.2. Clearly the domains (21, (25 in the theorem are each simply
connected since each has complement with just one unbounded, connected
component. It will be clear from the proof that in fact Carathéodory’s theorem
is valid for conformal maps of domains that are bounded by finitely many
Jordan curves. There are also ad hoc arguments, presented elsewhere in this
book, for establishing the last result.

Proof of Theorem 5.1.1 The proof will be broken up into several lemmas,
which will fill out the rest of the section. First, let us remark that the result
fails completely for maps ¢ : {21 — (25 that are one-to-one and onto but not
holomorphic: Even if ¢ is infinitely differentiable in the real variable sense, it
may not extend continuously to even one boundary point. For example, the
map F : D — D given by F(x) = (1 —+/1—|z]) - (2/|z]) is a diffeomorphism
of the disk to the disk that does not extend smoothly to the boundary (but
you can verify for yourself that it does extend continuously to the boundary).

The extension-to-the-boundary situation changes if one or both of the
domains are unbounded. Consider, for instance, the Cayley transform ¢ :
D — {z:Imz > 0} given by ¢(z) = i(1 — 2)/(1 + z). Of course ¢ has no
continuous extension to —1 in dD.

We shall in fact first prove the result in the special case that (21 is the unit
disk D. At the end we shall derive the general result from this special one by
the application of a few simple tricks.

Now let us set up the proof. Let py : [0,1] — D, pz : [0,1] — D be
two curves satisfying p1(1) = p2(1) =1, #1([0,1)) € D, p2([0,1)) C D. Our
aim is to see that lim;_,1- ¢(u1(t)) and lim;_, ;- @(p2(t)) exist and are equal.
Once this result is established, we may define (1) to be this limit (since it
is independent of the choice of curve). Then @ is automatically a continuous
extension of ¢ to D U {1}. The extension to the other points of 9D follows in
the same way, and the continuity of the whole extension to D UJD is easy to
check.

Thus let p1, 2 be as above and V = D(0,1) N D(1,1/2). See Figure 5.2.
Now V has finite area and (V') has finite area M since p(V') C (2.

Notice that if K C 2 is compact, then (since ¢! is continuous),
¢ Y(K) C D is compact. Equivalently, if {z;} is a sequence in D that di-
verges to the boundary of D (i.e., has no subsequence that converges to a
point of D), then {¢(z;)} diverges to 9f2. In particular, ¢(V') does not have
compact closure in (2. Figure 5.3 suggests what ¢(V') looks like. The stan-
dard mathematical terminology for this general situation is to say that ¢ is a
proper map. [A map is said to be proper if the inverse image of every compact
set is compact. ]

Let us introduce polar coordinates on V centered at 1 € 9D. Clearly
0 < r < 1/2. Given an r small, there is a 8y = 6y(r) such that —6y < 6 <
describes the corresponding r-constant arc in V. See Figure 5.4. Let

Vr: [—90(7‘),90(7‘)] -V,
01— 1—re.
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A
<

Fig. 5.2. Well-defined boundary limit.

Fig. 5.3. Image of p(V).
Lemma 5.1.3. Let ¢, be the length of ¢ o~,.. Notice that

Bo(r) )
b, = / I’ (1 — re')|r db.
—0o(r)

Then

18 finite.

Proof. Let M denote the area of ¢(V). Then
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—0,(r) <0 < 0y(r)

N
®

Fig. 5.4. Polar coordinates on V.

1/2
LG

IN

1/2 2 1
[ 1—7‘6 |7‘d9] —dr
mr
0o
[ (1 —ré’ )|2rd0] [/ rd@] idr
—0o wr

=
[

-1

IN

As a result,

mr

1/2 2
/ (tr) dr < oo.
0

As a consequence of the lemma, because 1/r is not integrable at the origin,
it must be that there is a sequence r; — 0 such that /., — 0r.

Lemma 5.1.4. For each such r;, the limits

lim 1—r;e
aﬂeg(Tj)f SD( J )

and

lim 1—r.e
0——0o (r;)+ # i)

exist.
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Proof. Each £, is finite. It follows from the definition of limit that the indi-
cated endpoint limits exist. O

The next lemma is a result about metric topology, rather than complex
analysis as such.

Lemma 5.1.5. Let 7 be the curve that describes 0§25. There is a function
n(d), defined for all sufficiently small § > 0, with n(6) — 0 as § — 0, such
that if a,b € 7 with |a —b| < §, then there is one and only one arc of T having
endpoints a,b whose diameter is < n(J).

Proof. 1t is convenient to parameterize 7 with respect to the unit circle. Let
(e') be such a parametrization of 7. Note that ¢ is a one-to-one, onto map
of compact Hausdorff spaces. Therefore 1) has a continuous inverse. Let g > 0
be so small that whenever [¢({) — ¥(¢")| < &g, then |¢ — | < 2.

For ¢, ¢’ in the circle with [({) —1(¢")| < dp we let o be the unique shorter
arc of the circle S = {z € C: |z| = 1} having endpoints ¢,{’. Let p = ¢ o 0.
As usual, we identify p with its image. By the continuity of =1, diamp — 0
uniformly for [1(¢) — H(C)| — 0.

If 0 < 6 < dp, then we set

1(8) = sup{diam p : [¢(¢) — (') < 0}

Then n(6) — 0 as § — 0. Let 0 < d; < dp be so small that
1.
n(d1) < 5 diam 7.

Then the statement of the lemma holds for § < ¢;.

Definition 5.1.6. Let notation be as in the proof of the last lemma. Let
a,b € 7 with |a — b| sufficiently small. The unique arc of 7 with endpoints a, b
and having diameter < n(|a — b|) is called the smaller arc of 7 that joins a to
b. We denote this arc by 74p.

Lemma 5.1.7. With {r;} selected as in the paragraph preceding Lemma 5.1.4,
there are for each j two possibilities:

02 3a; = elirgl_ (1 —r;e'?) # lim+ o(1—r;e®)y=b; €00y (5.1.1)
—Y%

——6]
or
0023 lim p(1—rje?) = lim @1 —r;e’)=p; € 92 (5.1.2)
0—0y 0——07

See Figure 5.5.

Proof. This is immediate from Lemma 5.1.4 and the properness of .
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bj
Fig. 5.5. Two possibilities for each j.

Let us write I3, = @ o,,. In case (5.1.1), let 7; be the smaller of the two
boundary arcs of 2 connecting a; to b;. Then I, U; forms a simple closed
curve.

In case (5.1.2), I',; U {p;} is a Jordan curve in {2; (remember that ¢ is
one-to-one).

In either case, I',, U7; or I, U {p;} surrounds a region W; C (2.

For each j let V; = {1 —re® : 0 < r < r;,]0| < 0p(r)}. Then for each j
there are only two possibilities: Either p(V;) = W; or o(V;) = 2o \ W;.

Lemma 5.1.8. For j sufficiently large, o(V;) = Wj.

Proof. For each j, let T; = D\ V;. Now fix an index j. Select a point wy € W;.
Then wy = ¢(2o) for some zy € D. Either 2y € T or zp € V;. If 2y € Vj, then
we are done by connectivity. If instead zg € T}, then ¢(7T;) C W;. We will
show that this is impossible for j large.

Now

area[p(T;)] = arealf2s] — area [p(V})]
= area[{2s] — /V || dx dy
— area [{25]. |

In the penultimate line we have used the Lusin area theorem (see [GRK1] and
our discussion in Section 1.2) and in the last line the fact that N;V; = 0.

Let ¢; = {,,. Certainly |a; — b;| < ¢;. Thus, by Lemma 5.1.5, 7; has
diameter < 77(6]-'). This last quantity tends to 0 by Lemma 5.1.5.

Let D; be a disk of radius ¢; +n(¢;) and having center a;. Then the entire
Jordan curve I'.; U7 lies in D; by the above estimates. Hence W lies inside
D;.

In conclusion,

area [W;] < (l; + 77(@))2 — 0
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as j — co. But we have proved that area (¢(7})) — area {2;. Thus it cannot
be that ¢(T;) C W; for j large. We conclude that ¢(T;) C {2 \ W}, hence
that p(V;) € W;.

Lemma 5.1.9. As j — 400,
diam [W;] — 0 and  area[W;] — 0.
Proof. Immediate from the proof of the preceding lemma. |

Lemma 5.1.10. If the curves py : [0,1] — D satisfy pe(1) = 1 and
ue(10.1)) € D0 = 1,2, then

Jim o () = lm o(ua(t)).

(Notice that we are asserting that each limit exists and that they are equal.)

Proof. Let € > 0. Choose J so large that diam (W;) < e. If Sy is sufficiently
large, then S; < t < 1 implies that |u1(¢) — 1| < r; hence ¢(u1(t)) € Wy.
Likewise, if S is sufficiently large, then Ss < t < 1 implies that |u2(t) — 1] <
r7; hence p(ua(t)) € Wy. Therefore |p(u1(t)) — @(u2(t))] < e.

This proves that

Jm o(u () = lim o(ua(t)) = Q,

where {Q} is the singleton NW;.

Lemma 5.1.10 provides the continuous extension of ¢ to dD: If P € 9D,
then choose a curve v : [0,1] — D, (1) = P,¥([0,1)) € D. Define
P(P) = lim;_,1- ©(7(t)). The last lemma guarantees that the limit exists
and is independent of the choice of 7. The continuity is nearly obvious; think
about why @(P;) — @(P) when P; € 9D and P; — P € 9D.

Lemma 5.1.11. Let F : D — C be continuous on D and holomorphic on D.
Let % C 0D be an open arc. If F|"7 is constantly equal to c, then F = c.

Proof. We can assume that F' |~? = 0. If F' is not identically zero, then, by

composing F with a Mobius transformation, we can suppose that F(0) # 0.
Then Jensen’s inequality (Corollaries 6.1.16, 6.1.17) yields

1 27 X
—o0 < log |F(0)] < —/ log | F(re'?)|d6
2 0

for all but countably many r < 1. As r — 17, this leads to a contradiction. (I

Remark 5.1.12. The proof we have just presented of Lemma 5.1.11 is an “an-
alysts’s proof.” The “geometer’s proof” would be to use Schwarz reflection
to reflect the function across the arc 7. Then we would have a holomorphic
function that is constant on an interior set with accumulation point. So it is
identically constant.
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Fig. 5.6. Region bounded by a closed Jordan curve.

Lemma 5.1.13. The continuous extension @ of ¢ to D is one-to-one on D.

Proof. Since (D) C £2, p(0D) C 912, and $|D is one-to-one, it is enough to
check that @ is one-to-one on dD. Suppose that P, P’ € 9D and p(P) = g(P’).
Consider the two radial arcs running from 0 out to P and to P’. Call these
two arcs & and (3, respectively. Our hypothesis implies that ¢(& U 3) is a
closed Jordan curve. Let W be the planar region bounded by this curve. If
D\ (aU ) = Uy UUs, then either o(U;) = W or ¢(Usz) = W. See Figure 5.6.

Say without loss of generality that ¢(U;) = W. Let 4 be the circular
arc bounding U;. Then ¢(3) € W N d£2. But W N 92 is the singleton
©(P) = ¢(P’). Hence § is constant on the entire arc 4. By Lemma 5.1.11, ¢
is constant—a clear contradiction.

Finally, Lemma 5.1.10, the subsequent remark, and Lemma 5.1.13 give the
desired continuous, one-to-one extension of a conformal map ¢ : D — (25 to
D.

Consider now the general case. If {21, {25 are bounded, simply connected
domains in C, each bounded by a Jordan curve, then let ¢ : D — {21 be
a conformal mapping and let @5 : D — {2 be a conformal mapping. If ¢ :
21 — (25 is any conformal mapping, then consider the diagram in Figure 5.7.

The function ¢; extends to a continuous map @; of D to £21. And @, |aD

is continuous, one-to-one, and onto 9f2;. It follows that (@1‘ 6D)_1 is well
defined and continuous (exercise). Thus @' : 2; — D is one-to-one, onto,
and continuous. A similar statement holds for @, ' : 25 — D.

Next, ¥ = <p2_1 o oy is a conformal map of D to D; hence ¥ is a
rotation composed with a Mobius transformation. It follows that ¥ extends
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e
(=

Fig. 5.7. Commutative diagram for conformal mappings.

continuously and one-to-one to a function ¥ : D — D. Finally, §2 0¥ o 3y
defines a continuous and one-to-one extension of ¢ to 2;.
This completes the proof of Theorem 5.1.1. O

5.2 Preliminary Facts about Boundary Smoothness

For many purposes, continuity to the boundary is insufficient. In the recent
work [APF], studies were made of the Bergman kernel on a variety of domains
with different boundary geometries. The behavior of the kernel on a domain
2 was studied by considering a conformal mapping ¢ : 2 — D and the
corresponding transformation formula

K(Z(Z’ C) = KD(QO(Z)v @(C))@’(z)m

(see Proposition 1.2.11). In order to pass back and forth, it was essential to
know that the expression |¢’(z)| is bounded above and below:

a1 <|'(2)| <eca. (5.2.1)

Note also that a set of inequalities like (5.2.1) tells us that the amount of
stretching that occurs under the map ¢ is bounded above and below; this fact
was also crucial in the results of [APF].
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A result that implies the kind of estimates we have been discussing is the
following.

Theorem 5.2.1. Let {2 C C be a bounded domain in C with sufficiently
smooth boundary. Then any conformal mapping ¢ : 2 — D will extend uni-
valently and continuously differentiably to 2, and the inverse mapping @~
will extend univalently and continuously differentiably to D.

With this theorem in hand, we know that |¢'| extends continuously to the
compact set §2. Thus it is bounded. In other words,

lo'(2)] < C forall z € 2.

Likewise, |(¢~!)’| extends continuously to the compact set D. So it is bounded.
But then

=l <C,

and hence! )
reo—1 >
FACRON =S

In the statement of Theorem 5.2.1, we have intentionally been imprecise
about what “sufficiently smooth” means, since that is one of the main points
of the rest of this chapter. For the moment, we shall content ourselves with
proving the next result (see [BEK]). First some definitions.

We shall require a brief discussion of the concept of boundary smoothness.
We will offer two approaches to the question.

Boundary Smoothness by Way of Calculus: We will only consider do-
mains with finitely many boundary components. Each boundary component
will be a simple closed curve—see Figure 5.8.

If S* is the unit circle in the plane, parametrized by ¢ — e, then we may
think of each boundary curve v; as given by

v : 8t —C.

Let k € {0,1,2,...}. We say that 942 is C* if 7; is never zero, each j, and the
first k partial derivatives of the function «y; exist, each j, and each derivative
is continuous.

! Implicit in this discussion is an important point that ought to be explicitly enun-
ciated. Namely, if {21 and {2, are domains with C? boundary and ¢ : {1 — (2 isa
conformal map, then there are constants ¢, C' > 0 such that c - dist(¢(z), 0622) <
dist(z,0621) < C - dist(¢(z),0622). In other words, ¢ preserves—qualitatively
speaking—the distance to the boundary. This assertion follows from the Hopf
lemma, a result that we treat in Lemma 5.3.1. See also Lemma 5.3.3.
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Fig. 5.8. A domain with finitely many boundary components.

Boundary Smoothness by way of a Defining Function: In geometric
analysis it is frequently useful to think of a domain {2 in space as the sublevel
set of a function p = pg. For example, the unit disk is given by

D={z€C:pz)=|2)*-1<0}. (5.2.2)

It is a nice exercise with the implicit function theorem to see that any domain
whose boundary consists of C! curves can be written as the sublevel set of
some function p, as in equation (5.2.2). We usually demand that Vp # 0 on
0f2 in order to prevent degeneracies and, more particularly, so that Vp(P)
gives a well-defined outward normal at each boundary point P. We say that
2 = {z € C: p(z) <0} has C* boundary, k € {0,1,2,...}, if there is a
defining function p that is C*.

We say that a bounded domain 2 C C has C*° (or smooth) boundary if
there is a function p : C — R such that p is C*°,

N={zeC:p(z) <0},
and Vp is nowhere zero on 0f2.

Ezample 5.2.2. Let

2=z

2

Z2+7z
2

(2k+1)/2 ’

(2k+1/2)
Q:{ze@:p(z): —1<O}7

for k =1,2,.... Then {2 has C* boundary but not C¥*! boundary.
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We say that a bounded domain 2 C C has C* (or smooth) boundary if there
is a function p : C — R such that p is C°°,

N={2€eC:p(z) <0},
and Vp is nowhere zero on 9f2.

Ezample 5.2.3. Let

Q{zeczp(z) (Z;Z>2+<28i2>21<0}.

Then (2 is the region bounded by an ellipse. Certainly {2 has C*° boundary.

Theorem 5.2.4. Let k € {0,1,2,...}. Then there is an integer N = N (k)
such that, if 2 C C is a bounded domain with C boundary, then any con-
formal mapping ¢ : 2 — D will extend to be univalent and C* from 2 to D.
Likewise, the inverse mapping o~ will extend to be univalent and C* from
D to £2. It may be shown—although it requires considerable extra effort—that
N may be taken to be k4 1, or even k + €.

This theorem is properly attributed to P. Painlevé, who proved it in his
thesis [PAI]. Over the years, it has been sharpened through the work of Kel-
logg, Warschawski, Pommerenke, and others. We shall indicate some of these
results in what follows.

Let 2 C C be a domain. We say that (2 satisfies Bell’s Condition R if,
for each k € {0,1,2,...}, there is an ¢ € {0,1,2,...} such that, whenever
f : £2 — C has bounded derivative up to order ¢, then Pgf (the Bergman
projection of f) has bounded derivatives up to order k. Condition R has
proved to be of historical importance in the study of holomorphic mappings.
In this section we prove that D = D(0,1) satisfies a version of Condition
R (see Theorem 5.2.13). This will be the key to the proof below of Theo-
rem 5.2.4.

If 2 is a domain and @ : {2 — C, then we say that @ is k£ times boundedly
continuously differentiable, and we write @ € CF(2), if all partial derivatives
(0/0x)5(0/0y)'® of order s+t < k on §2 (the interior of {2, not the bound-
ary) exist, are continuous, and are bounded. We let Cf°(£2) = N, CE(02). If

@ € CF(£2), then we set
ANEAN ,
(62) () e

We also need an idea of continuity of derivatives at the boundary: A func-
tion @ : 2 — C is called C* if all partial derivatives of @ up to order k extend
continuously to 2. As before, C*°(£2) is defined to be NxC*(£2).

1@llep ) = > sup
s+t<k
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Definition 5.2.5. If f, g € C*(£2), then we say that f and g agree up to order
k on 082 if .
o\ (o
(5) (5) ¢ -9

Lemma 5.2.6. For every k = 0,1,2,... there is a function A\, € C*(R) such
that

=0
o

for all s +¢ < k.

Proof. Let
2P tlif 2 >0,

¥l = {0 ifz<0.
Obviously ¢ € C*(R). Define

¢<x)=¢(m—§)-w(—x+§) .

Then ¢ € C* and ¢(x) # 0 only if 1/3 < z < 2/3. Observe that ¢(z) > 0 for
all z. Let

u(z) = /_9; o(t) dt.

Then u € C*(R),u(x) = 0 for x < 1/3, and u = ¢ a positive constant for
x > 2/3. Define

1
A(z) = Eu(x)
This function has all the required properties. O

It is actually possible to find a C*° function with properties 1, 2, and 3 of
Lemma 5.2.6.

Lemma 5.2.7. If 2 C C is a domain with C* boundary, 2 = {z € C: p(z) <
0}, and if U is a neighborhood of 082 on which |[Vp| > ¢ > 0, then there is a
C* function ay on 2 such that

l.ap=00n 2\U,
2. ai = 1 in a neighborhood of 0f2.

Proof. Choose a number ¢ > 0 such that if —e < p(z) < 0, then z € U N 2.

Define
oy (172

Then a;, has all the desired properties.
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Lemma 5.2.8. Let 2 = {z € C: p(z) < 0} be a bounded domain with C*
boundary. Given g € C*(82), choose f(z) = p(2)g(2). If h € A%(£2) (the
Bergman space—see Chapter 1)), then

| W05t dedn =0,

Proof. We want to integrate by parts, but h is not defined on 92 so we need
a limiting argument.

Let € > 0 be small and let 2. = {z : p(z) < —e}. Then define f.(z) =
(p(2)+€)g(2). Notice that f. € C°°(£2.) and f€|ang = 0. Also h € C*>(£2,). So,
by Green’s theorem (or just the one-variable fundamental theorem of calculus,
applied one variable at a time),

/ Q) g fulC) ded = [ | <8a<h(4)>~fe(<)d£dn~ (5.23)

There is no boundary term since h- fc|,, = 0. But h € A*(£2)so (8/9¢)h =0
and the last expression is 0.

Finally, let

o

_J1if¢e s,
Xe(o_{mfggrze.

Then, using (5.2.3),

[ @ g dan| = | [ 50516 dean— [ Rlo)gehi0)ds o

< [ [ ’(x(o‘ 1= xelO)] g di

+ [ B0 5 - G| acan.

By the Cauchy—Schwarz inequality, this is

< </Q|h<<>2 - 2d€d77>1/2~</9|1xe(C)Iszdn>1/2
(/ ne) Qdé“dn)m (/’ aff (© d£d77>1/2.

Now [, [1—=xc(¢)|? d€ dn clearly tends to zero as e — 07 Also we see that
0fe/0¢ — Of /OC uniformly. So, letting ¢ — 0, we obtain

/@gg(cmgd —o.

That is the desired conclusion. O
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If &: (4 — (2 is conformal, then we might expect the Bergman kernel
for {21 to be related to that for 25. This is indeed the case, as our Proposition
1.2.11 showed. We review it now.

Theorem 5.2.9. If & : 21 — (25 is conformal then
Ka,(z,w) = ¥ (2) K0, (2(2), 2(w)) P (w).

‘We conclude this section with Bell’s projection formula, which is based on
Theorem 5.2.9.

If 2 C Cis a domain and K its Bergman kernel, then for any square
integrable f on {2 we define

Pof(z / FO Ko=) de dn.

This is the Bergman projection.

Proposition 5.2.10. If (2 is a bounded domain in C, then the mapping

Pifre [ KELOMOAAQ
is the Hilbert space orthogonal projection of L*(§2, dA) onto A%(2).
Proof. Notice that P is idempotent and self-adjoint and that A2?(2) is pre-
cisely the set of elements of L? that are fixed by P. |

Next is Bell’s formula:
Proposition 5.2.11. Let £21, {25 be domains and let
D — (2
be a conformal map. Let f € L?(£21). Then
Po,(271) - (fo 7)) = (@71)" - (Pa,f) o 271).

Proof. We sketch the proof. For any f € L?(£2;) and g € L?(§2y),

(P, (@71 - (fo®@ 1), g)a = (@) - (fo "), Pa,9)2

= (f,((Pa,g) o ®) - &),
<P91f7((P92 Jo®)- ')
(Pa,f)o®@ ") - (271), Pa,g)a
(Pa, f)e®™)- (271, g)2.

Since g € L?(£2;) was arbitrary, we may conclude that Bell’s identity is proved.
O
The next lemma, due to Bell, is central to the theory.
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Proposition 5.2.12. If 2 = {z € C : p(z) < 0} is a bounded domain with
C> boundary, if u € C**1(Q2), and if k > 1, then there is a g € C*(£2) that
agrees with u up to order k on 02 and such that Pog = 0.

Proof. Let oy be as in Lemma 5.2.7. We define g by induction. For the C*
case, let

0
v1(z) = %wl(z),
where
on(e) = 1)) ()
(0p/02)(z)
Then

where 7, is defined by this identity and is continuous on {2. Then
vy —u = p(z)-ni(z) near 02

(So v; and u agree to order zero on 9f2.) In particular, v; = 0. Also

— g
Povi(2) = /Q K(z,g)%wl(() dédn=0

by Lemma 5.2.8.

Suppose inductively that we have constructed wy_1 and vy = %wg,l
such that vy_; agrees to order (¢ — 1) — 1 with u on 82 and Pnve_1 = 0. We
shall now construct a function wy of the form

we = we_1 + 04 - p* (5.2.4)

such that vy = %wz agrees with u up to order £ — 1 on 942 and Ppv, = 0.
Let ay be as in Lemma 5.2.7 and define a differential operator D on {2 by

av(2) Re <3P5¢>.

D(¢) = e

-~ |op/o=
Notice that

Dp(z) =1 (5.2.5)
when z € 0f2. We define

a D (u—vp_q)

be = 09p)0z

(5.2.6)
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Then, with wy defined as in (5.2.4) and v, = %’UJ@, we have

_ _ 4 0
Dé 1(U7Ug):’Df 1uf'DZ 1%(w5_1+9g~pf)

)
=DM — vy — é)gaiz) (D)L 0!

+(terms that involve a factor of p).
If z € 942, then (using (5.2.5), (5.2.6))
D u—wve) = [P Hu—ve1)] - (L+¢)+2p, (5.2.7)

where ¢, 1) are smooth. Since any directional derivative at P € 9f2 is a linear
combination of

0 0 0 0
D=a(P)=—+b(P)— and 7= —b(P)% + a(P)a—y,

we may re-express our task as follows: We need to see that

(7)*D'(u—wg)| =0
o9

for all s+t = ¢—1 (notice that the case s+t < £—1 follows from the inductive
hypothesis and the explicit form of w, in (5.2.4)). The case s = 0,t = £ — 1
was treated in (5.2.7). If s > 1, then we write

7D (u — vy) = 7(7° 7 D (u — vy)). (5.2.8)

Since (s — 1) +t = £ — 2, the expression in parentheses is 0 on 9f2 by the
inductive hypothesis. But 7 is a directional derivative tangent to 92 (because
D is normal); hence (5.2.8) is 0.

The induction is now complete, and v, has been constructed. We set vy = g.
Then

Pog(z) = /Q Koz O)g(C)de dn = /Q Kdz&)%wk(o de di = 0
by Lemma 5.2.8. O

We shall use Bell’s lemma (Proposition 5.2.12) twice. Our first use right
now is on the disk. First note the following two simple facts:

(a) If Kp is the Bergman kernel for the disk, then

(3wt -

(k 4+ 1)lw*
(1 —z - w)k+2

(k+1)!
(1 — Jw])k+2"

<
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(b) If u € C¥(D) and if u vanishes to order k at D (i.e., u agrees with
the zero function to order k at 0D), then there is a C' > 0 such that
u(z)| < C- (1= |2])*.

Theorem 5.2.13 (Condition R for the disk). If k > 1 and u € Ck¥*%(D),
then ||PDuHC:71(D) < 0.

Proof. Use Proposition 5.2.12 to find a function v € C**1(D) that agrees
with u to order & + 1 on D and such that Pv = 0. Then Pp(u — v) = Ppu,
and u — v vanishes to order k + 1 on 9D. In particular, by observation (b)
above, [u(¢) —v(¢)| < C- (1 — [¢])¥*L. Then, for j <k — 1, we have

‘ <882)J Ppu(z)| = ‘ (Opi)] Pp(u—v)(z)

/D (;}Z)J’ Kp(2,)(u—v)(¢)dé dn

< / G+ DI = [¢) 71 (1~ [¢)** de dn,
D

where we have used observation (a) above. This last integral is clearly
bounded, independent of z. O

Remark 5.2.14. Ttem (b) above actually holds on any bounded domain {2 with
C* boundary: If u € C*(§2) vanishes to order k on 942, then there is a C' > 0
such that

[u(2)] < C - 6(2)".

Here, for z € 2,
0p(z) = ugglfn |z — w|.

Of course 6 could also be replaced here by the modulus of any C*-smooth
defining function. This is immediate from the definitions and the Taylor ex-
pansion in the normal direction (in terms of powers of the defining function

p)-

5.3 Smoothness to the Boundary of Conformal Mappings

Let 2 ={z € C: p(z) < 0} be a bounded and simply connected domain with
C* boundary. Let F' : D — {2 be a conformal mapping. We wish to show
that the one-to-one continuation of F to D (provided by Theorem 5.1.1) is
actually in C°°(D). For this we need a few lemmas. The first is a classical
result from the theory of partial differential equations due to Hopf.
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Lemma 5.3.1. Let U C C be smoothly bounded. Let u be a harmonic function
on U, continuous on the closure U. Suppose that u assumes a local mazimum
value at P € QU. Let v be the unit outward normal vector to OU at P. Then
the one-sided lower derivative Ou/dv, defined to be

Ou = lim inf wp) =P —tv)
ov t—0+ t

)

18 positive.

Proof. It is convenient to make the following normalizations: Assume that u
assumes the value 0 at P and is negative nearby and inside U; finally take the
negative of our function so that u has a local minimum at P.

Now, since U has smooth boundary, there is an internally tangent disk
at P. After scaling, we may as well suppose that it is the unit disk and that
P =1+10. Thus we may restrict our positive function u, with the minimum
value 0 at P = 1, to the closed unit disk. Note in particular that «(0) > 0.
Set C = u(0) > 0.

The Harnack inequality shows that u(r) > [(1 —7)/(1 + r)]u(0), hence

u(l) —u(r)  —u(r) - u0) _ -C < C
1—r  1—7r = 14r 147~ 2
The desired inequality for the normal derivative of u now follows. O

Remark 5.8.2. It is worth noting that the definition of the derivative and the
fact that P is a local maximum guarantees—just from first principles—that
the indicated one-sided lower normal derivative will be nonnegative. The Hopf
lemma asserts that this derivative is actually positive.

Lemma 5.3.3. If {2 is a bounded, simply connected domain with C'°° bound-
ary and if F : D — (2 is a biholomorphic mapping, then there is a constant
C > 0 such that

In(F(2) <C(1—|z7]), all ze .

Here 6o(z) = inf,go |z — w|.

Proof. The issue has to do only with points z near the boundary of D, and
thus with points where F'(z) is near the boundary of 2. Consider the function
w +— log |~ (w)|. This function is defined for all w sufficiently near 942 and
indeed on 2\ {F(0)}. And it is harmonic there. Moreover, it is continuous
on (2\{F(0)})U0s2, with value 0 on 0f2. In particular, it attains a (global)
maximum at every point of 92, since |F~1(w)| < 1 if w € 2\ {F(0)}. So
the Hopf lemma applies. The logarithm function has nonzero derivative at all
points. The conclusion of the lemma follows from combining this fact with the
“normal derivative” conclusion of the Hopf lemma. That is, we have that
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0
—|F7Y| >e¢>0
v I

at each P € 9D. [Note that here, as in the Hopf lemma, no differentiability
at boundary points is assumed: The derivative estimates are on the “lower
derivative” only, which, as a liminf, always exists and has value in the ex-
tended reals.]

Lemma 5.3.4. With F, (2 as above and k € {0,1,2,...} it holds that

o\~
— | F
(5) 7
Proof. Since F' takes values in {2, it follows that F' is bounded. Now apply
the Cauchy estimates on D(z, (1 — |z])). O

< Cu(l— |z~

Lemma 5.3.5. If v € C?**2(02) wvanishes to order 2k + 1 on 092, then
F'- (¢ o F) € CK(D). That is, F' - (1 o F) has bounded derivatives up to
and including order k.

Proof. For j < k we have

’(f) (- (y o F))

But

(ai)jz (Yo F) (5.3.1)

is a linear combination, with complex coefficients, of terms of the form

((3)" )] ()" rer () e

where m < j—/¢and n; +---+ng, < j—£. So (5.3.1) is dominated by
C - bo(F ()00 — o)™ (1 = [2]) ™
< Cdo(F)M - (1—[z)7 N
By Lemma 5.3.3, this is
SC-(A-P- (-t <0 o

Remark 5.5.6. There is a remarkable formula of Faa di Bruno [KRP1] that
formalizes the expansion for the higher derivatives of a composition. While
the identity was first discovered in the eighteenth century, it is still being
studied today (in the higher-dimensional version).
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Lemma 5.3.7. Let G : D — C be holomorphic and have the property that

(2o

forj=0,...,k+ 1. Then each (0/92)'G extends continuously to D for j =
1.k

SCJ‘<OO

Proof. Tt is enough to treat the case k = 0. The general case follows induc-
tively.
If P € 0D, then we define

1
G(P) = /0 G/ (tP) - Pdt + G(0).

It is clear that this defines a continuous extension of G to 0D. O

Theorem 5.3.8 (Painlevé). If 2 = {z € C: p(z) < 0} is a bounded, simply
connected domain with C> boundary and F' : D(0,1) — (2 is a conformal
mapping, then F € C*°(D) and F~1 € C>(12).

Proof. Let k € {1,2,...}. By Proposition 5.2.12 applied to the function v = 1
on {2, there is a function v € C?**8((2) such that v agrees with u up to order
2k 48 on 92 and Popv = 0. Then ¢ = 1 — v satisfies Pp(¢) = Pol — Pov =1
and ¢ vanishes to order 2k+8 on 9f2. By Lemma 5.3.5, F/-(¢oF) € C’f+3 (D).
By Lemma 5.3.7, F’-(¢o F) € C¥*2(D). By Theorem 5.2.13, Pp(F'-(¢oF)) €
C*=1(D) and has k — 1 bounded derivatives. But the transformation law
(Proposition 5.2.11) tells us that

Pp(F' - (poF)=F - ((Pa¢)o F)=F -1=F'

Thus F’ has bounded derivatives up to order k — 1. By Lemma 5.3.7, all
derivatives of F up to order k — 2 extend continuously to D. Since k was
arbitrary, we may conclude that F' € C*°(D).

To show that F~! € C°°(§2), it is enough to show that the Jacobian
determinant of F' as a real mapping on D does not vanish at any boundary
point of D (we already know it is everywhere nonzero on D). Since F is
holomorphic, F continues to satisfy the Cauchy-Riemann equations on D. So
it is enough to check that, at each point of D\ D, some first derivative of F'
is nonzero. This assertion follows from a Hopf lemma argument analogous to
the proof of Lemma 5.3.1. Details are left as an exercise. |

Classically, Theorem 5.3.8 was proved by studying Green’s potentials. The
result dates back to P. Painlevé’s thesis. All the ideas in the proof we have
presented here are due to S. Bell and E. Ligocka [BELL]. An account of Bell’s
approach, in a more general context, can be found in [BEK].
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Problems for Study and Exploration

1. Carathéodory’s theorem guarantees that if (2 is a planar domain whose
boundary consists of a single Jordan curve, then any conformal mapping
of the disk D to {2 extends continuously and univalently to the bound-
ary (and so does its inverse mapping). Can you give an example of such a
domain for which the mapping does not extend with any Lipschitz smooth-
ness?

2. Assume that we know that the Dirichlet problem on a smoothly bounded
domain with smooth data will have a solution that is smooth on the
closure. We will use this information to study the boundary regularity of
conformal mappings. Complete the following outline to obtain a proof.
Let ¢ : U — D be conformal, U smoothly bounded.

(a) Let W be a collared neighborhood of OU (see [HIR]). Set U’ =
OW NU and let 9D' = ¢(0U’). Define B to be the region bounded
by 0D and dD’. We solve the Dirichlet problem on B with boundary

data £¢caD
lif¢ e dD,
1) = {Oif(ef)D’.

Call the solution u. Draw a picture to illustrate these ideas.
(b) Consider v =uo¢: UNW — R. Then of course v is still harmonic.
By Carathéodory’s theorem, v extends to U, OU’, and

_J1if¢eaU,

Tl 0if¢cedU’.

If we consider a first-order derivative D of v, we obtain
[Du| = [D(uo ¢)| = [Vu| [Vg| < C.

It follows that

c
V9l < ur (5.e.1)

(c) Now let us return to the u from the Dirichlet problem that we
considered in part (a). Hopf’s lemma (Lemma 5.13) tells us that
|[Vu| > ¢ > 0 near dD. Thus, from (5.e.1), we conclude that

IVo| < C. (5.¢.2)

Thus we have bounds on the first derivatives of ¢.
(d) To control the second derivatives, we calculate that

C > |V2| = [V(Vv)| = [V(V(uo )]
= [V(Vu(¢) - Vo)| = [(VZu- [Vo]*) + (Vu- V?¢)|.
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Here the reader should think of V as representing a generic first deriva-
tive and V? a generic second derivative. We conclude that

Vul [V2g] < O+ [V?ul [(V9)?] < C".
Hence (again using Hopf’s lemma)

C/
[Vl

V2| < <c”.

(e) In the same fashion, we may prove that |V¥¢| < O, any k €
{1,2,...}. This means (use the fundamental theorem of calculus) that
¢ € C>=(U).

Let D be the unit disk as usual. For P € 9D and « > 1, let

[W(P)={z€D:|z—P| <a(l—|)}.

We call I', a nontangential approach region at the point P. A function f
on the disk has nontangential limit A at P if, for some o > 0,

F(,(Jgranzepf(z) =A
Carathéodory’s theorem says that if f is any holomorphic function on
D and if f has nontangential limit zero on a boundary set of positive
measure, then f = 0.
Complete this sketch for a proof. Let E C 0D be a compact set of
positive measure such that f has nontangential boundary limit 0 at each
point of E. Associate to each point e € E a nontangential cone Fa(e)(e)

and set
Q = U Fa(e)(e).
ecE

Then {2 is a domain with Lipschitz boundary. Conformally map {2 to the
disk D with a conformal map ¢, and consider g = f o ¢~1. Argue that g
is a bounded holomorphic function on D with boundary limit 0 on a set of
positive measure. Now use Jensen’s inequality, for example, to conclude
that g = 0.

Carathéodory’s theorem says that, under fairly general hypotheses, a con-
formal map of a domain {2 to the disk extends continuously and univa-
lently to the boundary. Can you use this theorem to derive an analogous
result for the Ahlfors map?

. We know that a finitely connected domain has a canonical presentation

on a slit domain, or on a disk with finitely many smaller disks removed.
Formulate and prove a boundary regularity result for this mapping.

. Statements about boundary regularity of conformal mapping must be suit-

ably modified when unbounded domains are involved. For example, the
Cayley map sends the disk to the upper halfplane, and the boundary
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point —1 in the disk is sent to the point at co in the boundary of the half-
plane. Suggest how to modify the statement of Carathéodory’s theorem,
for instance, in order to handle unbounded domains.

Refer to Exercise 3 for terminology. Let {2 C C be a simply connected do-
main with C? boundary, and let v : [0,1) — {2 be a curve that approaches
P € 912 nontangentially (i.e., through some nontangential approach re-
gion I, (P)). Let ¢ : 2 — D be a conformal mapping of {2 onto the unit
disk. What can you say about ¢ o v? What can you say about ¢(I,)?
What happens in Exercise 7 if we do not assume that 2 has C2? boundary?

. Explain how the boundary regularity for the Dirichlet problem of a

smoothly bounded, simply connected domain may be reduced to the study
of the analogous question on the disk (using the Poisson kernel). Of course
conformal mapping, and its boundary behavior, will play a role in your
answer.

Let {2 be a bounded, simply connected domain with C? boundary. Let ¢
be a C? function on 92 and let Cf be the Cauchy integral of f to the
interior of 2. Explain why Cf extends to be at least C'! on the closure
of 2. [Hint: Conformal mapping, and its boundary regularity, will play a
role in your answer.] Do not expect, however, that Df will agree with f
at the boundary.
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The Boundary Behavior of
Holomorphic Functions

Genesis and Development

P. Fatou, G. H. Hardy, and F. Riesz were the pioneers in the study
of the boundary behavior of holomorphic functions. In 1906, quick on
the heels of Lebesgue’s first publications on measure theory, Fatou
proved a seminal result about the almost-everywhere boundary limits
of bounded, holomorphic functions on the disk. Interestingly, be was
able to render the problem as one about convergence of Fourier series,
and he solved it in that language.

Today we see the study of boundary behavior as properly part
of complex function theory. Reproducing kernels, such as the Poisson
and Cauchy (Chapters 1 and 8), are basic tools in the subject. So are
harmonic measure (Chapter 9) and conformal mapping (Chapters 4
and 5). Conversely, results about the boundary behavior of holomor-
phic functions shed light on mapping theory and the construction of
kernels.

Modern developments by Fefferman, Stein, and Weiss give us a way
to think of this topic as properly part of harmonic analysis. Thus there
is a new wedding of real variable techniques with complex variable
techniques. This has indeed proved to be a fecund meeting ground,
and we shall indicate some of its features in the present chapter.

The reader of this chapter will want to be comfortable with ele-
mentary hard analysis and estimates.

6.0 Introductory Remarks

Let f be a holomorphic function on the unit disk D. It is a matter of consid-
erable interest to determine whether f has some realization on the boundary
0D of the disk. What does this mean? In the ideal situation, there is some
boundary function f*, that can be recovered by some limiting process from
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f, such that f is the Cauchy integral (or perhaps the Poisson integral) of
f*. In fact results of this sort are true for fairly large classes of holomorphic
functions f.

First, it is important to understand that without additional hypotheses
on f, there is no hope. Let us begin by just discussing smooth f—even real
analytic f. The function

$(2) = sin (1_1|z|2> (6.0.1)

is real analytic on the open unit disk and is bounded, but it has no limit at
any boundary point in any reasonable sense. The Bagemihl-Seidel theorem,
discussed below (Section 6.2), gives even more dramatic examples.

By contrast, in the year 1906—shortly after Lebesgue formulated his new
theory of measure and the integral—Pierre Fatou proved the following re-
markable theorem:

Theorem: Let f be a bounded holomorphic function on the unit disk.
Then, for almost every 6 € [0, 27), the limit
lim f(re)

r—1-
exists.

Fatou’s proof reflected the values and sensibilities of his time. He viewed the
putative limit as Abel summation of the Fourier series for f. It was known at
the time that Césaro summation implies Abel summation. So Fatou proved
almost everywhere Césaro summability of the Fourier series of a bounded,
holomorphic f.

In common parlance, we say that Fatou proved that a bounded analytic
function has radial boundary limits almost everywhere. See Figure 6.1. A
number of natural questions now come to mind:

e Is there a more general class of functions than “bounded” for which the
result is true?

e Is there a more general sense than “radial” in which one can compute the
boundary limit?

e Is the result true on a more general class of domains?

In the present section we will provide detailed answers to the first two of these
queries. The third question can be answered with the uniformization theorem,
or with various localization techniques. We cannot treat them here.

6.1 Review of the Classical Theory of HP Spaces on the
disk

Throughout this section we let D C C denote the unit disk. Let 0 < p < oo.
We define
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Fig. 6.1. Radial boundary limits.

1/p

2m
HP(D) = {f holomorphic on D : sup [/ |f(7°ei9)|pd9}
o<r<1 LJo

= [[flla» < OO}~
Also define

H*(D) = {f holomorphic on D :sup |f| = ||flla < oo}.
D

The fundamental result in the subject of H?, or Hardy, spaces (and also the
fundamental result of this section) is that, if f € HP(D), then the limit
111{1 f(re?y = ()
exists for almost every 6 € [0,27). For 1 < p < oo, the function f can be
recovered from f* by way of the Cauchy or Poisson integral formulas; for
p < 1 this “recovery” process is more subtle and must proceed by way of
distributions. Once this pointwise boundary limit result is established, then an
enormous and rich mathematical structure unfolds (see Y. Katznelson [KAT],
K. Hoffman [HOF], J. Garnett [GAR], and S. Krantz [KRA1]).
Recall from Chapter 4 that the Poisson kernel for the disk is

. 1 1—72
Pey=——— - -
(™) 211 —2rcosf + r?
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Let

1/p

o<r<1 |27

2m
h?(D) = {f harmonic on D : sup [1/ f(rei9)|pd9] = ||fllne < oo}
0

and
h*(D) = {f harmonic on D :sup |f| = || f|la= < oo}
D

Throughout this section, arithmetic and measure theory on [0,27) (equiva-
lently on D) is done by identifying [0,27) with R/27Z. See Y. Katznelson
[KAT] for more on this identification procedure.

Proposition 6.1.1. Let 1 < p < oo and f € hP(D). Then there is an
f* € LP(0D) such that

2m
flre?) = ; F )P (e ) dy.

Proof. Define f,.(e') = f(re?®),0 < r < 1. Then {f,}o<r<1 is a bounded sub-
set of LP(D) = (L* (8D))*,p’ = p/(p — 1). By the Banach-Alaoglu theorem
(see W. Rudin [RUD3]), there is a subsequence f,, with r; — 1 that converges
weak-* to some f* in LP(0D). For any 0 < r < 1, let » < r; < 1. Then

2m
Jre) = fo ((rfr)eD) = [ Fri ()P, G

because f., € C(D). Now P,/ € C(dD) C LP (9D). Thus the right-hand
side of the last equation is

2 2

S (€PN [ oy (€] [Py, (e1079) = Po(e )| dp.
0 0
As j — o0, the second integral vanishes (because the expression in brackets
converges uniformly to 0) and the first integral tends (by the definition of

weak-* limit) to
27
F ()P dy.
0
This is the desired result.

Remark 6.1.2. It is easy to see that the proof breaks down for p = 1 since L'
is not the dual of any Banach space. This breakdown is not merely ostensible:
the harmonic function ' ,
fre®) = Po(e”)
satisfies
2m )
sup / |f(re??)|do < oo,
o<r<1Jo
but the Dirac § mass is the only measure of which f is the Poisson integral.
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Exercise for the Reader

If f e hl, then there is a Borel measure py on 0D such that f(re??) =
Pr(pr) (). %

Proposition 6.1.3. Let f € LP(0D),1 < p < oo. Then lim,_,- P.f = f in
the LP norm.

Remark 6.1.4. The result is false for p = oo if f is discontinuous. The correct
analogue in the uniform case is that if f € C(9D), then P,.f — f uniformly.

As an exercise, consider a Borel measure p on 0D. Show that its Poisson
integral converges in the weak-* topology to .

Proof of Proposition 6.1.8. If f € C(9D), then the result is clear by the
solution of the Dirichlet problem. If 1 < p < co and f € LP(9D) is arbitrary,
let € > 0 and choose ¢ € C(9D) such that ||f — ¢|/L» < €. Then

12 f = fllee < P(f = @)llee + |1 Prp — @lle + I — fllze
S NPl llf = ellee + 1P = @llze + €
<e+o(l)+e¢

asr — 17. [Here we have used the generalized Minkowski inequality, for which
see [KAT] or [STW] or [KRA4]]. Letting € — 0, the result follows. O

Proposition 6.1.5. Let K C 9D be compact, and let {I,}aca be a covering
of K by open intervals. Then there is a subcovering {1, }JNLI such that every
point of K is contained in at least one but not more than two of the I, ’s.
[We call such a subcover a cover of “valence two.”]

Proof. Since K is compact, {I}aca has a finite subcollection {I,,}7_; that
still covers K. Now, in sequence, discard any I,; that is contained in the union
of the other intervals. |

Definition 6.1.6. If f € L(9D), let
M = sup — / e 0=))|d
f(o LT )|di.
The function M f is called the Hardy—Littlewood mazximal function of f.
Definition 6.1.7. Let (X, 1) be a measure space and f : X — C be measur-

able. We say that f is of weak type p, with 0 < p < oo, if p{z : |f(x)] > A} <
C/M, all 0 < X < oo. The space weak type oo is defined to be L.



140 6 The Boundary Behavior of Holomorphic Functions

The next estimate of Chebyshev is elementary but essential.
Lemma 6.1.8. If f € LP(X,du), then f is weak type p, 1 < p < o0.
Proof. Let A > 0. Then

ple: |f(@)] > A} < /{ e [f@)P /N dp(x) < AP FILs- O

Exercise for the Reader: There exist functions that are of weak type p but
not in LP,1 < p < oo. %

Definition 6.1.9. An operator T : LP(X,du) — {measurable functions} is
said to be of weak type (p,p), 1 < p < oo, if

iz |Tf@)| >\ < ClfIR. /A, all feLr, A>o.

Proposition 6.1.10. The operator M is of weak type (1,1).

Proof. Let A > 0. Set Sy = {6 : [Mf(e?)| > A\}. Let K C S, be a compact
subset with 2m(K) > m(S)). For each k € K, there is an interval I, centered
at k with |Iy[~" [} [f(e"¥)|dy) > A\. Then {I}}rex is an open cover of K. By
Proposition 6.1.5, there is a subcover {1, }5‘4:1 of K of valence not exceeding
2. Then

M M
m(Sy) < 2m(K) <2m | |J I, | <2 m(Ix)
j=1 j=1
M2
<> 3] el
Iy .
Jj=1 kj
4
< — 1.
< Il O

Definition 6.1.11. If ¢ € 9D, 1 < a < 0o, then define the Stolz region (or
nontangential approach region or cone) with vertex e? and aperture « to be

(e ={zeD:|z—e’ <a(l—|z])}.

See Figure 6.2.

Proposition 6.1.12. If ¢’ € 9D, 1 < o < 00, then there is a constant C >
0 such that if f € L*(OD), then

sup [P f(e")] < CaM f(e).

ret® €, (etf)
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To(ei®)

Fig. 6.2. A Stolz region.

Proof. For re'® € I, ('), we have
16— 6] < 20(1 7).
Therefore, for 1/a < r < 1, we obtain

1—7r?
1—2rcosty +12

) 1 27 )
P = |5 [ ree) ]

1 [ 1— 2

. i(¢p—)
Pz fle )(1 r)2 4+ 2r(1 — cos ) ¢‘
4 log2 (m/a(1-7)) o w 1— 2
D M L e P
1 i(p—) d
27 Jyicatin |f(e )I (1 ) v,

where S; = {1 : 27a(1 —r) < |¢| < 27T a(1 —r)}. Now this is

o0

=
< -
dma? = 225721 =7) Jjy|<@429+1)a(1-r)

2 1 / o
+o |F(e =) dyp
2m L =7 Jiy|<sa(i-r)

32 — 1 / .
<= FEO)ldy
m z:: [2& 2—|—23+1)(1 —T‘) []<(2+20+1)a(1—r) | ( )|

|F(e"O7%))|dy




142 6 The Boundary Behavior of Holomorphic Functions

bo 1 TCRON
- T2 3@(1 - T) /|w|<30z(1r) |f(e )l v
32 o=, o B ;
< — -;2 IMf(e”) + —Mfle %)
64 iy, b i0
< —Mf(e”) + —Mf(e”)
= C, M f(e?).

If 0 <r <1/a, then

2

Pof(6)] < = / T E) o (o — 1)dp <

<5 Mf(9). D

o —

Theorem 6.1.13. Let f € h?(D) and 1 < p < co. Let f* be as in Proposition
6.1.1 and 1 < o < 00. Then

lim f(z)=f*(?), ae €%ecdD.

o (e9)3z—e?

Proof. Tt suffices to handle the case p < co and f real-valued. If € > 0, then
choose g € C(9D) real-valued such that ||f* — g||r»(op) < €. We know by
the theory of the Dirichlet problem that

lim g(z) = g(e?) all ¢ € 0D, (6.1.1)

I'o(eif)>z—et?
where g(re?®) = P.g(e'?). Therefore
m{e? . limsup |f(2) — f*(e"?)| > €}
s (e9)3z—ei?

<mf{e”: limsup |f(z) —g(2)| > ¢/3}

o (e9)3z—eif

+m{e :  limsup |g(z) — g(e?)| > ¢/3}

Iy (e9)3z—e?
+m{e : |g(e”) — f*(e)] > ¢/3}
< (e CuM(f* — g) > ¢/3} + 0+ (3llg — Flluo /e

In the last estimate we used Lemma 6.1.8 and (6.1.1). Now the last line is
majorized by

Collf* —gllza/(e/3) + 37" < CLIIf* — gllre /(e/3) + 3PP < Clle.
It follows that

lim f(z) = (), ae. €?eadD.

I'y(et?)52—et?



6.1 Classical Theory of H? Spaces 143

The informal statement of Theorem 6.1.13 is that f has nontangential bound-
ary limits almost everywhere.

Theorem 6.1.13 contains essentially all that can be said about the bound-
ary behavior of harmonic functions. Why are holomorphic functions better?
The classical way of answering this question is to use Blaschke factorization:

Definition 6.1.14. If a € C, |a| < 1, then the Blaschke factor at a is

zZ—a

B.(z) =

1—az’

It is elementary to verify that B, is holomorphic on a neighborhood of D and
that |B,(e??)| = 1 for all 6.

Lemma 6.1.15. If 0 < 7 < 1 and f is holomorphic on a neighborhood of
D(0,r), let p1,...,px be the zeros of f (listed with multiplicity) in D(0,r).
Assume that f(0) # 0 and that f(re') #0, all t. Then

27
log | f(0 +10gH7’|p;| 17*/ log | f(re')|dt.

Jj=1
Proof. The function
f(z
F(2) = — (2)
[Tj=1 By, /r(2/7)

is holomorphic on a neighborhood of D(0,), hence log|F| is harmonic on a
neighborhood of D(0,r). Thus

1 27 . 1 27 .
log |[F(0)] = %/0 log |F'(re™)|dt = %/0 log | f(re')|dt

or

27
MUIH%H‘|%/I®N%W
Pj

Notice that, by the continuity of the integral, Lemma 6.1.15 holds even if f
has zeros on {re‘}. The next result of Jensen is crucial.

Corollary 6.1.16. If f is holomorphic in a neighborhood of D(0,7), then

2m
log (0)] < 5 [ logl(re) .

Proof. The term log Hle |r/p;| in Lemma 6.1.15 is positive. O
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Corollary 6.1.17. If f is holomorphic on D, f(0) # 0, and {p1,p2,...} are
the zeros of f counting multiplicities, then

2m

1 .
log | £(0)| + log H sup — log™ | f(re')|dt.
\ j‘ 0<r<1 2T
Proof. Apply Lemma 6.1.15, letting » — 1. |

Corollary 6.1.18. If f € HP(D),0 < p < oo, and {p1,p2,...} are the zeros
of f counting multiplicities, then 3 7° (1 —|p;|) < oo.

Proof. Since f vanishes to finite order k at 0, we may replace f by f(z)/z*
and assume that f(0) # 0. It follows from Corollary 6.1.17 that

1"gH{m}

or [[(1/|p;]) converges; hence [ |p;| converges. So >_ (1 — [p;) < O

Proposition 6.1.19. If {p1,ps,...} C D satisfy 3_;(1 — |p;|) < o0, p; # 0,

for all j, then
ﬁ l
i Pl

converges normally on D.

Proof. Restrict attention to |z| < r < 1. Then the assertion that the infinite
product converges uniformly on this disk is equivalent to the assertion that

3 ‘1 + 2B, (2)
- I3

converges uniformly. But
Ipj| = |p; P2 + D2 — |psI?
‘pj‘(l - Zﬁj)

| Upjl +2p;)(1 = Ip;1)

- ‘ Ip;| (1 = 2p;) ‘

_ @) p)
- 1—r

D,
1+—B (z)‘ =
‘ lpj |

)

so the convergence is uniform. O
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Definition 6.1.20. Let 0 < p < oo and f € HP(D). Let {p1,p2,...} be the
zeros of f counted according to multiplicity. Let

(where each p; = 0 is understood to give rise to a factor of z). Then B is
a well-defined holomorphic function on D by Proposition 6.1.19. Let F(z) =
f(2)/B(z). By the Riemann removable singularities theorem, F' is a well-
defined, nonvanishing holomorphic function on D. The representation f =
F - B is called the canonical factorization of f.

Proposition 6.1.21. Let f € HP(D),0 < p < oo, and let f = F - B be its
canonical factorization. Then F' € HP(D) and || F| gr(py = || fllzr(D)-

Proof. Trivially, |F| = |f/B| > |fl], so |Fllar > ||fllge- N =1,2,..., let
N —
p
13 il 7

(where the factors corresponding to p; = 0 are just z).

Let Fy = f/Bn. Since |By(e)| = 1, all ¢, it follows that ||Fy/|lgr =
|l fllz» (use Lemma 2.1.17 in [KRA4] and the fact that By (re®) — By(e')
uniformly in ¢ as r — 17.) If 0 < r < 1, then

27 27
/ \F(re®)Pdt/? = Tim / | (re)Pat? < Tim |[Fullas = || f]lao -
0 N —o0 0 N—o00

Therefore ||F||gr < ||f||ar- O

Corollary 6.1.22. If {p1,pa,...} is a sequence of points in D satisfying
>_;(1—=1Ipjl) < oo and if B(z) = I1;(=p,/|p;|)Bp;(2) is the corresponding
Blaschke product, then _

lim B(re")

r—1—

exists and has modulus 1 almost everywhere.

Proof. The conclusion that the limit exists follows from Theorem 6.1.13 and
the fact that B € H*. For the other assertion, note that the canonical fac-
torization for B is B =1 - B. Therefore, by Proposition 6.1.21,

1/2
[ |B*<e“>2dt} Bl = 1z = 1

hence |B*(e')| = 1 almost everywhere. O
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Theorem 6.1.23. If f € HP(D),0 <p < o0, and 1 < a < 00, then

li
Iy (D)lgi—wi@ f(Z)

exists for almost every e € D and equals f*(e¥?). Also, f* € LP(dD) and
2w )
17 = Ul = sup [ 7).
0<r<1.Jo

Proof. By Definition 6.1.20, write f = B- F', where F' has no zeros and B is a
Blaschke product. Then F?/2 is a well-defined H? function and thus has the
appropriate boundary values almost everywhere. A fortiori, F' has nontangen-
tial boundary limits almost everywhere. Since B € H*, B has nontangential
boundary limits almost everywhere. It follows that f does as well. The final
assertion follows from the corresponding fact for H? functions (exercise). [

6.2 The Lindel6f Principle

We begin these considerations by recalling a little-known classical result of
Bagemihl and Seidel [BAS].

Theorem 6.2.1. Let E C 0D be the countable union of closed, nowhere dense
sets (note that E could be of full measure). Let ¢ be a continuous function on
the open disk D. Then there is a holomorphic function f on D such that

lim_|f(re'”) = ¢(re)| =0
for each point € € E.

If we apply this theorem with ¢ the continuous function given in line
(6.0.1), then we obtain a holomorphic function f that fails to have a radial
boundary limit on a set of full measure in 0D. We stress that f will not be
bounded—even though ¢ is. For, by Theorems 6.1.13 and 6.1.23, a bounded
holomorphic function will have radial boundary limits almost everywhere.

In any event, we see that some extra care must be taken if we expect that
the holomorphic functions we are studying will have boundary limits.

Much of modern harmonic analysis, as well as the function theory of the
disk, is predicated on the interplay of Fourier analysis on the boundary and
complex analysis on the interior that is facilitated by Theorem 6.1.23. It is a
fundamental result.

Lindel6f’s idea was to consider boundary limits point by point. If we take
Theorem 6.1.13 as optimal—and it is in many respects—then there is no
reason to suppose that there will be a boundary limit at any particular point;
after all, the result is “almost everywhere.” Thus a very elementary form of
the Lindel6f principle takes the following form:
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Proposition 6.2.2. Let f be a bounded holomorphic function on the unit disk.
Suppose that €’ € 0D and that

lim f(re'?) =¢.

r—1—

Then, for any a > 1, we have

Proof. Fix a > 1. We may assume that £ = 0 and § = 0. Define, for j € N,
Q2;={2€C:1-277"/(2a) <Rez < 1-277/(2a),|Im 2| < 277!}
See Figure 6.3.
For jo(«) sufficiently large,
DD U 2, 2I,(1)N{z€D:Rez>1-277"/(2a)}.
J=jo
Also, the map ¢; : £2; — £2;, given by ¢;(z) = 2079°(z — 1) + 1 is biholomor-
phic. There is a K compact in §2;, such that
U ¢;'(K) 2 ra(@)n{z € D:Rez>1-277""/(20)}.
Jj>Jo

Now the functions {f o ¢;1} form a normal family on {2;,. Choose a subse-
quence fo qﬁ;kl that converges uniformly on K. Call the limit function fy. By

Fig. 6.3. The regions (2;.
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hypothesis, fo(x+1i0) = 0, all 440 € K. Thus fy = 0. Therefore foqu_k1 —0
uniformly on K. In fact every subsequence of f o qu_l has a subsequence with
this property. Hence
Fa(ggiﬂl f(Z) =0 =
In their seminal paper [LEV], Lehto and Virtanen extracted one of the key
ideas from this last proof. To wit, they define a holomorphic (or meromorphic)
function f on the unit disk D to be normal if, for any sequence ¢; of conformal
self-maps of D, the family {f o ¢;} is a normal family. For example, any
bounded holomorphic function is certainly normal. Any holomorphic function
that omits two values is certainly normal. Any univalent function is normal.
The proof of the Lindel6f principle that we have already presented now admits
of this generalization:

Theorem 6.2.3. Let f be a normal holomorphic (or meromorphic) function
on the unit disk. Suppose that € € 9D and that
lim f(re'?) =¢.

r—1-

Then, for any a > 1, we have

Iy (67"(]);19124)67.’9 f(Z) =t

It is a deep insight of Lehto and Virtanen [LEV] that the hypotheses of
these two results may be considerably weakened. In fact we may assume that
f has a limit along any curve—even a curve in the boundary. And the same
conclusion follows. The key to getting a more general version of the Lindelof
principle is to use harmonic measure (see Chapter 9). We shall present some
of these ideas now. A good reference for further reading is [GOL].

For convenience we shall formulate our new Lindel6f results on the upper
halfplane. We leave it to the reader to translate the ideas over to the disk
(by way of the Cayley transform). We begin with an estimate for harmonic
measure.

Lemma 6.2.4. Let f be holomorphic and bounded in a domain {2 with bound-
ary curve(s) S. Write S = S; U Sy. Let w(z,(2,51) be the solution of the
Dirichlet problem on 2, with boundary data identically 1 on S1 and O else-
where, evaluated at the point z. Let w(z, $2,S3) be defined similarly.t Assume
that the limiting values of | f| as z approaches S; do not exceed M;, j =1,2.
Then, in §2,

log|f(2)] < w(z, £2,51)log M1 + w(z, 2,55) log My . (6.2.1)
If equality holds in (6.2.1) at a point z € 2, then it holds at all points of 2.

1 We shall discuss this construction, in the more general context of harmonic mea-
sure, in Chapter 9.
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The perceptive reader will notice that this is a version of the three lines the-
orem (see Section 9.4), rendered in the language of harmonic measure.

Proof of the Lemma. The function
u(z) =log|f(z)| — w(z, 2,51)log My — w(z, £2, 52) log M,

is harmonic on all of {2 except at the zeros of f. If z € (2 approaches any
boundary point of {2 except at the endpoints of the S;, then the limiting
values of u are nonpositive. But also note that w(z) approaches —oo as z
approaches any of the zeros of f. We conclude that u < 0 at all points of (2.

This establishes inequality (6.2.1). The statement about equality is just
the maximum principle. O

Remark 6.2.5. Of course the traditional statement of Hadamard’s three lines
theorem (Section 9.4) may be derived as a corollary of this lemma. We leave
the details to the reader, or see [GOL, pp. 343-44].

Proposition 6.2.6. Let f be holomorphic and bounded on the upper halfplane
U and continuous up to the boundary halfline {z = z +i0 : x € R,z > 0}.
Assume that

lim f(zx+i0)=a€eC.

z—0t

For any € > 0, let
I'={zeU:0<argz<m—¢}.

Then

F%lznlo f(z) =

Proof. We may certainly suppose that @ = 0 and that |f| < 1. Fix a small
€ > 0 and choose r > 0 such that |f(z)| < € on the interval A\, = {x + 0 :
0 <z <r}. We apply the lemma to the half-disk D, = {z € U : |z| < r}. The
result is

log|f(2)| < w(z, Dy, A\r)loge (6.2.2)

for all z € D,.. We require a lower bound for w(z, D,., \;), and we find it by
calculating the quantity explicitly.
Observe that the function
Tz

N

maps the half-disk D,. into the halfplane U so that 0 — 0 and the interval A,
is mapped to the positive real axis R™. Notice that, for any z € D,,

w(z, Dy, A\) = w(h(z),U,RT).
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By the calculation in Example 9.3.1 below and the remark following, we know
that

w(h(Q), U R*) = TS
for 0 < arg ¢ < . As a result,

1 rz 1 z 1
A»,-,DT :1—* 7:1—— _— .
R D ﬁghu—w]

We conclude that all limiting values of the quantity w(rz, A, B,) are not
less than 1 — (7 —€)/m = ¢/m as z — 0 in the angle I'. As a result, there
is a number ' € (0,7) such that w(z, A\, D) > €/2r = § in the domain
D={2e€C:lzl <r,0<argz <7 — e} Thus, by (6.2.2), |f(z)| < €.
Observe that ¢ does not depend on either r or e. So f(z) — 0 uniformly, as
z — 0, in the angle I'. That ends the proof. |

The last proposition is very much in the spirit of the Lindel6f principle;
what is new is that the hypothesized limit along a curve is for a curve that lies
in the boundary. Our goal in generalizing the Lindel6f principle is to obtain
a result where the hypothesized limit is along a fairly arbitrary curve in the
interior. Our next result is of that type.

We first formulate a general concept about harmonic measure, called the
extension principle, that is useful in many contexts.

Lemma 6.2.7. Let 2 C C be a domain whose boundary consists of finitely
many Jordan arcs. Write 02 = AU B. If {2 is “extended” to a larger domain
2" in such a way that 082" differs from (2 only in that the arc B has been
moved to a new arc B', then w(z, 2", A) > w(z, 2, A). If instead the domain
2 is “extended” to a larger domain 2" in such a way that 082 differs from
082 only in that the arc A has been moved to a new arc A’, then w(z, 2'; A") <
w(z, 02, A). See Figure 6.4 for an illustration of these ideas.

Fig. 6.4. Extension of the domain {2.



6.2 The Lindelof Principle 151

Proof. Of course this is just the maximum principle. Specifically, in the first
circumstance, the function

u(z) =w(z, 2, B) —w(z, 2,B)

is harmonic and bounded in 2. Furthermore, u is equal to 0 on A and is
nonnegative on B. It follows that u > 0 on all of {2, and that establishes our
first assertion.

The second assertion follows from the simple identity w(z,2,4) = 1 —
w(z, 2, B). O

Theorem 6.2.8. Let f be holomorphic and bounded on the upper halfplane
U. Let v : [0,1] — U be a Jordan curve in U that terminates at z = 0 (i.e.,
~v(1) =0). Assume that

lim f(v(t)) = a € C.

Let € > 0 and define Ac ={z €U :e<argz <m—e¢€}. Then

Aélauznﬁo fz)=a.

Proof. We shall continue to use notation and normalizations from the previous
proposition.

So we assume that « = 0 and |f| < 1. Fix 0 < € < w/2 small. Choose r > 0
sothat |f(z)| <eonynN{z € C:|z| <r,Imz > 0}.Set D, ={z € U : |z| < r}.
Let ~, denote that portion of the curve that extends from the origin to the
first point at which the curve meets the circle |z| = r. Of course the curve ~,
partitions D, into two pieces, D.. and D!. One of these two pieces is adjacent
to the negative real axis; say it is the first piece. See Figure 6.5.

Fig. 6.5. The curve ~, partitions D,..

Applying inequality (6.2.1) from our first lemma to the domain D.., we see
that
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log | f(2)| < w(z, Dy, 7r) - loge.
Now we must find a lower bound for w(z,D.., ;).
Let 8. = 9D, \ v,. And set ~.. = D, \ 3,. Finally, let A\, = {z +i0:0 <
x < r}. Now the extension principle tells us that

W(Za’D;v'Yr) > W(Za’Dra'V;*) > w(2,Dry Ar)

The proof of the preceding proposition tells us that the quantity w(z, D;, A;-)
has a positive lower bound 7; in a region of the form 7, = {z € C : |z| <
r’,0 < argz < m — €} for sufficiently small ' € (0,7).

As before, |f(z)] < €™ in the part of D, lying in the indicated sector.
Applying the same argument again, we can show that there are numbers
n2 > 0 and 7 € (0,r) such that |f(z)| < €™ in that part of D! lying in the
sector S, = {z € C: |z| < v’ e < argz < 7w}. Let n = max(m,n2) and let
ro = min(r’,r"”). Then |f(2)| < € for |z| < 1 and z € A..

This proves the uniform convergence of f(z) to 0 as z — 0 in the sec-
tor A.. O

Problems for Study and Exploration

1. Review the Bagemihl/Seidel theorem from Section 6.2. Use it to produce
a holomorphic function f on the disk such that lim,_,- |f(re®)| = oo for
almost every 6 € [0, 27). Now produce a nonzero holomorphic function h
such that lim,_, - |h(re?)| = 0 for almost every 0 € [0, 27).

2. The following statement is not true: If ¢ is a continuous function on 0D
then there is a bounded, holomorphic function on D whose boundary
limits agree with ¢ almost everywhere. Prove the failure of this assertion.
However, this statement s true: If ¢ is a positive, continuous function on
0D, then there is a bounded, holomorphic function f on D such that |f|
has boundary limits that agree with ¢ almost everywhere. Prove it. [Hint:
Your argument will involve a logarithm.]

3. Define what it means for a curve « : [0,1) — D to approach the boundary
of D tangentially. Show that there is a bounded holomorphic function f
on the disk D such that lim,_,;— f(y(t) - €?) will fail to agree with the
radial boundary function f* for 6 in a set of positive measure. [Hint: A
Blaschke product may help.]

4. Let f be a holomorphic function on the disk. We say that f is in the
Nevanlinna class if

2
sup / log™ |f(re')|df < oo.
0<r<1Jo

Here, if x is a positive real number, then

o8 T = logz if z>1.
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Prove that a function in the Nevanlinna class has radial boundary limits
almost everywhere.

. Refer to Exercise 4 for terminology. Prove that if f is in the Nevanlinna

class and if {p;} are the zeros of f, then

o0

> 1—1pjl < 0.
J=1

. There is a natural sense in which the space H*(D) is the “limit” of the

spaces HP(D) as p — oo. Formulate and prove a statement to this effect.

. If f € HP(D) for some 0 < p < oo and if the radial boundary limit function

f* vanishes on a set of positive measure, then f must be identically 0.
Prove this assertion.

. Prove that every f € HP(D) may be written as the sum of two nonvan-

ishing elements of H?(D) with comparable norm.

. Carathéodory’s theorem states that if a holomorphic function f on D, the

disc, has nontangential limit 0 on a set £ C 9D of positive linear measure,

then f =0 on D.

(a) If h is any holomorphic function on D and if f — h has nontangential
limit 0 on a set £ C 9D of positive linear measure, then what can you
conclude about f (relative to h)?

(b) If f has limit 0 along some nontangential curve at each point of a set
E C 0D of positive linear measure, then what can you conclude about
f?

Let E C 0D be an F, of first category and ¢ a continuous function on D.

F. Bagemihl and W. Seidel [KOO)] proved that there exists a holomorphic

function f on D such that lim,_ ;- |¢(r¢) — f(r{)| =0 for all ( € E.

Give an example to show that the Bagemihl-Seidel theorem cannot hold

if “radial convergence” is replaced by nontangential convergence. Con-

versely, give an example to show that Carathéodory’s result of Exercise 9

cannot hold if nontangential convergence is replaced by radial convergence

(feel free to use Bagemihl-Seidel here).

Prove the following classical result of Hardy and Littlewood (see Goluzin

[GOL, p. 411)).

Theorem: Let f : D — C be holomorphic and bounded. Let
0 < @ < co. Then f € A, (D) if and only if there isan N3 k > «
and a Cy > 0 such that

f® )| <Ol —|z))*7%, all zeD. (%)

Prove that () holds for one k > « if and only if it holds for all k£ > a.
This problem is philosophically related to the preceding one. The clas-
sical result, once again, is due to G. H. Hardy and J. E. Littlewood [GOL).
Theorem: Let f: D — C be holomorphic. Let 0 < p < 1. If
f' € HP(D), then f € HY(D), where ¢ = p/(1 —p). If f' € H*,



154

13.

14.

Problems for Study and Exploration

then f € A(D); indeed, f|,, is absolutely continuous. [Here A(D)
is the continuous functions on D that are holomorphic on D.]

It is even possible to prove results for p > 1: if f/ € HP,1 < p < oo,
then f € A,(D), where a = 1 — 1/p. Although the reader should have
no difficulty verifying the assertion for p = oo, he may encounter trouble
with 0 < p < co. Nevertheless, for 1 < p < oo, the problem is accessible if
we use some Sobolev space ideas:

Identify f with its boundary function f*. Prove that the hypotheses

imply that (d/df)f*(e?’) € LP(]0,27]) in the sense of distributions. Prove
that, for p > 1, this implies that f* € A,_,,,(0D). Hence f € Al_l/p(D).
When p = 1, matters are even simpler.
Construct an example of a bounded analytic function f on the disk, f
not identically zero, such that for almost every P in the boundary of
the disk there is a tangential sequence {z;} in D approaching P along
which f tends to 0. Here a sequence in D is “tangential” if it escapes
every nontangential approach region. Consider variants of this result: can
you replace the sequence {z;} by a curve at each point? If you replace
“bounded” by HP, then can you strengthen the example? A good reference
for this sort of result is I. Priwalow [PRI] and Collingwood and Lohwater
[COL].

In Proposition 6.1.19, where do the factors —p;/|p;| come from?
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7

The Cauchy—Riemann Equations

Genesis and Development

Certainly every student of complex analysis learns of the Cauchy—
Riemann equations

ou _ o
oxr Oy’
ou _ v
oy Oz’

These identities, which follow directly from the definition of complex
derivative, give an important connection between the real and complex
parts of a holomorphic function. Certainly conformality, harmonicity,
and many other fundamental ideas are effectively explored by way of
the Cauchy—Riemann equations.

Less familiar to most students, and an idea that has come into
its own only in the past forty years, is the idea of studying the inho-
mogeneous Cauchy—Riemann equations. The key is to introduce the
operators

9 _1(9 .9 g 9_1(0 0
9. 2\dr By a oz 2\az oy

One checks that a continuously differentiable function A is holomor-
phic on a domain {2 if and only if

oh
E_O on (2.

By means of this language, one is led to consider the inhomogeneous
partial differential equation

2. (7.0.1)
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There are explicit formulas for solving the equation (7.0.1), and
they turn out to be effective tools for constructing holomorphic func-
tions and creating analytic objects. In the present chapter we explore
this circle of ideas. Later in the book, we shall see equation (7.0.1)
applied in Tom Wolff’s dramatic solution of the corona problem.

A good understanding of multivariable calculus is all that is re-
quired for an appreciation and understanding of the ideas in this
chapter.

7.1 Introduction

Every basic course in complex variables treats the Cauchy—Riemann equa-
tions. For a continuously differentiable function f = wu + iv, these are the
equations

ou  Ov ou v
or Oy’ oy  Ox’
The basic result in the subject is that if f = u-+iv is continuously differentiable
on the domain {2, then f is holomorphic if and only if it satisfies these partial
differential equations.
It is sometimes useful to introduce the notation

9 _1(0 0\ o2 _1(0 .0

dz 2\0x Oy)’ 0z 2\0x Oy)’
It is a simple matter to see that a continuously differentiable f = u + v on
12 is holomorphic if and only if 9f/9zZ = 0 on 2. To wit,

of

0z

1/0 .0 .

=5 (ax—l—zay) (u+iv)
1 (0u Ov i [Ou Ov
_2(m_@>+2<ay+m) |

Of course this identity can hold if and only if the real and imaginary parts

vanish identically. The Cauchy—Riemann equations result.

Less familiar to most students is the fact that there is considerable utility
in studying the inhomogeneous equation

0:

= = [f(2), (7.1.1)

for a given function f. The equation has considerable intrinsic interest, but it
also can be useful for constructing holomorphic functions.
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7.2 Solution of the Inhomogeneous Cauchy—Riemann
Equations

We begin by recalling a version of Stokes’s theorem expressed in complex
notation (this idea was previewed in the proof of Proposition 1.3.2). We have
already defined 0/0z and 0/0%. We also define the companion notations dz =
dx +idy and dz = dz — idy. Then we have this standard result from calculus:

Theorem 7.2.1. Let 2 be a bounded domain with C* boundary. Let w =
a(z)dz be a 1-form with coefficient that is continuously differentiable on 2.

Then
/ w—/ cF/\dz (7.2.1)
o

For a general 1-form A = a(z)dz + b(z)dz, it is useful to write

d\ = O\ + O\
da ob da b
da

0b
chFAd 6Zdz/\cl?.

With this notation, formula (7.2.1) in the theorem becomes

/w—/ Ow .
GTe)
2

Now we prove a generalized version of the Cauchy integral formula. Note
that it is valid for essentially all functions—mnot just holomorphic functions.

Corollary 7.2.2. If £2 C C is a bounded domain with C' boundary and if
f € CY), then, for any z € 12,

! /a<
fz) =5 wc_z -5 // AL 20 GE A dC.

Proof. Fix z € £2 and choose € > 0 so that D(z,¢) C §2. Set 2. = 2\ D(z,¢).
We apply Stokes’s theorem to the form

on the domain f2.. Note here that w has no singularity on 2.
Thus
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/ w(Q) = / Ow .
a0,

Lo
Writing this all out gives

:/ WdCAdC. (7.2.2)

‘QG

Observe that we have reversed the orientation on the second integral on the
left because the disk is inside the region (2.
Now, as € — 0% the integral on the right tends to

// /aCdC/\dC

The first integral on the left does not depend on e. The second integral on the
left requires a little analysis:

o i 2m
/ &d( = M cjeet dt =i flz+ec™)dt.
19}

T
D(ze) 6 — % 0 ee’ 0

Now the last expression tends, as € — 07, to 2mif(z).
Putting all this information into equation (7.2.2) yields

1 af/ac
f(z) = i BQC—Z 27”// dz N\ dz

as desired. O

Corollary 7.2.3. With hypotheses as in Corollary 7.2.2, and the additional
assumption that Of =0 on {2, we have

1 f(©)

211 OQC—Z

f(z) = dg.

Remark 7.2.4. Corollary 7.2 is the familiar Cauchy integral formula from anal-
ysis of one complex variable.

Now we derive an explicit integral solution formula for the inhomogeneous
Cauchy—Riemann equations. We will see that the holomorphicity of the one-
dimensional Cauchy kernel will play an important role in the derivation of
this formula. First we give a careful definition of the support of a form:

Definition 7.2.5. If X is a differential form on R? or C, then the support of
A, written supp A, is the complement of the union of all open sets on which
all the coefficients of A vanish identically.
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Theorem 7.2.6. Let 1 € CH(C), the continuously differentiable functions
with compact support. The function defined by

= d = - dA(¢ 2.
Sl = (7:25)
satisfies
Bu(Q) = GO = v(O) & (724)
Proof. Let D(0, R) be a large disk that contains the support of 4. Then
ou, .1 0 [ 4
8C(O = 27?%8( s Cdedf
- ¥ +C)
= 2m 5 / LTS e A de
oY
1 §(§+C) _
=g | dEnde
o © _

2 po,r) §—¢C
By Corollary 7.2.2, this last equals

1 P(&)

d .
317 oo £ - ¢ = VO =0 = w0

¥(¢) -

Here we have used the support condition on 4. This is the result that we wish
to prove. O

7.3 Development and Application of the & Equation

We begin by proving a refined regularity statement for the equation

gu =, (7.3.1)
Proposition 7.3.1. Let §2 be a bounded domain and let k € {0,1,2,...}. If
Y € CK(92), then the solution u of equation (7.3.1) that we constructed in
Theorem 7.2.6 satisfies u € C*(£2).

Proof. Let us begin with k& = 1. So we assume that ¢ € C}(£2), which simply
means that the form 1 has C! coefficients with compact support in 2. Now
we calculate that
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9 _ 01 1 [9(Q)
%U(z) ~or [_w/ ‘- ZdA(C)}
_ 01 1 [(C—2)
O [w/ ¢ dA(O}

% —z
- [1 [ aa

™ ¢

Now the function 9¢/0x lies in C.(£2) by hypothesis. And the function
1/¢ is integrable, as a simple application of polar coordinates shows. Thus the
convolution in the last expression defines a continuous function of z. So we
have verified that du/0x € C.(£2). A similar argument shows that du/dy €
C.(2). Thus u € C'(£2), as was required.

The result for higher % follows by a simple induction. The proof is therefore
complete. O

Remark 7.8.2. In fact something stronger is true: If ¢» € C* then u € C*+1-¢
for any € > 0. One can make an even sharper statement if one uses precise
function spaces that have been designed for this purpose. More information
on these matters may be found in [KRA2].

Corollary 7.3.3. Let §2 be a bounded domain. If ¢ € C°(§2), then the so-
lution u of equation (7.3.1) that we constructed in Theorem 7.2.6 satisfies
u € C™(0).

Corollary 7.3.4. Consider the partial differential equation

0

—_— = . .2

v =Y (7.3.2)
on the bounded domain §2. Assume that 1 € C*(§2) for some k € {0,1,2,...}.
Then any solution v of the equation (7.3.2) will lie in C*(£2).

Proof. Let u be the solution constructed in Theorem 7.2.6. We proved in
Proposition 7.3.1 that u € C*(2). But notice that

2 u(z) ~ v()] = (=)~ 9(z) = 0.

Thus v(z) = u(z) + h(z), where h is holomorphic on (2. It follows, therefore,
that v € CF(92). O

Now an important point must be made. Thus far, we have studied the
solution of the d equation (7.3.1) only when the data function v is compactly
supported in £2. In practice, when we actually apply the d equation to problems
in function theory, this sort of result is not adequate. In fact we need to know
how to solve the equation (7.3.1) when the data function + lies in C*(£2), but
1 is not assumed to have compact support in {2. The next theorem addresses
this need:
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Theorem 7.3.5. Let 2 be a domain in C and let k € {0,1,2,...}. If
Y € C*(£2), then there exists a C* function u on (2 such that Ou/0z = 1.

Proof. Begin by writing {2 = U;K;, with each K; CIO(J-H and each K; com-

pact and simply connected and the closure of its interior for j = 1,2,.... Now
let n; € C°(£2) be such that suppn; € Kj;4q1 and n; =1 on Kj.
Now set

V= "tz + Y (- n_1)e.
J =2

Then of course each 1; lies in C¥(£2). Hence there is a function u; € C*(£2)

such that Ou;/0Z = ;. Notice that each u; is holomorphic on [O(j_l for
ji=2,3,....

Now we apply Runge’s theorem (see [GRK1] or [RUDZ2]) to the function u;
with respect to K;_1 C {2 for j = 2,3,... . In this way we find a holomorphic
v; on {2 such that supg, , [uj — v;| < 277, Set u = > ,(ug — vg). Then it is
easy to see that the series converges uniformly on each Kj;. Moreover, it is
obvious that du/dz = 1.

Finally observe that, because the supremum norm of a holomorphic func-
tion on an open set dominates the C* norm on a compact subset (use the
Cauchy estimates), it follows that u € C*(£2). That completes our proof. [J

Corollary 7.3.6. Let 2 be a domain in C. If yp € C™(£2), then there exists
a C* function u on 2 such that Ou/0z = 1.

Proof. Obvious by inspection of the proof of the theorem. O

Now we may build on everything we have done to give a new proof of the
Mittag—Leffler theorem of classical function theory using the 0 problem.

Theorem 7.3.7 (Mittag—LefHler). Let £2 C C be a domain and let {p;}32; C
2 be a discrete set (i.e., with no interior accumulation point). For each
J, let fj be a function that is meromorphic in a small neighborhood of p;
(which neighborhood contains none of the other p;’s) with a single pole at p;.
Then there exists a meromorphic function f on §2 such that f is analytic on
2\ {p;}32, and such that f — f; is analytic near p; for each j.

Proof. For each j, let U; be a small open disk about p; that contains none of
the other py’s. Set Uy = 2\ {p;}32;. Then the open sets {U;}32, cover (2.
Set fo = 1. Let ¢y be a C* partition of unity subordinate to this covering.
Let us say that o, is supported on Uj ).

For each k =0,1,2,..., set

oo

hie =Yoo (f = fiw)-

£=0

Observe that
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P(z) = %(Z) for z € Uy, (7.3.3)
0z
is a well-defined C*° function on all of §2. This is so because
Ohy <= Dy
E: g'(fk—fj(é))
£=0

and

Now, using Corollary 7.3.6, we let u € C*°({2) be such that du/9z = 1 on
0

‘ Finally, we set
[(2) = fu(z) = he(2) +u(z) for z € (2 .

The reader may check that this is a well-defined meromorphic function on {2
that satisfies all our requirements. O

Problems for Study and Exploration

1. Write an explicit solution for the equation

ou
0z
What is the most general solution of this equation?

2. Let ¢ be a C'* function of compact support such that [[ ¢ dz dy # 0. Show
that the equation

=Z.

ou
9 P
has no solution with compact support.
3. Find the solution of the equation

that is orthogonal on the disk to all L? holomorphic functions in the sense
that
[ F@Tae) -o
D

for all h € L?(D) holomorphic. Is this solution unique?
4. Repeat Exercise 3 with Z on the right-hand side of the equation replaced
by z.
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@) (&) + () ()

in a suitable sense (here * denotes the adjoint). Show that the result is
the Laplace operator.

. Calculate

. Verify directly that

9_ 9
8722—1, 8722 O,
0 _ 0

If f is holomorphic and nonvanishing, then verify that |f|? is subharmonic
for any p > 0. Do this using the differential operators studied in this
chapter.

If f is holomorphic and nonvanishing, then verify that log|f| is harmonic.

. Let C(2,¢) = 1/(z — ¢) be the Cauchy kernel. Verify that in the sense of

distributions,
0
iC(Z, C) = 62 b
¢

where ¢, is the Dirac delta mass at z.

Use the result of Exercise 9 to create a “distribution” proof of the Cauchy
integral formula.
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The Green’s Function and the Poisson Kernel

Genesis and Development

Every smoothly bounded domain in the complex plane has a Green’s
function. The Green’s function is fundamental to the Poisson inte-
gral, the theory of harmonic functions, and to the broad panorama of
complex function theory.

The Green’s function contains information about the geometry
of its domain, and it also contains information about the harmonic
analysis of the domain. We can rarely calculate the Green’s function
explicitly, but we can obtain enough qualitative information so that
it is a potent tool.

The Green’s function is so basic that its existence and essential
properties depend only on multivariable calculus. The theory of har-
monic measure, the construction of the Poisson kernel, the solution
of the Dirichlet problem, and the rudiments of potential theory all
depend on the Green’s function. We shall explore all these additional
ideas later in the book.

We develop the material in this chapter partly for its own interest—
it provides an introduction to the Laplacian and the Green’s function
and the Poisson kernel. But we will also make good use of these re-
sults elsewhere in the book, particularly in our study of conformal
mappings and the corona problem. We have already used the Green’s
function in our study of the Bergman kernel in Chapter 1.

8.1 The Laplacian and Its Fundamental Solution

The partial differential operator

2 2
¢ P00 00

A= oyr 0202 0207



170 8 The Green’s Function and the Poisson Kernel

is called the Laplacian. A twice continuously differentiable function u on a
domain (2 is termed harmonic if Au =0 on (2.

It is a topic of particular interest to solve the following “boundary value
problem.” Let ¢ be a continuous function on 9£2. Consider the conditions (on
a function u € C%(2) N C(£2))

{AuzOon 2, (8.1.1)

u=¢ ondf2.

This is the Dirichlet problem. If {2 is a thin, heat-conducting metal plate and
@ is a continuous temperature distribution on 942, then the solution u of the
system (8.1.1) represents the resulting steady-state heat distribution on (2.
For us, the Dirichlet problem is a useful device for constructing harmonic
functions.

O. Perron has given us a method for solving the Dirichlet problem. It pro-
duces this solution as the supremum of subharmonic functions whose bound-
ary limits are less than or equal to ¢. We cannot provide the details here, but
refer the reader to [AHL2] or [GRK1]. A typical theorem will be stated in a
moment. First we need a definition.

Definition 8.1.1. Let 2 C C bej domain and P € 9f2. We saLthat P has
a barrier if there is a point @ ¢ (2 such that the line segment P() intersects
{2 only in the point P. See Figure 8.1.

Theorem 8.1.2. Let 2 C C be a domain. Assume that each point of 02 has
a barrier. Then the Dirichlet problem can always be solved on 2.

0

Fig. 8.1. A barrier.
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We refer the reader to [AHL2, p. 251] and [GRK1, p. 237] for details of
this theorem and its proof. It is worth noting that if {2 is a bounded domain
with C! boundary, then certainly each point of 92 has a barrier. Just use the
implicit function theorem.

In fact for many domains there is another approach to the Dirichlet prob-
lem that will be of particular interest for us. This method involves the Poisson
kernel and the Green’s function.

On the disk—which is a very special domain indeed—there are ad hoc
methods for deriving the Poisson kernel. Let us outline one of these now.

Suppose that u is a harmonic function that, for convenience, we assume is
harmonic on a neighborhood of the closed disk D. We may write u’ op (using
the theory of Fourier series) as

o0
u(e?) = Z a;e'?

j=—o0
Here of course
1 2 . -
a; = — u(e™)e " dt .
2T 0
See [KRA4] for details.
It follows that on the disk,
u(re'?) = Z a;rlei??
j=—00
Writing this out, we find that
) ° 1 2 g Lo
u(reze) _ j;oo {%A u(ezt)e—ut dt:| rlilgiif
1 2 [ oo . . .
=5 i Z rliletdO=0 | y (e dt
_j:—OO
1 2m [ 0 ) . oo ) ) )
= — 1+ Z(re’((’*t))] +) (e GO0 |y (eity at
21 Jo — —
L Jj=1 j=1
1 2m [ oo . . .
=5 i 1+ 2Re ;(rel(‘g_t)y u(e™) dt
L T ore (—L ) dt
=5 )| + 2Re T rai0=0 u(e®)
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1 2n{1+2[ rcos(f —t) —r? }}u(e”)dt

21 J, 1—2rcos(6 —t) +r?

1 2m 1 _7.2 i+
= — v dt-
2#/0 172rcos(97t)+r2u(e )

We conclude that the Poisson kernel for the unit disk D is

1 1—72

Prf)=—.— -~ —"
0 = S T orcosf 4 12

Now we wish to say a few words about how to derive the Poisson kernel
for a more general domain—say a bounded domain in C with C? boundary.
First we need Green’s theorem from classical potential theory:

Theorem 8.1.3. Let 2 C R? be a domain with C? boundary. Let ds denote
arc length measure on 0f2. Let v be the unit outward normal vector field on
992. Then, for any functions u,v € C%(£2), we have

/m [u(l/v) - v(l/u)] ds = /Q(um — vAu) dA.

We shall not prove Green’s theorem, but refer the reader to [KRA1], where
it is shown that Green’s theorem is a corollary of Stokes’s theorem. Any good
calculus book (see [BLK]) will also have a thorough discussion of Green’s
theorem.

Now we systematically develop the theory of the Green’s function and the
Poisson kernel. It will be convenient in these discussions to momentarily forget
the complex structure of C and instead think of ourselves as living in R2.

Proposition 8.1.4. The fundamental solution for the Laplacian on R? is
given by
I(z) = (27) 'log |z|.

More precisely, for any ¢ € C2°(R?), it holds that

[oraa= 0.

Remark 8.1.5. This result is so important that it merits discussion. The con-
clusion of the proposition says that AI' = §p, the Dirac delta mass, in the
weak (or distribution) sense. In particular, AI'(x) = 0 when x # 0. This
assertion may also be verified directly using calculus.

It is a straightforward exercise for the reader to derive from the proposition
the statement that if ¢ € C°(R?), then u = I" x ¢ satisfies Au = ¢. Thus I
is the kernel for a solution operator of the Laplace equation.
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Proof of the Proposition. Fix ¢ € C>°(R?) and a large disk D(0, R) C R? such
that supp¢ C D(0,R). Let 0 < ¢ < R and apply Green’s theorem on the
domain 2. = D(0, R) \ D(0,€) with u = ¢ and v = I". Then, since AI'(x) =0
for x # 0, we see that

/QE(AQS)FCZA:/QE(Agb)FdA—/QEgb-(AF)dA

:/ {(we) - T — - v} ds
D(0,R)

+/ {(vg) - I' —¢-vI}ds
0D (0,¢)

=0- (;5(0)/ vlds
aD(0,¢)

[ wor@ e [ (60) - o) vI) ds(a)
aD(0,¢)

0D(0,¢)

+

Let us examine the two expressions inside the square brackets. For the first
integral, notice that v¢ is bounded and I is of size loge. Thus the integral is
of size C'- € -log e, and that tends to zero. For the second integral, ¢(0) — ¢(x)
is of size C' - € and vI is of size C/e. So the integrand is bounded and the
integral is of size C' - ¢, which tends to zero. All in all then,

/ (Ap)I'dA = fqb(O)/ vlds+o(1) as e — 0T,
£

0D (0,¢)

We have used here the facts that |I'(z)| = c-|log |z|| and the circumference of
dD(0,¢) is ¢ - €. Letting € — 07, and noting that the outward normal vector
field v to 92, at points of 9D(0,¢€) is oriented oppositely to v when thought
of as the outward normal vector field to D(0, ¢) itself (see Figure 8.2), gives

™

. 1 _
J@oras=moo)- [ o 7S

e—0

= ¢(0)

as desired. O

= lim ¢(0) - % - (2me) - %

Lemma 8.1.6. If u is harmonic on 2 = D(zo,7) C R? and is C? on §2, then

/ vuds = 0.
OD(xo,r)
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Fig. 8.2. Outward normal vector field.

Proof. Apply Green’s theorem with the functions u and v = 1 on the domain
2. The details of the proof may be found in [KRA1, Chapter 1]. O

Theorem 8.1.7. Let uw be harmonic on a domain 2 C R2. Suppose that
D(P,r) C 2. Then
1

Fy- u(zx) ds(z) = u(P).
OD(P,r)

Proof. Let 0 < e < and apply Green’s theorem on the region 2. = D(P, )\
D(P, €) with u the given harmonic function and v = I'(z — P). The result is

Oz/ ulANv—vAudA
2

€

- { /a o BT = P)ds & /a o BT P) ds}
{ /0 o T P /8 o, T P) ds}.

Now the second expression in braces is equal to zero by Lemma 8.1.6 since
I'(xz — P) is constant on OD(P,r) and on 0D(P,¢€). Thus we have

1
0=— 7‘71/ uds—efl/ uds| .
2 aD(P,r) AD(P,e)

The second expression inside the brackets tends, as € — 07, to

2mu(P).
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We conclude that
1

— u(z)ds(x) =uw(P). O
2mr Jap(p,r)

The next result is the classical maximum principle.

Corollary 8.1.8. Let u be a nonconstant, real-valued harmonic function on
a domain £2 C R2. Then, for every x € {2, it holds that

u(z) < sup u(y).
yen

Remark 8.1.9. There are several useful ways to restate the maximum principle.
One of these is the contrapositive statement: if u is real-valued harmonic on
§2 and there is an € (2 such that u(z) = sup,c, u(y), then u is constant.

A slightly weaker statement is this: Assume that (2 is bounded. If u is
continuous on {2 and harmonic on {2, then maXg u = maxgp u. This statement
has a strong intuitive appeal.

Proof of the Corollary. Let A = sup,c u(y). We may as well suppose that A
is finite or else there is nothing to prove. Let S = {w € 2 : u(w) = A}. We
will show that S is either empty or all of (2.

If S is not empty, let x € S. There then exists a number ry > 0 such
that D(x,79) C £2. Then, for every 0 < r < ry, we have from the mean value
property that

Aly) ds(y)

2 ST "0

It follows that w is identically equal to A on 9D(x,r) for all 0 < r < rg, hence
on D(z,rg). Thus S is open. But S is clearly closed—by its definition—since
u is continuous. Since S is not empty and (by assumption) (2 is connected,
we conclude that S = §2. Hence u = A. This completes the proof. |

Corollary 8.1.10. If uy,uz are harmonic on {2 CC R2, continuous on {2,
and if u1|yo = U2y, then uy = ug on £2.
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Exercises for the Reader

1. Prove that, if u is harmonic on £2 C R?, P € (2, and D(P,r) C 2, then

1
7A(D(P, ) /D(P’T) u(z) dA(z) = u(P). &

2. Prove the following trivial variant of Theorem 8.1.7. Under the same hy-
potheses,

1

27 Jono u(P +ry) ds(y) = u(P). &

8.2 The Green’s Function and Consequences

Definition 8.2.1 (The Green’s Function). Eet 2 C R? be a bounded
domain with C? boundary. A function G : (2 x §2) \ {diagonal} — R is the
Green’s function (for the Laplacian) on (2 if:

(1) G is C? on 2 x 2\ {diagonal} and, for any small ¢ > 0, is C?2~¢ up to
(2 x 02)\ {diagonal}.

(2) AyG(z,y) =0forz #y, z € 2,y € L.

(3) For each fixed z € 2 the function G(z,y) + I'(y — «) is harmonic as a
function of y € 2 (even at the point ).

(4) G(z,Y)|,cpp = 0 for each fixed z € (2.

Remark 8.2.2. The reader should check that Properties (1)—(4) uniquely de-
termine the function G. Notice that we have not yet asserted that Green’s
functions exist; this assertion is the content of Proposition 8.2.3 below.

We also have not said much about the dependence of G on the x variable.

In fact G(x,y) is symmetric in the variables z and y (Exercise, or see [KRAL,
Chapter 1]).

We can now see that Green’s functions always exist.

Proposition 8.2.3. Let 2 C R? be a bounded domain with C? boundary.
Then §2 has a Green’s function.

Proof. Fix x € (2. Let fu(y) = — I'(y — 2)|,cpp - Let Fu(y) be the unique
solution to the Dirichlet problem on (2 with boundary data f,(y). Set
G(z,y) = —I'(y — ) — Fy(y). Then Properties (2)—(4) of the Green’s func-
tion follow immediately. The smoothness assertion (Property 1) follows from

regularity properties of elliptic boundary value problems, and we shall not
provide the details (see the books [MOR], [BJS], or [KRAZ2]). O
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The reader should not now be surprised to learn that the Green’s function,
together with Green’s formula, gives us a new integral formula.

Theorem 8.2.4 (The Poisson Integral Formula). Let 2 C R? be a
bounded domain with C? boundary. Let v represent the unit outward normal
vector field on O2. Let the Poisson kernel on {2 be defined by

P(Ivy) = *VyG(QS,y).

If u € C(92) is also harmonic on 2, then

u(z) = / P(z,y)u(y)ds(y) for all z € £2.
a9

Proof. First assume that u € C?(02). Fix z € 2 and a positive number € <
dist(z, 02). We apply Green’s formula on 2. = 2\ D(z,¢) with u(y) the
given harmonic function and v(y) = G(x,y). Then

/ (vyG(z,y)) uly) ds(y) — G(z,y)(vyu(y)) ds(y)
[oro B o012,

=/ (AyG(Jc,y))u(y)clA(y)—/Q G(z,y)(Dyuly)) dA(y).

€

Since G(z,-) and u(-) are harmonic, the right side vanishes. Using the defini-
tion of G(z,y) from the proof of Proposition 8.2.3, we may rewrite the last
equation as

/ v, G, y)uly) ds(y)

o082,

- / G, y)vyuly) ds(y) / Pz — y)vyuly) ds(y)
o

9D (x,e€)

- / F(y)yuy) ds(y).
9D (x,e€)

The first term on the right vanishes since G(z,-)|5,, = 0. The second vanishes
because I'(z —)|pp(y,e 18 constant and because of Lemma 8.1.6. The last

term vanishes as € — 0T since the integrand is bounded.
Thus we have

/ (v, G, ) u(y) dsy) = o1)
[P

or

/ (ryG(z,y)) uly) ds(y) = —/ (ryG(z,y)) uly) ds(y) + o(1).
on

dD(x,e€)
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Recall that the unit outward normal to 02 at a point y € 9D(z,€) is
the negative of the unit outward normal to dD(z,¢€) at y. With P(z,y) =
—vyG(x,y), we may now write

/ Pz, y)u(y) ds(y)
o

/’ vy G, y)uly) ds(y) + o(1)

0D (x,€)

:_/‘ vy (& — y)uly) ds(y)
OD(x,€)

—/ vy Py (y)uly) ds(y) + o(1).
9D (x,e€)

The second term on the right side of the last equation is o(1) as ¢ — 0T
because the integrand is bounded. A now familiar computation (see the proof
of Proposition 8.1.4) then shows that the first term on the right tends to u(z).
Letting ¢ — 07 we conclude that

u(z) = [ P(z,y)u(y) ds(y).
o0
This is the Poisson integral formula when u € C?(2).

To eliminate the hypothesis that u € C2?(£2), we exhaust §2 by relatively
compact, smoothly bounded subdomains {2; and apply the preceding result
to w on §2;. A limiting argument then completes the proof. Details are left to
the interested reader. a

Corollary 8.2.5. For each fivred y € 012, P(x,y) is harmonic in x.

Proof. Of course this follows from the previously noted fact that G(z,y) =
G(y,x).

An alternative proof may be obtained by noting that farz P(z,y)o(y) ds(y)
is a harmonic function of x for every ¢ € C(012). Now choose a sequence ¢;
such that ¢; ds converges to J, (the Dirac mass at y) in the weak-* topology.

O

8.3 Calculation of the Poisson Kernel

The Poisson kernel can almost never be computed explicitly. However, we can
compute it for the disk. Elsewhere in the present book we have indicated how
to determine the Poisson kernel for the disk by summing a Fourier series. Now
we calculate the kernel using the paradigm of Theorem 8.2.4. We begin with
an important geometric transformation:

Definition 8.3.1 (The Kelvin Inversion). The Kelvin inversion on the
domain R? \ {0} is the map

K :R*\ {0} — R*\ {0}
given by K(x) = z/|x|?. Notice that K = K 1.
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Proposition 8.3.2. Let 2 CR? and 0 ¢ 2. If u is harmonic on £2, then
x— uo K(x)

is harmonic on K(£2).

Proof. Exercise for the reader (just compute). O

Theorem 8.3.3. The Poisson kernel for the disk {2 = D is given by

11— |x]?
2m |z —y[?’

P(l‘,y) =

or )

: 1 1—7r

P, 620 S
r(e) 27 1 —2rcosf +r?

Proof. If we can construct the Green’s function for the disk, then the rest is
straightforward. A glance at the proof of the existence of the Green’s function
shows that the main obstacle is to construct F, for z € D. Fix x € D. Notice
that the Kelvin inversion on D is the map y +— y/|y|?. Set

1
Fo(y) = —I'(z — K(y)) — log|y| = — 5 log —log |yl .

Y
ly|?

Now I'(z — y) is plainly harmonic on R?\ {z}; hence F(y) is harmonic
on a neighborhood of D\ {0}. The presence of the (perhaps surprising) term
—log|y| is to cancel the singularity at the origin. It may now be checked
directly that in fact F, is smooth at 0, so it follows from the continuity of
the derivative that F, is harmonic on a neighborhood of D. Since the Kelvin
transform K fixes 9D, it follows that

Fo( - op=-T'(z— ')‘8D‘

Thus F, is the function we seek, and the Green’s function for D must be
Y
r— -2

—I'(x—y) — Fu(y)
PE _log|y}'

1
=— {log [z —y| —log
Finally, by Theorem 8.2.4, the Poisson kernel for the disk is

27
P(z,y) = —1v,G(z,y)
— log Iy}

Y
TP

ly

1 9
= — yi=— {log|r —y| —log
27‘,; Jayj{ | |
2
1 1 _
:%Zyj{2|x—y 22y — )
j=1

2

1 SNl —2y5ye | G0\ 1 2y
Z 2 e T TR 2 ("
— \lyl ly| ly| 2 |yl

— |z
2

_ Y
|y|?
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When y € 9D this yields

2 2
1 _
P(a,y) = 5|z —yl 2P =y =0 i we — o) (—2y5u0 + 05e) p — 1
(=1 j=1
1 -2
:g~|x—y| {1-z-y+2-1-2(x-y)+x-y}—-1
1 1—x?
C 2 |z -y

This is the desired result. The expression in polar coordinates is an immediate
consequence. |

Proposition 8.3.4. The Poisson kernel for D C R? has the properties

1. P(x,y) > 0.
2. [,p P(z,y)ds(y) =1, allx € D.
3. For any 0 > 0, any fized {y € 0D,

lim P(z,y)ds(y) = 0.
D3r=¢0 J1Go—y|>5

Proof. Inequality 1 is obvious. Also, by the reproducing property of P and
the fact that P > 0, we have

1= [ 1-Play) dsly) = | PGe. )12 o, a0,
oD
This is property 2. As for property 3, choose 0 < € < §/4. Then [y — y| >
and |z — (o| < §%¢/8 imply that

11— |z? < 1 2-6%/8

PO = e “ 2 27

<€

uniformly in |y — y| > 0. The result follows. |

Theorem 8.3.5 (The Poisson Integral for the Disk). Let D C R? be the
unit disk and f € C(0D). Then the function

Flz) = {fap P(x,y)f(y)ds(y) ?fx €D,
f(z) ifx € 0D,

is harmonic on D and continuous on D.

Proof. We already know that the Poisson kernel is harmonic in the x variable
by Corollary 8.2.5 (or, with the explicit formula on the disk, one can check
this directly). Therefore, by differentiating under the integral sign, one sees
that F' is harmonic on D. Since F' is obviously continuous (indeed smooth)
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inside D, and also is continuous on 9D, it remains to check that if { € 9D,
then

lim Pf(z) = f(C).

D3x—(¢

Let € > 0. Since f is uniformly continuous on 0D we may find a § > 0
such that if £,¢ € 9D and |€ — | < § then, |f({) — f(£)] < e. With this §

fixed, we write

Pf(z) = f(O = | Pf(&)ds) - f(Q)

oD

= [ P@[fE)— f(Olds(E).

oD

Here we have used part 2 of Proposition 8.3.4.
But this last expression equals

/‘ P(x,O)[f(€) — F(C)]ds(€)
oDN{|¢—¢|<6}

+/’ P(x,€)[f(€) — F(O)]ds(&)
aDN{|¢—¢&|>6}

=I+11.
Now |I| <€ [, P(x,&)ds(§) = € by the choice of 4. On the other hand,

|[II| < 2sup]|f] P(x,§)ds(§) — 0
aD aDN{|¢c—&|>8}

as x — ( by part 3 of Proposition 8.3.4. This is what we wished to prove. [

Exercises for the Reader

1. Give another proof of Theorem 8.3.3, using Theorem 8.1.2 and Theorem
8.2.4, that involves no computation. This proof will be valid for any domain
2 with C? boundary.

2. Give a proof of Theorem 8.3.3 that uses the mean value property and
conformal invariance.

3. Examine the proof of Theorem 8.3.3 to see that Pf(r() tends to f({)
uniformly in ¢ € 0D when f € C(0D).

Remark 8.8.6. Let 2 C R? be any domain with C? boundary. It follows
from the maximum principle that, for y € 92 and z near y, G(x,y) > 0.
Hence, by the Hopf lemma (see Lemma 5.3.1), we conclude that P(z,y) > 0.
Therefore, for each x € (2, the argument in Proposition 8.3.4 shows that
|1P(x, )21 (902, ds) = 1. Thus, for ¢ € C(942), the functional
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¢ P(z,y)é(y) ds(y)
[oX0]

is bounded. From this, Theorem 8.2.4, and the maximum principle, we have
the next result.

Proposition 8.3.7. The Poisson kernel for a C? domain £2 is uniquely de-
termined by the property that it is positive and solves the Dirichlet problem
for A\.

Problems for Study and Exploration

1. Prove that the Green’s function is always a symmetric function of its
arguments: G(z,¢) = G((, 2).

2. Provide the details of the proof of Proposition 8.3.7.

3. Let £2 be any bounded domain in C with C? boundary. Let P(z,y) be the
Poisson kernel for 2. It is a fact—mot so easy to prove—that there are
positive constants ¢ and C' (depending on {2) such that

d(x)

5(55) <P(‘T,y)§0'm'

lz—yl* ~
Use the fact that the Poisson kernel is related to the Green’s function,
together with the result of Remark 8.3.6, to prove the left-hand inequality.

4. Use the method of conformal mapping to derive a formula for the Poisson
kernel of the upper halfplane U = {z € C : Im z > 0}.

5. This exercise outlines a method to construct the Poisson kernel that is
analogous to the Bergman kernel construction, by way of a basis, in Chap-
ter 2. Let us consider the L? functions on the unit circle of the complex
plane that are boundary functions of holomorphic functions on the disk.
This space is commonly called H?, and can also be characterized as those
L? functions on the unit circle that have no Fourier coefficients of negative
index. The inner product on this space is

27
<f,g>:% ; f(e?) - g(ei®)db.

(a) An orthogonal basis for this space is given by the functions
() =¢.
Calculate the norm of each v; and produce an orthonormal basis

{ej };ﬁo-
(b) Prove that the basis from part (a) is complete.
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(c) Calculate the sum

S(2,0) = ¢;(2)e;(C).

Jj=0

This is called the Szegd kernel.
(d) Now define a new kernel, called the Poisson—Szegd kernel, by the for-

mula
P(2,¢) = |‘Z(é CZ)) .

What is the Poisson—Szeg6 kernel for the unit disk?

. Imitate the argument in Exercise 5 to derive the Poisson-Szeg6 kernel for

the upper halfplane U = {z € C : Im z > 0}.

. Use the Hopf lemma to derive a version of the maximum principle for

harmonic functions.

. Write an explicit formula for the Green’s function of the upper halfplane

U={z€C:Imz > 0}.

. Without some regularity hypothesis on the boundary of the domain, the

Dirichlet problem may fail to have a solution. Examine the domain {2 =
{z € C:0 < |z| < 1}. Show that the Dirichlet problem with boundary

data 0 i c—0
1 =
“’(02{1 it (=1

has no solution.
What is the Poisson kernel for the strip

N={CeC:-1<Im(<1}7?
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Harmonic Measure

Genesis and Development

Harmonic measure is a device for estimating harmonic functions on
a domain. It has become an essential tool in potential theory and in
studying the corona problem. It is useful in studying the boundary
behavior of conformal mappings, and it tells us a great deal about
the boundary behavior of holomorphic functions and solutions of the
Dirichlet problem. All these are topics that will be touched on in the
present book.

From the point of view of function algebras (which we discuss in
Chapters 4 and 11), harmonic measure may be thought of as a rep-
resenting measure for a multiplicative linear functional. It is a device
that bridges the techniques of hard analysis, measure theory, func-
tional analysis, and operator algebras.

A good grounding in real analysis will be helpful for an apprecia-
tion of the ideas in this chapter.

9.1 Introductory Remarks

Let U C C be a domain, that is, a connected open set. A twice continuously
differentiable function v on U is said to be harmonic if it satisfies the partial
differential equation

9? 0?
Au = <W + ByQ) u(z,y) =0 (9.1.1)

at all points of U. The partial differential operator A is called the Lapla-
cian, and the differential equation (9.1.1) is called Laplace’s equation. We
now review some of the key elementary ideas connected with this fundamen-
tal equation.
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It is a matter of great interest to solve the “first boundary-value problem”
associated to the Laplacian. This problem is also known as Dirichlet’s problem.
We quickly review its essential features. Let f be a continuous function on
OU. We seek a function u that is

(i) continuous on U,

(ii) twice continuously differentiable on U,
(iii) harmonic on U,
(iv) satisfies u’aU = f.

Thus w is to be the harmonic continuation of f to the interior of U.

The Dirichlet problem has both mathematical and physical interest. If U
is a thin metal plate, formed of heat-conducting material, and if f represents
an initial heat distribution on the boundary of the plate, then the solution
of the Dirichlet problem represents the steady-state heat distribution in the
interior. We have treated the Dirichlet problem in detail in the last chapter.

It is worthwhile to take a moment and consider the special case when U is
the unit disk D = D(0,1). We may give a heuristic treatment of the Dirichlet
problem as follows:

(a) In case f(e%) = €¥? j = 0,1,2,..., then by inspection we see that
u(re??) = rie? or u(z) = 27, is the solution of the Dirichlet problem;
(b) In case f(e¥) = €% j = —1,-2,..., then by inspection we see that

u(re’?) = rlile’i? or u(z) = 29, is the solution of the Dirichlet problem;
(c) In case f(e') = Efsz aje’?, then, by linearity, the corresponding so-
lution of the Dirichlet problem is

K —1
u(re'®) = E aried? 4 E a;rileis?
j=0 j=—K

Now the elementary theory of Fourier series (see [KRA3] or [RUDI1]) tells
us that any continuous function on the boundary of D may be uniformly
approximated by trigonometric polynomials as in (c¢). Thus we should be
able to obtain the corresponding solution of the Dirichlet problem.
Proceeding formally, suppose that f ~ >2°C __ f(j)e¥?, where

j=—o0
1 27

Fo)y=o [ f)etat

:27'(' 0

is the standard Fourier coefficient (see [KRA4]). Then the corresponding so-
lution of the Dirichlet problem should be
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wre®) = 32 Fiprie

j=—00
oo 1 27T
=Y 7/ f()e™ 9t dt - rlileia®
. 27T 0
Jj=—00
L il id(6—t)
- . Jl i3 (60—t
=gn ), O] 2 Ve

j=—o00

The expression in brackets is merely a double geometric series, and it is
easily summed. What we find is that

u(re'®) = 1 /27T f(t) L dt (9.1.2)
2n 1—2rcos(@ —t)+r2 o

The expression

2
P(r,0) = = L-r

2 1 —2rcos(f —t) +r?
is called the Poisson kernel, and the formula (9.1.2) is known as the Poisson
integral formula.

For a general domain, one can almost never know the Poisson kernel ex-
plicitly. However, one can (with sufficiently powerful tools) obtain useful qual-
itative information. Here is a sample fact that is used frequently in the theory
of partial differential equations and harmonic analysis.

Proposition 9.1.1. Let 2 be a bounded domain in C with C? boundary. Then
the Poisson kernel P(z,() for 2 satisfies
d(z) d(z)

L P

for suitable positive constants ¢,C and for d(z) the distance of z to 012.
Proof. See [KRA1], [KRAT]. O

It is important also to observe that the Dirichlet problem may be solved for
more general boundary data than a continuous function. In fact if the bound-
ary function is L°, or even L', then its Poisson integral certainly makes sense.
This fact will be crucial in what follows. Even without the Poisson integral
(and the Poisson integral certainly will not exist in general on a domain with
nonrectifiable boundary) then we can still consider the Dirichlet problem with,
say, piecewise continuous boundary data. Such a Dirichlet problem is solved
by the Perron method.
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9.2 The Idea of Harmonic Measure

Now let £2 C C be a domain with boundary consisting of finitely many Jordan
curves (we call such a domain a Jordan domain). Let E be a finite union of
arcs in 92 (we allow an entire connected boundary component—a simple,
closed curve—to be one of these arcs). Then the harmonic measure of E at
the point z € {2 with respect to {2 is the value at z of the bounded harmonic
function w on {2 with boundary limit 1 at points of F and boundary limit 0
at points of 92\ E (except possibly at the endpoints of the arcs that make
up E). We denote the harmonic measure by w(z, £2, E).

The first question to ask about harmonic measure is that of existence and
uniqueness: does harmonic measure always exist? If it does exist, is it unique?
The answer to both these queries is “yes”. Let us see why.

Fix a Jordan domain 2. It is a classical result (see [AHL2] as well as our
Section 4.4) that there is a conformal mapping @ : 2 — U of {2 to a domain U
bounded by finitely many circles. If F' C QU consists of finitely many circular
arcs, then it is obvious that the harmonic measure of F' exists—it would just
be the Poisson integral of the characteristic function of F', and that Poisson
integral can be shown to exist by elementary conformal mapping arguments
(i.e., mapping to the disk). Now a classic result of Carathéodory (see Section
5.1) guarantees that @ and its inverse extend continuously to the respective
boundaries, so that the extended function is a homeomorphism of the closures.
Thus we may pull the harmonic measure back from U to {2 via @.

As for uniqueness: If £2 is bounded, then uniqueness follows from the stan-
dard maximum principle. For the general case, we need an extended maximum
principle that is due to Lindelof.

Proposition 9.2.1. Let 2 be a domain whose boundary is not a finite set.
Let u be a real-valued harmonic function on 2, and assume that there is a
real constant M > 0 such that

u(z) <M forz e (2.
Suppose that m is a real constant and that

limsupu(z) <m (9.2.1)
z—(
for all except possibly finitely many points ( € 02. Then u(z) < m for all
z € (.

Remark 9.2.2. Observe that any Jordan domain certainly satisfies the hy-
potheses of the proposition. Furthermore, by classical results coming from
potential theory (see [AHL2]), any domain on which the Dirichlet problem is
solvable will satisfy the hypotheses of the theorem. Note in particular that {2
certainly need not be bounded.

‘We conclude by noting that this result is a variant of the famous Phragmen—
Lindel6f theorem (see [RUD2]).
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Proof of Proposition 9.2.1. First assume that {2 is bounded. We will remove
this extra hypothesis later. Let the diameter of {2 be d. Let the exceptional
boundary points (at which (9.2.1) does not hold) be called (i,...,(k. Let
e > 0. We then may apply the ordinary textbook maximum principle (see
[GRK1]) to the auxiliary function

k
h(z) = u(z) + EZIOg |2 ;Cﬂ .
j=1

Notice that h (instead of u) satisfies the hypotheses of the proposition at
every boundary point. So h < m on all of {2. Then we let ¢ — 0 and the result
follows.

Now consider the case of {2 unbounded. If 2 has an exterior point (i.e.,
a point in the interior of the complement of the closure of 2), then we may
apply an inversion and reduce to the case in the preceding paragraph.

Finally, if £2 has no exterior point, then let R > || for all j = 1,..., k.
Let

2 ={z€:|z| <R}

and
2 ={z€2:|z| > R}.

These may not be domains (i.e., they could be disconnected), but they are
certainly open sets. Let

S={z€:|z| =R}.

If u <m on S, then we apply the result of the first paragraph on {2; and
the result of the second paragraph on 2.

If it is not the case that u < m on S then v will have a maximum N on S
with N > m. But this will of course be a maximum for v on all of 2. Since
u < m at the ends of the arcs of S, it follows that u actually achieves the
maximum N on S. Therefore, by the usual maximum principle, u is identi-
cally equal to the constant N. But then the boundary condition (9.2.1) cannot
obtain. This is a contradiction. O

It is important to realize that, if {2 has reasonably nice boundary, then
w(z, 2, FE) is nothing other than the Poisson integral of the characteristic
function of E. [We of course used this fact in our discussion of the existence
of harmonic measure.] In any event, by the maximum principle the function
w takes real values between 0 and 1. Therefore 0 < w(z, 2, F) < 1.

One of the reasons that harmonic measure is important is that it is a
conformal invariant. Essential to this fact is Carathéodory’s theorem that a
conformal map of Jordan domains will extend continuously to the closures.
We now formulate the invariance idea precisely.
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Proposition 9.2.3. Let (21, {25 be domains with boundaries consisting of Jor-
dan curves in C and ¢ : 1 — (25 a conformal map. If £y C 9821 is an arc
and z € (21, then

W(Z, 'Qla El) = W(QO(Z), ‘927 @(El)) :
Here p(E4) is well defined by Carathéodory’s theorem.

Proof. Let h denote the harmonic function w(¢(2), 22, ¢(E1)). Then ho ¢
equals harmonic measure for ¢(FE;) on £2; (by Carathéodory’s theorem). [

Remark 9.2.4. It is worth recording here an important result of F. and M.
Riesz (see [KOO, p. 72]). Let 2 C C be a Jordan domain bounded by a
rectifiable boundary curve. Let ¢ : D — (2 be a conformal mapping. If E C 9D
has Lebesgue linear measure zero, then ¢(FE) also has Lebesgue linear measure
zero. See also Theorem 9.6.2 below.

9.3 Some Examples

The harmonic measure helps us to understand the growth and value distribu-
tion of harmonic and holomorphic functions on (2. It has become a powerful
analytic tool. We begin to understand harmonic measure by first calculating
some examples.

Ezample 9.3.1. Let §2 be the upper halfplane. Let E be an interval [—T, T
on the real axis, centered at 0. Let us calculate w(z, 2, E) for z = « + iy =
(z,y) € £2.
It is a standard fact (see [GRK1]) that the Poisson kernel for 2 is
1 Yy
P =— .

Here we use the traditional real notation for the kernel. In other words, the
harmonic function w that we seek is given by

. 1 [ 1 /7
st =1 [ a0 e a=t [

—oo z—1)%+y? mJor (x—1)* +y?

Now it is a simple matter to rewrite the integral as

11 /T 1
(T) +1

1 T 1 - T
= ~Tan! (m—i— ) — “Tan~! <x > .
7T Yy u Yy

Il
I
3
5
B
L
7 N\
8
<
~
N——
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1L
o e (x,y)
o'\:/‘\
‘\\//,\
"r y : )
~— ~ ey e’
T+x T—x

Fig. 9.1. The value of w(z, £2, E).

The reader may check for himself that this function is harmonic, tends to 1

as (z,y) approaches E C 92, and tends to 0 as (x,y) approaches 002\ E.
Glancing at Figure 9.1, we see that the value of w(z, 2, F) is simply o/,

where « is the angle subtended at the point z = (z,y) by the interval E.

More generally, if E is any bounded, closed interval in the real line, then
the harmonic measure w(z, 2, E) will be 1/7 times the angle subtended at
the point z = (z,y) by the interval E. But we can say more. If now FE is the
finite disjoint union of closed, bounded intervals,

E=LU---UI,,

then the harmonic measure of E is just the sum of the harmonic measures
w(z, £2,1;) for each of the individual intervals. So the harmonic measure at z
is just 1/7 times the sum of the angles subtended at z = (z,y) by each of the
intervals I;.

Ezample 9.8.2. Let {2 be the unit disk. Let E be an arc of the circle with
central angle a. Then, for z € (2,
20 —

2

w(z, 2, F) =

where 0 is the angle subtended by E at z. See Figure 9.2.

It turns out to be convenient to first treat the case where FE is the arc from
—1i to i. See Figure 9.3.

We may simply calculate the Poisson integral of x(_r/2,x/2), where of
course the argument of this characteristic function is the angle in radian mea-

sure on the circle. Thus, for z = re*,
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Fig. 9.2. The angle subtended by E at z.

Fig. 9.3. The case F is the arc from —i to i.

1 [/ 1—7r2
0B =- [ - - 2 di
w(z 2. E) 27r/,,/2 1—2rcos(A—1t)+1r2

17’2/”/2 I S
27 a2 (L472) —2rcos(A —t)

At this point it is useful to recall from calculus (and this may be calculated
using the Weierstrass w = tan /2 substitution) that
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/ dx B 2
a+bcosz

193
a—>b T
Tan~! —— tan —
Jaz—p " ( atb a“z)
Therefore
1
w(z,,F) = —

1 A+ I 1 A—
Tan ™! tr tan 2 ) — Tan! tr
T 1—r 2
sion as

s
tan 2 .
1—r 2 )]
Some easy but tedious manipulations now allow us to rewrite this last expres-

1 _ 1+7r sin A+ 1
2,E)=— |Tan"! :
w(z 0, B) 7T|: an (<1r> ( cos A\ ))
1 i —
< ((5)- ()]
1—r
Recall, however, that

9.3.1
cos A ( )
tan o — tan 3
t o — .
an(a — §) 1+tanatan 3’
hence
—-b
Tan 'a — Tan'b = Tan™! (1a+ ab) . (9.3.2)

Applying this simple idea to (9.3.1) yields

w(z,2,E) = lT&m_1 G—%) (

™

in A+1 14+ inA—1

Sltrzlos)\ ) - (17:) (Sltr:los)\ )
147 ) (sinA41 147 (sinA—1
1_’_(1_;) (bcos)\ ).(1—7“) (S )
Elementary simplifications finally lead to

cos A

2
w(z, 2, E) = lTaun_1 ( L=
T

2r cos )\) '

Now it is helpful to further rewrite this last expression (again using (9.3.2))
as ) )
2 [Tan~! (L22si) o ! (L

T COS A )} -7
2m
(remembering, of course, that 7/2 — Tan™*(v) = Tan"'(1/v)). But this last
is just the formula

20 — «

2
for the special angle a = 7, that was enunciated at the start of the example.

For the case of general E, we may first suppose that F is an arc centered
at the point 1 € 9D. Second, we may reduce the general case to the one just
calculated by using a Md6bius transformation.
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Ezample 9.3.3. Suppose that (2 is an annulus with radii 0 < r < ry < o0.
Then one may verify by inspection that if F is the outer boundary circle of
the annulus, then
1
w(z,Q,E) _ Og(|Z|/T’1) )
log(ra/71)

In general it is a tricky business to calculate exactly the harmonic measure
for a given region (2 and a given E. But one may often obtain useful estimates.
The ensuing discussion will bear out this point.

9.4 Hadamard’s Three Circles Theorem

Hadamard’s three circles theorem (sometimes called the “three lines theo-
rem”) is an important sharpening of the classical maximum principle. It has
proved useful in various parts of analysis, notably in proving the Riesz—Thorin
interpolation theorem for linear operators. Here we shall give a thorough treat-
ment of the three circles theorem from the point of view of harmonic measure.
Afterwards we shall discuss the result of Riesz and Thorin.

We begin by treating some general comparison principles regarding the
harmonic measure. It will facilitate our discussion to first introduce a slightly
more general concept of harmonic measure.

Let 2 C C be, as usual, a domain. Let A be a closed set in the extended
plane C. Let E denote that part of 9(£2\ A) that lies in A. [In what follows,
we will speak of pairs (2, A).] Then w(z, 2\ A, E) will be called the harmonic
measure of A with respect to {2, assuming that the geometry is simple enough
that we can compute this number component-by-component (of 2\ A). Gen-
erally speaking, in the present chapter, we assume that all boundaries that
arise consist of finitely many Jordan curves. When it is needed, we assume
that when we analyze sets like [£2\ A]N A, then there will be only finitely many
boundary arcs. This standing hypothesis is made so that we can readily apply
Lindel6f’s Proposition 9.2.1. Often this standing hypothesis will go unspoken.

The first new comparison tool is called the majorization principle.

Theorem 9.4.1. Consider two pairs (12, A) and (£2, A). Let
fiO\A—Q

be holomorphic. Assume furthermore that if 2 > z — A, then 25> f(z)— A.
Then

w(z,2,A) <w(f(2),92,A)
for z € f7H(2\ A).

Remark 9.4.2. Of course we consider only holomorphic f because we want a
mapping that preserves harmonic functions under composition.
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Proof of Theorem 9.4.1. Let us abbreviate

w=w(z,,A) and w=(f(2),2,4).

Now we apply the maximum principle to w — @ on a connected component
V of f71(£2\ A). As z approaches the boundary of V, either z tends to a
boundary point of {2 that is not on A, or else f(z) tends to A. In either of
these circumstances, limsup,_, 5y (w — @) < 0 except when f(z) tends to an
endpoint of the boundary arcs of 2 \ A that lie on A. Since there are only
finitely many such points, Lindel6f’s Proposition 9.2.1 tells us that the maxi-
mum principle still remains valid. We therefore conclude that w < @ on all of

FTHRN\ A). 0

Corollary 9.4.3. The function w(z, {2, A) increases if either {2 increases or
A increases. That is to say, if 2 C 2% and A C A*, then

w(z,2,A) <w(z, 2%, A) and w(z,2,A) <w(z, 2, A%).

Remark 9.4.4. This result is reminiscent of the “extension principle” that we
treated in Section 6.2 during our study of the Lindel6f principle.

Proof of the Corollary. We prove the first statement and leave the second
for the reader.

We apply the theorem with f : 2\ A — 2* being the identity mapping.
The result is now immediate. O

Now let £2* be an open disk of radius R > 0 and let A* be a smaller closed
disk of radius 0 < r < R. One may see by inspection that

log(R/|f(2))

w(f(), 2, A7) = B

We do not yet say what f is, and in practice there is considerable latitude.
Nonetheless, we see immediately that the function w is identically equal to 1
when f(z) € 0A* and identically equal to 0 when f(z) € 02*. And of course
it is harmonic.

Now we have our first result where the quantitative properties of the har-
monic measure play a decisive role.

Theorem 9.4.5. Let f be a holomorphic function on a domain §2. Let A be a
closed set. If | f(z)] < M in 2 and | f(2)| <m < M on A, then, for0 <6 <1,

[f() <m”M'=?

at points z where w(z, 2, A) > 0.
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Remark 9.4.6. This result is of fundamental philosophical importance. It
shows how the harmonic measure is a device for interpolating information
about the function f.

Proof of Theorem 9.4.5. Of course f : £2 — D(0, M). We take A = D(0,m),
A = f71(A), and 2 = f(£2). Then we apply the previous theorem and the
remark following. So

Wz, 2,A) < w(f(2), 2, 4) = W

At a point z for which w(z, 2, A) > 6 we have
_ los(M/|f(=))
-~ logM/m
This inequality is equivalent to the desired conclusion. O

If we take {2 and A in this last theorem to be annuli, then we can draw an
important and precise conclusion. Namely, we have this version of the three
circles theorem.

Theorem 9.4.7 (Hadamard). Let f be a holomorphic function on an an-
nulus A={ze€C:c<|z| <C}. Forc<t < C welet

M(r) = m§X|f(z)|

|z|=T
Ifc<r <p<R<C, then we have

log R — 1 log p — 1
< JBRZI08p o0 () 4 08P 08T

log M
og M(p) = log R — logr log R —logr

og M(R).
[ This inequality says quite plainly that log M (s) is a convez function of log s.]
Proof. Let

N={zeC:r<|z| <R}

and let
A={z€C:r<|z|<r+¢€}, somee>0.

We assume that f is holomorphic on 2, |f| < M on 2, and |f| < m on A.
The preceding theorem tells us that

|£(2)] < mPMmt=? (9.4.1)
on the set where w(z, §2, A) > 0, that is, on the set where

log(|z|/R)
og((r +&)/B) =
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[Note that the roles of r + ¢ and R are reversed from their occurrence in
Example 9.3.3, just because now we are creating harmonic measure for the
inside circle of the annulus.]

In particular, inequality (9.4.1) holds when |z| = (r + €)? R*=%. We take

~ logR—1logp
~ log R —log(r +¢)

and
2| = (r+€)’R¥% = p,.

Then (9.4.1) translates to
M(pe) < M(r+e€)” - M(R)'™°.

Letting ¢ — 07 and taking the logarithm of both sides yields the desired
result. a

We note that Ahlfors [AHL2], from which our exposition derives, likes to
express the conclusion of this last result as

1 1 1
det logr log p log R >0.
log M (r) log M(p) log M (R)

We close this section by formulating the three-lines version of Hadamard’s
theorem. It is proved from Theorem 9.4.7 simply with conformal mapping,
and we leave the details to the interested reader.

Theorem 9.4.8. Let f be a holomorphic function on the strip S = {z € C:
0<Rez<1}. For0 <z <1 we let

M(z) = max |f(2)].

Rez=z

If0<a<p<b<l, then we have

I — 1 1 — 1
< Jo8b 218D 0 pp(a) 4+ 10822108 1y

log M
og M(p) = logb —loga logb —loga

[ This inequality says quite plainly that log M (s) is a convex function of log s.]

9.5 A Discussion of Interpolation of Linear Operators

Marcel Riesz discovered the idea of interpolating linear operators in the fol-
lowing context. Perhaps the most important linear operator in all of analysis

is the Hilbert transform
Hf»—>/ /) dt.
RTL— t
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This operator arises naturally in the study of the boundary behavior of con-
jugates of harmonic functions on the disk, in the existence and regularity
theory for the Laplacian, in the summability theory of Fourier series, and
more generally in the theory of singular integral operators. [We provide de-
tailed discussion of these ideas, in context, in Chapter 10 below.] It had been
an open problem for some time to show that H is a bounded operator on L7,
1<p<oo.

It turns out that the boundedness on L? is easy and follows from Plan-
cherel’s theorem in Fourier analysis. Riesz cooked up some extremely clever
tricks to derive boundedness on LP when p is an even integer. [These ideas are
explained in detail in [KRA4] and also in Section 10.3.] He needed to find some
way to derive therefrom the boundedness on the “intermediate” LP spaces.
Now we introduce enough language to explain precisely what the concept of
“intermediate space” means.

Let Xg, X1, Y0, Y1 be Banach spaces. Intuitively, we will think of a linear
operator 1" such that

T: Xo — YO

continuously and
T: X1 —-Y;

continuously. We wish to posit the existence of spaces Xy and Yy, 0 <0 <1
such that these new spaces are natural “intermediaries” of X, Yy, X1, Y7 and,
furthermore, that

T:Xg—Yy

continuously. There is interest in knowing how the norm of T" acting on Xy
depends on the norms of T acting on Xy and X;.

One rigorous method for approaching this situation is as follows (see [BEL],
[STW], [KAT] for our inspiration). Let Xy, Yy, X1,Y7 be given as in the last
paragraph. Suppose that

T:XoﬂX1—>YOUY1

is a linear operator with the properties that

(1) |Tz|ly, < Collz]lx, for all x € Xo N X75;
(i) | Tz|ly, < Collz||x, for all z € Xo N X;.

Then we want to show that there is a collection of norms || |x, and || ||v,,
0 < 6 < 1, such that
1Tz, < Collxllx, -

So the problem comes down to how to construct the “intermediate norms”
| llx, and || |y, from the given norms || [x,s | Ivos || llx,, and || ;.

There are in fact a number of paradigms for effecting the indicated con-
struction. Most prominent among these are the “real method” (usually at-
tributed to Lyons and Peetre—see [LYP]) and the “complex method” (usually
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attributed to Calderén—see [CAL]). In this text we shall concentrate on the
complex method, which of course was inspired by the ideas of Riesz that were
described at the beginning of this section.

Instead of considering the general paradigm for complex interpolation, we
shall concentrate on the special case that was of interest to Riesz and Thorin.
We now formulate our main theorem.

Theorem 9.5.1. Let 1 < pg < p; <00 and 1 < gy < ¢1 < 00. Suppose that
T : LP°(R?) N LP' (R?) — L% (R?) U L% (R?)
18 a linear operator satisfying
T fllLeo < CollfllLro

and
ITfllLa < Collfllze: -

Define pg and qp by

1 1 1
—=(1-6)-—+6-—
Do Do p1
and 1 1 )
—=(1-0)-—+0-—,
q9 qo q1

with 0 <0 < 1. Then T is a bounded operator from LP? to L and
ITfllze0 < Co~ CTIf v -

Proof. Fix a nonzero function f that is continuous and with compact support
in R2. We will prove an a priori inequality for this f, and then extend to
general f at the end. Now certainly f € LP°NLPt. We consider the holomorphic
function X

(e [T @) =202 dg) 00/

(I]RQ |f($)|(1—2)po+zp1 dx)(l_z)/P0+Z/p1
on the strip S = {z € C: 0 < Rez < 1}. We define

H:zw—

M(s)= sup |H(z)|, 0<s<1.

Rez=s
Notice that
Jroa |Tf ()| =00 itar g(1=it) /a0 +it/ax
teR fR2 |f(x)‘(1_lt)p0+ltp1 dJL‘(l_“)/Po-Ht/Pl
T a0 g1/
< sup fR2 |Tf (x)]% dx

T ter Jgo |f(@)[P0 dat/po
<Cp.

M (0)
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A similar calculation shows that
M(1)<C.

Obviously this is grist for the three-lines theorem. We may conclude that
M(s)<Cy™*-C3,0<s<1.
Now let p., g, be given by

1 1 1
7:(1_2).i+z.i
D=z Po p1
and
1 1 1
—=1-2)-—+z - —.
q- q0 q1
Now let 2z = s + it. Then

T az
(RalyZ=

In other words,

17l ee < C3*C3 1l -

This is the desired conclusion for a function f that is continuous with compact

support.
The result for general f € LP¢ can be achieved with a simple approximation
argument. O

9.6 The F. and M. Riesz Theorem

One of the classic results of function theory was proved by the brothers F.
and M. Riesz. It makes an important statement about the absolute continuity
of harmonic measure. We begin with a preliminary result that captures the
essence of the theorem. Our exposition here follows the lead of [GARM, Ch.
6].

For 0 < p < 0o we define the Hardy space

1/p

o<r<1

27
HP(D) = {f holomorphic on D : sup (/ | f(re?)P d9>
0

= || fllar < 00}-

These spaces are generalizations of the more classical space H™(D) of
bounded holomorphic functions. See Chapter 6 for a more thorough discussion
of these spaces.

The most important fact about a function in a Hardy space is that it has
a boundary function. We enunciate that result here, and refer the reader to
Chapter 6 for the details.
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Theorem 9.6.1. Let 0 < p < oo and let f € HP(D). Then there is a function
f* € LP(OD) such that

(9.6.1) hI{E f(re’)y = f* (") for almost every 0 € [0,27).

(9.6.2) Let f.(e') = f(re'?) for 0 <r < 1. Assume that 0 < p < oo.
Then lim ||f = frllzoop) = 0.

In the following discussions we shall consider rectifiable curves. Basically,
a rectifiable curve is a curve with finite length. The technical definition is that
the curve is locally the Lipschitz image of the unit interval (see [FED]). But
context will make it clear that the intuitive notion of rectifiability will suffice
for our purposes.

Theorem 9.6.2. Let 2 be a domain such that v = 012 is a Jordan curve. Let
p:D—

be a conformal map. Then the curve v is rectifiable if and only if ¢’ € H'. In
case ¢’ € H', then we have

@'l = length(y) = H'(y). (9.6.3)
Here H' is one-dimensional Hausdorff measure.

Remark 9.6.5. Tt is known (see [KRA1] and our Chapter 6) that a function in
H! has a boundary limit function that is in L!'(dD). Thus the hypothesis of
the theorem says essentially that ¢ is absolutely continuous on the boundary
of D. It makes sense then that ¢ would preserve length on the boundary.
Theorem 9.6.2 is essentially equivalent to the result of F. and M. Riesz that
we described in Remark 9.2.4.

Proof of Theorem 9.6.2. Once again we invoke Carathéodory’s theorem; thus
we know that ¢ and its inverse extend continuously and univalently to their
respective boundaries. Let us assume that ¢’ € H'. Let

0=0g<b1 << - <0 =27

be a partition of [0, 27]. Then of course

k k
3 Jele®) — o) = tm 3 fere®) - g(re )|
Jj=1 j=1
k

I
g
™

IN

16| 1 - (9.6.4)
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But plainly the length of v is the supremum, over all partitions of [0, 27),
of the left-hand side of (9.6.4). We conclude that ~y is rectifiable and

length(vy) < ||| g1 -

For the converse, assume that - is rectifiable. If 0 < r < 1 is fixed, then let
¥ =@({z € C: |z| =r}). Let € > 0. Now choose a partition {6,01,...,0}
of the interval [0, 27) as before so that

k
> lplre®) — o(re=1)| > length(y,) —e.
j=1
We write i
n(z) = Z}W(zewj) — p(ze1)|.
j=1

Then 7, being the sum of absolute values of holomorphic functions, is subhar-
monic. By Carathéodory’s theorem, 7 is continuous on D. Hence

supn(z) = supn(e’) < length(y).
D 0
We conclude that
27
/ |g0'(rei9)| df = length(v,) < n(r) + € < length(y) + €.
0

It follows that ¢/ € H' and equality (9.6.3) is valid. We conclude by not-
ing that, for a rectifiable curve, the ordinary notion of length and the one-
dimensional Hausdorff measure are the same. |

The reason that we include Theorem 9.6.2 in the present chapter—apart
from its general aesthetic interest—is that it can be interpreted in the language
of harmonic measure. Let notation be as in Theorem 9.6.2. To wit, let v = 942
be a rectifiable Jordan curve as above and let F© C v be a subcurve. Let
F = ¢(E) and a = ¢(0). Then Carathéodory’s theorem, Example 9.3.2, and
Proposition 9.2.3 tell us that

1
w(a, 2, F) =w(0,D,E) = %\EL

where the | - | denotes arc length. Since F' is an arc, we see that Theorem
9.6.1 and the proof of (9.6.3) tell us that

YF)y=H! = lim '(re®® = "(e® . 6.
H(F) = 1! (o(E)) = 1 /Ew )| o /Em( Jdo.  (9.6.5)

r—1-

Of course if (9.6.5) holds for arcs, then, by passing to unions and intersections,
we see that it holds for Borel sets F'. Thus we derive the important conclusion
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w(a, 2,F) =0=H(F)=0.

Conversely, since (by a standard uniqueness theorem—see [KOO])
[0 : |¢'(e?)] = 0}| = 0, we see that

HYF)=0= w(a,2,F)=0.

What we have proved, then, is that when v = 92 is rectifiable then har-
monic measure for {2 and linear measure on  are mutually absolutely con-
tinuous. We now summarize this result in a formally enunciated theorem.

Theorem 9.6.4 (F. and M. Riesz, 1916). Let 2 be a simply connected
planar domain such that v = 012 is a rectifiable Jordan curve. Assume that

p:D—

is conformal. Then @' € LY(OD). For any Borel set E C D it holds that

H(elE) = [ I as.
Also, for any Borel set F' C 0f2 and any point o € (2,
w(a,2,F)=0sH' (F)=0.

We conclude by noting that Theorems 9.6.2 and 9.6.4 are equivalent, just
because formula (9.6.3) is valid precisely when ¢’ € H?!.

Problems for Study and Exploration

1. Let 2 ={2z€C:-1<Imz <1} and let E C 912 be the set E = {t+i:
—00 < t < co}. Calculate the harmonic measure of E with respect to 2.
Can you relate this problem to Example 9.3.37

2. Let 2={2€C:-1<Imz< 1} and let E C 02 be theset £ ={t+i:
—1 < t < 1}. Calculate the harmonic measure of E with respect to 2.

3. Let U be the upper halfplane and let E = {z +i0 : < 0}. Calculate the
harmonic measure of E with respect to U.

4. Use translation and subtraction, together with the result of Exercise 3,
to calculate the harmonic measure of an interval in the boundary of the
upper halfplane. Compare with Example 9.3.1.

5. Kakutani’s theorem from 1944 (see [KAK]) asserts that the harmonic
measure of a set E C 9f2 evaluated at a point z € (2 is equal to the
probability that a Brownian traveler in {2 starting at z will exit the domain
at a point of E. Look up the basics of Brownian motion (for example, in
the books [DUR] or [NEL]) and explain what Kakutani’s theorem means.
Use the theorem to give an elegant solution to Exercise 3.
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6. Let D be the unit disk. A set £ C @D has harmonic measure identically
0 with respect to D. What can you conclude about E?

7. What does harmonic measure—on the disk let us say—have to do with
the Poisson kernel? Give a detailed answer.

8. Let 2 C C be a domain and let E, E’ C 9f2. Suppose that

w(z,2,F) > w(z,2,E)

for all z € 2. What can you conclude about E, E'?
9. Refer to Exercise 5. Suppose that F, £’ C 92 and assume that £ C E’.
Is there any relationship between w(z, 2, F) and w(z, 2, E')?

10. Refer to Exercises 5 and 9. Suppose that E, E’ C 9f2. What relation-
ships are there, if any, among w(z, 2, E), w(z, 2, E"), w(z, 2, ENE’), and
w(z, 2, EUE")?

11. Let D be the disk. Prove that, if w(z, D, E) is not identically 0, then
w(0, D, E) is not 0.

12. Refer to Exercise 11. Prove that, if w(z, £2, E) is not identically 0, then in
fact it is never 0.



10

Conjugate Functions and the
Hilbert Transform

Genesis and Development

A major theme of analysis in the early twentieth century was the study
of convergence of Fourier series. There are two basic types of conver-
gence: pointwise convergence and norm convergence. The study of
norm convergence gives rise rather quickly to the study of the Hilbert
transform.

Specifically, let f be an LP function on the circle and let Sy f be
the partial sums of its Fourier series. It is a fact that Sy f — f in LP
norm for all such f if and only if the Hilbert transform is bounded
in norm on LP. This statement alone was a triumph of the very new
subject of functional analysis.

It is straightforward to see that the Hilbert transform is bounded
on L?. In fact L? convergence of Fourier series can be proved by many
different means; the most convenient and elegant is to use elementary
Hilbert space theory. But the situation for p # 2 is difficult.

It was Marcel Riesz who, in 1926, was finally able to establish
the LP boundedness of the Hilbert transform for 1 < p < co. One of
the bonuses of his stunning proof is that he invented the subject of
interpolation of linear operators.

We shall touch on all these topics in the present chapter. A very
basic familiarity with functional analysis will be helpful here.

10.0 Introduction

One of the great sagas of twentieth-century analysis is the development of
the connection between the boundary behavior of holomorphic functions on
the disk, the existence of conjugate harmonic functions, and how both these
phenomena are controlled and explained by Fourier series and the Hilbert
transform. In the present chapter we will tell a good part of this story.
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The presentation here will be partly complex function theory, partly the
theory of integral operators, and partly harmonic analysis. There is also some
functional analysis thrown into the mix. It is the stepping stone to a lot of
good analysis, much of which is still studied today.

10.1 Discovering the Hilbert Transform

We saw in Section 6.1 that a function f in the Hardy class HP(D) on the
disk may be identified in a natural way with its boundary function, which we
continue to call f*. Fix attention for the moment on p = 1.

If ¢ € L'(0D) and is real-valued, then we may define a harmonic function
u on the disk by

: I 1—r?
0y & i)
u(re™) = 27 /0 ol )1 —2rcos(f — ) + r? .

Of course this is just the usual Poisson integral of ¢. As was proved in Section
6.1, the function ¢ is the “boundary function” of u in a natural manner. Let
v be the harmonic conjugate of u on the disk (we may make the choice of v
unique by demanding that v(0) = 0). Thus h = u + iv is holomorphic. We
may then ask whether the function v has a boundary limit function 5

To see that ¢ exists, we reason as follows: Suppose that the original func-
tion ¢ is nonnegative (any real-valued ¢ is the difference of two such functions,
so there is no loss in making this additional hypothesis). Since the Poisson
kernel is positive, it follows that u > 0. Now consider the holomorphic function

F = e—u—iv

The positivity of u implies that F' is bounded. Thus F' € H*. By Theorem
6.1.23, we may conclude that F' has radial boundary limits at almost every
point of dD. Unraveling our notation (and thinking a moment about the
ambiguity caused by multiples of 27), we find that v itself has radial boundary
limits almost everywhere. We define thereby the function 5

Of course the function h can be expressed (up to an additive factor of 1/2
and a multiplicative factor of 1/2) as the Cauchy integral of ¢. The real part
of the Cauchy kernel is the Poisson kernel (again up to a multiplicative and
additive factor of 1/2—see the calculation following), so it makes sense that
the real part of h on D converges back to ¢. By the same token, the imaginary
part of h is the integral of ¢ against the imaginary part of the Cauchy kernel,
and it will converge to ¢. It behooves us to calculate the imaginary part of
the Cauchy kernel.

In the Cauchy integrand (1/2mi)[1/(¢ — 2)]d(, we set z = re'® and ¢ = e'¥.
Then
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1 1 _ —id¢
%C—zdc ~21C(¢ - 2)
dip (1 —re =¥ dy)

T 2n(1—re@=0)) T 2x[1 — rei0-0)]2

_ [L=rcos(0 — )] +i[rsin(0 — )]
B 27|l — 7"61'(0*’4/))|2 dy. (10.1.1)

For convenience, let us set t = 8 — ¢. Then the imaginary part of the Cauchy
kernel, as just normalized and calculated, equals

1 rsint

Pt R s
r(e) 2 1 —2rcost 4+ r2

[If we denote the real part of (10.1.1) by P, then a quick calculation shows
that P¥—1/[4w] = [1/2]- P., where P, is the usual Poisson kernel.] We conclude
that
v(re®) =2 P, x ¢(e?).

If we formally let » — 1~ (and suppress some nasty details—see [KAT]), then
we find that 5 is just the convolution of ¢ with the kernel

~ sint

k() =2 2 —2cost

2sint/2cost/2
2[1 — cos2t/2 4 sin? t/2]
= cot(t/2).

The operator
H: ¢ ¢xcot(t/2) (10.1.2)

is the Hilbert transform from the theory of Fourier series (see Chapter 1 of
[KRAA4]). Its study is motivated by questions of norm convergence of classical
Fourier series.

10.2 The Modified Hilbert Transform
We first note that, in practice, people do not actually look at the operator

consisting of convolution with cot % This kernel is a transcendental function,
and is tedious to handle. Thus what we do instead is to look at the operator

1 g 2
H:f Hp.v.%[ﬂ fla—1)- 2t (10.2.1)

Here P.V. stands for “principal value.” This idea is discussed in greater detail
in the next section; it is a way to make sense of a formally nonconvergent
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integral. Clearly the kernel 2/t is much easier to think about than cot £. It

is also homogeneous of degree —1, a fact that will prove significant when we

adopt a broader point of view later. But what gives us the right to replace

the complicated integral (10.1.2) by the apparently simpler integral (10.2.1)7
Let us examine the difference

t 2
I(t) = cot <2> -7 0 < |t| < 2m,

which we extend to R\ 27Z by 2n-periodicity. Using the Taylor expansions
of sine and cosine near the origin (and exploiting Landau’s notation), we may
write

1+ 0(t? 2
1) = t/2 + (9((#2’) 1
2+0(t?) 2
t+0O(3) ¢t
- [1 + O(t?) 1]
1+0(t3)
-O(t?)

=0().

[\

t
2
t

Thus the difference between the two kernels under study is (better than) a
bounded function. In particular, it is in every LP class. So we think of

1 g t 1 ™ 9
PV.— f(z —t)cot <2> dt = P.V.% flz—1t)- Edt

2T —r -7
FPV. = [ fla—t)-I(t)dt
2

—T

— Hf(z) + % [ fwi - nar

=J1+ Jo.

By Schur’s lemma (see [STW]), the integral J; is trivial to study: The integral
operator
Pl

is bounded on every LP space. Thus, in order to study the Hilbert transform,
it suffices for us to study the integral in (10.2.1). In practice, harmonic ana-
lysts study the integral in (10.2.1) and refer to it as the “(modified) Hilbert
transform” without further comment. To repeat, the beautiful fact is that the
original Hilbert transform is bounded on a given LP space if and only if the
new (modified) transform (10.2.1) is bounded on that same LP. [In practice

it is convenient to forget about the “2” in the numerator of the kernel in
(10.2.1).]



10.3 The Hilbert Transform and Fourier Series 209

10.3 The Hilbert Transform and Fourier Series

In this section we will explain the connection of the Hilbert transform with
the theory of Fourier series.

The Hilbert transform H is one of the most important linear operators in
all of mathematical analysis. First, it is the key to all convergence questions
for the partial sums of Fourier series. Second, it is a paradigm for all singular
integral operators on Euclidean space. Third, the analogue of the Hilbert
transform on the line is uniquely determined by its invariance properties with
respect to the groups that act naturally on 1-dimensional Euclidean space.

We first must review the key concepts from Fourier series. From a theoret-
ical point of view, it is convenient (see [KRA4]) to think of Fourier analysis
as being done on the circle group T = R/27Z. But in practice we work on
the interval [0, 27) with ordinary Lebesgue measure. Notice that this interval
contains one element from each equivalence class in T.

Definition 10.3.1. Let f be an integrable function on T. For j € Z, we define

1 2m

fUy=aj=o [ f@W)e ™ dt.
T Jo

We call f(]) = a; the j*® Fourier coefficient of f.
The first fact we notice about Fourier coefficients is this:

Lemma 10.3.2. If f is integrable then, for each j,

[FG) < £l -

~

Proof. Immediate from the definition of f(j). O

One of the most profound, but truly elementary, facts about Fourier co-
efficients is the next result of Riemann and Lebesgue about the asymptotic
vanishing of these terms:

Lemma 10.3.3. Let f be integrable. Then

lim |f(5)| =0.

j—+o0

Proof. First consider the case when f is a trigonometric polynomial, which
means that

M
fy= " ae
j=—M

Then f(j) = 0 as soon as |j| > M. That proves the result for trigonometric
polynomials.
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Now let f be any integrable function. Let € > 0. Choose a trigonometric
polynomial p such that ||f — p|r: < € (use the Stone-Weierstrass theorem
[RUD2]). Let N be the degree of the trigonometric polynomial p and let
|7| > N. Then

o)l < ][f —pm)) 150))

<|f=plle +0
< €.

This proves the result. O

In the subject of Fourier series, it is convenient to build a factor of 1/27
into our integrals. We have already seen this feature in the definition of the
Fourier coefficients. But we will also let

1/p

1 [ ,
1fllzecmy = [QW/O |f(e)P dt} , 1<p<oo.

The fundamental issue of Fourier analysis is this: We introduce the formal
expression

Sf~ Y Fli)et. (10.3.1)

j=—o0

We call the expression formal, because we do not know whether the series
converges; if it does converge, we do not know whether it converges to the
function f.!

Hot debate over the summing of Fourier series was brought to a halt by
P. Dirichlet in 1828; for the first time in the context of Fourier series, he
defined what was meant for a series to converge. And he proved a version of
our Theorem 10.3.5 below. Given our current perspective, it is clear that the
first step in such a program is to define the notion of a partial sum.

Definition 10.3.4. Let f be an integrable function on T and let the formal
Fourier series of f be as in (10.3.1). We define the N*" partial sum of f to be
the expression

N
Snfl@)= > FG)e’*.
j=—N
We say that the Fourier series converges to f at the point x if
Snf(x) — f(x) as N — o0

in the sense of convergence of ordinary sequences of complex numbers.

! Recall here the theory of Taylor series from calculus: the Taylor series for a typical
C*° function g generally does not converge, and when it does converge it does
not typically converge to the function g.
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It is most expedient to begin our study of summation of Fourier series by
finding an integral formula for Sy f. Thus we write

N
Snf(z)= > f()e "
j=—N
N 1 27
= —/ f(t)e ¥t dt e¥*
N 27T 0
1 2m N i "
=— @D | £(4)dt. (10.3.2)
= P (0

We need to calculate the sum in brackets; for that will be a universal object
associated to the summation process Sy, and unrelated to the particular
function f that we are considering.

Now
N 2N 2N _
Z eijs — 671'Ns Z eijs — efiNs Z[eis}J' (1033)
j=—N Jj=0 J=0

The sum on the right is a geometric sum, and we may instantly write a formula
for it (as long as s # 0 mod 2m):

2N i
$h e o £
5 ezs _ 1

Substituting this expression into (10.3.3) yields

N i(2N+1)s
ijs _ ,—iNs € ( -1
E e’ =e _
ers —1
j=—N

ei(N+1)s _ e iNs
B ets — 1

ei(N+1)s — ¢~ iNs e—is/Z
- ets — 1 ’ e—1s/2

ci(N+1/2)s _ o—i(N+1/2)s

eis/2 _ g—is/2
sin(N + 3)s

|
S111 55

We see that we have derived a closed formula (no summation signs) for
the relevant sum. In other words, using (10.3.2), we now know that
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S f(a) = i/o ™ sin [N+ 3] (z — t)f(t) it

27 sin 174
The expression
sin [N+ 1]s
D (s) = n [V 5] — d
Sin bl
is called the Dirichlet kernel. It is the fundamental object in any study of the
summation of Fourier series. In summary, our formula is

1 2w

Snf(z) = o/, Dn(x —1t)f(t)dt

or (after a change of variable—where we exploit the fact that our functions
are periodic to retain the same limits of integration)
1 27
Snf(z) = Dy (t) f(z —t)dt.

,%O

For now, we notice that

1 2m 1 or N B
— Dy(t)dt = — It dt

N 2m
1 3
= E o / evtdt
j=—n T Jo

1 27 .
= — / et dt
2 0

=1.

Departing from many popular studies, we will begin our work with the
following not-terribly-well-known theorem of Dirichlet:

Theorem 10.3.5. Let f be an integrable function on T and suppose that f is
differentiable at x. Then Sy f(z) — f(x).

An immediate corollary of the theorem is that the Fourier series of a differen-
tiable function converges to that function at every point. Contrast this result
with the situation for Taylor series!

Proof of the Theorem. We examine the expression Sy f(z) — f(x):

2m
Swf0) — 10l = |5 [ Dv) e =)t~ 10

1 2w 2w ‘

o DN(t)f(x—t)dt—Qi Dy (t)f(x)dt
T Jo T Jo




10.3 The Hilbert Transform and Fourier Series 213

Notice that something very important has transpired in the last step: we used

the fact that - OQW Dy (t) dt = 1 to rewrite the simple expression f(z) (which

is constant with respect to the variable ¢) in an interesting fashion; this step

will allow us to combine the two expressions inside the absolute value signs.
Thus we have

1 2

[Snf(x) = fz)| =

DyO[f(z— ) — f(x)] dt\ |

2r Jo

We may translate f so that 2 = 0, and (by periodicity) we may perform
the integration from — to 7 (instead of from 0 to 27). Thus our integral is

Py = ‘;ﬁ | pwisw - sy dt\ .

Note that another change of variable has allowed us to replace —t by t. Now
fix € > 0 and write

re < {5 [ owtotro - ronar
+|os [ owtotro - ronal}
tla [ Da0 - 0]t
=I+1I.

We may note that
sin(N + 1/2)t = sin Nt cost/2 4 cos Ntsint/2

and thus rewrite I as

%/_EsinNt [cos;t . f(t)—f(())] dt

in t
SN 5

—T

L[ 1 _
+— cos Nt sinft.w dt
20 Jx 2 sin 5
Jri/ sin Nt coslt.w gt
2m Je 2 sin §

1 (7 1 £ —
+—/ cos Nt Sinft'w dtl.
2 Je 2 sin &
These four expressions are all analyzed in the same way, so let us look at the

first of them. The expression

[cos %t : f(t)smft(o)} X[—m,—d (1)
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is an integrable function (because t is bounded from zero on its support). Call
it g(t). Then our first integral may be written as

L1 7 ine L1 (" v
5r 5 Lwe g(t)dt 5r 5 77Te g(t) dt‘ .
Each of these last two expressions is (1/2i times) the +N*® Fourier coefficient
of the integrable function g. The Riemann—Lebesgue lemma tells us that, as
N — o0, they tend to zero. The other three parts of I are handled in the same
way. That takes care of I.

The analysis of IT is similar, but slightly more delicate. First observe that

f(t) = £(0) = O).

[Here O(t) is Landau’s notation for an expression that is not greater than
C' - [t|.] More precisely, the differentiability of f at 0 tells us immediately that
[f() = f(0)]/t — f'(0), hence that |f(t) — f(0)] < C - |¢| for t small.

Thus
1 € gin [N+ 1]¢
7/ [7t2] -O(t) dt
2 sin 5

1l =

—€

Regrouping terms, as we did in our estimate of I, we see that

1 [ 1 [e
1< 7/ sin Nt COSE' O(tt) dt| + 7/ cos Nt sinE~ o) dt| .
2 J_. 2 sing 27 2 g

sa t
—€ 11 5

The expressions in brackets are integrable functions (in the first instance,
because O(t) cancels the singularity that would be induced by sin[t/2]), and
(as before) integration against cos Nt or sin Nt amounts to calculating a £ N*®
Fourier coefficient. As N — oo, these tend to zero by the Riemann—Lebesgue
lemma.

To summarize, our expression Py tends to 0 as N — co. That is what we
wished to prove. O

Now we define the Hilbert transform—ifrom the Fourier series perspective—
and see what it says about the summation of Fourier series.

We begin by defining the Hilbert transform as a multiplier operator. In-
deed, let h = {h;}, with h; = —isgn j; here the convention is that

—lifx <0
sgnx = 0ifz=0
1ifx>0.

Then
Hf=Mnf,

where My, is the so-called “multiplier operator” that assigns to f the new
function with Fourier series



10.3 The Hilbert Transform and Fourier Series 215

7 hif(G)en .

j=—o0

So defined, the Hilbert transform has the following connection with the
partial sum operators:

X = 5 [1+sgn (G + W] = 51+ sgm G~ )]
3 Duen () + xen )
= J[smn G+ N) —sgu (j — )]
3 Do () + xen ()]

Therefore
Snf(e") =ie"™'Hley f] —ieN Hle_n f] + % [P-nf+Pnf]l, (10.3.4)

where P; is the orthogonal projection onto the space spanned by e*/*. Here
en is the operator that shifts the Fourier series of f by N (i.e., multiplies f
by ein).

To understand this last equality, let us examine a piece of it. Let us look
at the linear operator corresponding to the multiplier

m(j) = sgn (j + N).

Let f(t) ~ 35 f(j)e’. Then

= ie "N Hlen f](t).

This is of course precisely what is asserted in the first half of the right-hand
side of (10.3.4). The other parts of (10.3.4) may be understood similarly.

We shall see that the Hilbert transform is bounded on L?. In fact one can
see this result immediately from Bessel’s inequality in the theory of Hilbert
space. We shall give an independent proof below that H is bounded on L? for
1 < p < oo. Similar remarks apply to the projection operators P;, just because
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they are Hilbert space projections. Taking these boundedness assertions for
granted, we now re-examine equation (10.3.4). Multiplication by a complex
exponential does not change the size of an LP function (in technical language,
it is an isometry of LP). So (10.3.4) tells us that Sy is a sum and difference
of compositions of operators, all of which are bounded on LP. And the norm
is plainly bounded independent of N. If we assume that H is bounded on L7,
1 < p < oo, then an easy density argument? shows that that norm convergence
holds in LP for 1 < p < co. We now state this as a theorem:

Theorem 10.3.6. Let 1 < p < oo and assume that the Hilbert transform H is
bounded on LP. Let f € LP(T). Then |Sxf— fllzr — 0 as N — co. Ezplicitly,

1/p
Jim Ust(x)—f(x)wdx ~o.
N —o0 T

The converse statement is true as well (see [KAT] or [KRA4] for the
details).

It is useful in the study of the Hilbert transform to be able to express it
explicitly as an integral operator. The next lemma is of great utility in this
regard.

Lemma 10.3.7. If the Fourier multiplier A = {\;}32_ induces a bounded
linear operator M on LP, then the operator is given by a convolution kernel
K. In other words,

1 2w

Maf(z)=f*xK(z) = — F@OK(x —t)dt.

7277 0

That convolution kernel is specified by the formula

K(e'") = Z Aje't.

j=—00

[ In practice, the sum that defines this kernel may have to be interpreted using
a summability technique, or using distribution theory, or both.)

Proof. A rigorous proof of this lemma would involve a digression into distri-
bution theory and the Schwartz kernel theorem. We refer the interested reader
to either [STW] or [SCH]. O

2 To wit, first note that if p is a trigonometric polynomial, p(x) = Z]I.(:J{ a;e"”,
then surely Syp — p in norm—ijust because when N > k then Syp = p. Then
the uniform norm estimate on the partial summation operators allows one to pass
to the conclusion that Sy f — f for any f € LP.
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In practice, when we need to get our hands on the kernel associated to a
multiplier, we will just calculate it. So this lemma will play a tacit role in our
work.

If we apply Lemma 10.3.7 directly to the multiplier for the Hilbert trans-
form, we obtain the formal series

o0

Z —i-sgnj - et

j=—o0

Of course the terms of this series do not tend to zero, so this series does
not converge in any conventional sense. Instead we use Abel summation (i.e.,
summation with factors of 7171, 0 < r < 1) to interpret the series: For 0 < r < 1
let

o0

ky(e') = Z —irlil . sgn j - et

j=—o0
The sum over the positive indices is

oo

& .

) o ) o

—1 E ri et = E [re”]
Jj=1 j=1

1
= —i|———1
Z[l—re” }

—irett
1—reit’
Similarly, the sum over negative indices can be calculated to be equal to

ire "

1—reit’
Adding these two pieces yields that

—irett ire”
1—ret  1—re it
—it]

kr(e') =

_—irle” —e
= T
_ 2rsint
et
2rsint
1472 —2rcost
2r-2-sin%cos%
(1472 —2r) 4 2r(1 — cos? £ +sin® L)
4rsin%cos%
(1472 —2r) 4+ 2r(2sin® L)’
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We formally let » — 1~ to obtain the kernel
st ot
Sin 5 COS 5

2t
2

k(e't) = = cot % : (10.3.5)

sin
This is the standard formula for the kernel of the Hilbert transform, indeed
it is the formula that we obtained in our consideration of conjugate harmonic
functions in Section 10.1. It should be noted that we suppressed various sub-
tleties about the validity of Abel summation in this context, as well as issues
concerning the fact that the kernel k is not integrable. For the full story,
consult [KAT].

The discussion up to now explicitly exhibits the connection between con-
jugate harmonic functions on the unit disk D and summation of Fourier
series—for both processes give rise to the kernel k(¢) = cot[t/2]. Of course
the connection is much more profound than that; much of the study of mod-
ern complex function theory, function algebras, and Fourier series hinges on
this connection. For further details of the saga, see [GAR], [HOF], [KRA4].

We resolve the nonintegrability problem for the integral kernel k in (10.3.5)
by using the so-called Cauchy principal value; the Cauchy principal value is
denoted by P.V. and will now be defined. Thus we usually write

P.V. % /_7; flz —1t)cot <;) dt,

and we interpret this to mean

1 t
lim — —t)cot | = | dt. 10.3.6
e—0t 27 /e<|t§7r flo=teo (2) ( )

Observe in (10.3.6) that, for € > 0 fixed, cot(t/2) is actually bounded on
the domain of integration. Therefore the integral in (10.3.6) makes sense, by
Holder’s inequality, as long as f € LP for some 1 < p < co. The deep question
is whether the limit exists, and whether that limit defines an LP function.

We now reiterate the most fundamental fact about the Hilbert transform
in the language of integral operators:

Theorem 10.3.8 (M. Riesz). The operator

T

Hf(z)=P.V. =

t
5 f(x —1t)cot (2) dt

is defined on LP(T), 1 < p < oo. It is bounded on LP when 1 < p < oo, but is
unbounded on L' and L>.

We will prove Theorem 10.3.8 in Section 10.4. The significance of Theorem
10.3.8 is given by Theorem 10.3.9 (see also Theorem 10.3.6, which anticipated
this result):
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Theorem 10.3.9. Let 1 < p < oo. Norm-convergent partial summation of
Fourier series is valid in the LP topology if and only if the integral operator
in (10.3.6) is bounded on LP.

An immediate corollary of Theorems 10.3.8 and 10.3.9 is that norm-
convergent partial summation of Fourier series is valid in LP if and only if
1 <p<oo.

The result just enunciated is fundamental to the study of Fourier series.
But it also holds great philosophical significance in the modern history of
analysis. For it shows that we may reduce the study of the (infinitely many)
partial sums of the Fourier series of a function to the study of a single integral
operator. The device for making this reduction is—rather than study one
function at a time—to study an entire space of functions at once. Many of
the basic ideas in functional analysis—including the uniform boundedness
principle, the open mapping theorem, and the Hahn—-Banach theorem—grew
out of questions of Fourier analysis.

10.4 Proof of Theorem 10.3.8

Now we shall prove that the Hilbert transform is bounded on LP(T), 1 < p <
00. We will present an argument due to S. Bochner. This will allow us to make
good use of the Riesz—Thorin interpolation theorem that we proved in Section
9.5.

Proposition 10.4.1. The Hilbert transform is bounded on LP(T) when p = 2k
1$ a positive, even integer.

Proof. Let f be a continuous, real function on [0,27). We normalize f (by
subtracting off a constant) so that [ fdz = 0. Let u be its Poisson integral,
so u is harmonic on the disk D and vanishes at 0. Let v be that harmonic
conjugate of u on D such that v(0) = 0. Then h = u + v is holomorphic and
h(0) = 0.

Fix 0 < r < 1. Now we write

2m
0 = 2wh?(0) = / h2 (re'?) do
0

= /027r [u(re?) + iv(re'®)])?* do

27
= / u?F do + i (21k> /uzk*lv de
0
2
_< 2]€) /u2k_2’l}2d9 4+
2
+Z~2k—1 <2k ﬁ 1) /’U/UQk_l d9+i2k/1}2k d9
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We rearrange the last equality as

2 2
/ vad9<< 2k )/ uv? 1| df
2k /27r 2, 2k—2
+ u-v do+ -
(ass) [ e

2 2m ) 27
+< k‘) / |u2k_2112| d9 + ( k) / |u2k—1v| d9
2 0 1 0

2
+/ [u?*| df .
0

We apply Holder’s inequality to each composite term on the right—using
the exponents 2k/j and 2k/[2k — j] on the j*! term, for j = 1,2,...,2k — 1.

It is convenient to let S = U u?k d@}l/% and T = [f 02k d@]l/% and we do
so. The result is

2k 2k
T2k‘ < Tzk—l 2T2k—2 .
—(2k1>5 Tlon—2)® +

+ (2’“) ST 4 (21]“) ST 4 G2

Now define U = T'/S and rewrite the inequality as

2k 2k 2k 2k
U < <2k_1>U2k1+ <2k_2>U2“+---+ (2>U2+ <1>U+1.

Divide through by U%*~! to obtain

2k 2k . 2K\ 1 okgs , (2K —okt2 , pr-2k41
< +1
U_(2k1>+<2k2>U n +<2>U +(PFureiy

If U > 1, then it follows that

2k 2k 2k 2k
< cee 1< 2%,
We conclude, therefore, that

oll 2 < 25|l e -

But of course the function v(re’) is the Hilbert transform of u(re®). The
proof is therefore complete. |

Theorem 10.4.2. The Hilbert transform is bounded on LP, 1 < p < co.
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Proof. We know that the Hilbert transform is bounded on L2, L*, L%, ... . We
may immediately apply the Riesz—Thorin theorem (Section 9.5) to conclude
that the Hilbert transform is bounded on LP for 2 < p < 4, 4 < p < 6,
6 < p < 8, etc. In other words, the Hilbert transform is bounded on L? for
2<p<oo.

Now let f € LP for 1 < p < 2. Let ¢ be any element of LP/[P~1 with norm
1. Notice that 2 < p/[p — 1] < oo. Then

/Hf'sodt?/{/f(t/f)cotaw
~ [[e®) yeot =L abf () dw
_/[/¢<e)cotw ede] F) dus
/HSD

Using Holder’s inequality together with the fact that we know that the Hilbert
transform is bounded on L?/[P~1 we may bound the right-hand side by the
expression C||o|| po/w—1||fllLe < || f]|z». Since this estimate holds for any such
choice of ¢, the result follows. |

dw] ©(0) do

We complete our consideration of the Hilbert transform by treating what
happens on the spaces L' and L.

Proposition 10.4.3. Norm summability for Fourier series fails in both L'
and L.

Proof. Tt suffices for us to show that the modified Hilbert transform (as de-
fined in Section 10.2) fails to be bounded on L' and fails to be bounded on
L. In fact the following lemma will cut the job by half:

Lemma 10.4.4. If the modified Hilbert transform H is bounded on L', then
it is bounded on L.

Proof. Let f be an L*° function. Then

[Hfllie = sup ‘ [ s ote)ds| = sup ‘ [ 1@t s

perl ¢perLl
lIéll;1=1 ¢l ;1=1

But an easy formal argument (as in the proof of Theorem 10.4.2) shows that

H'dp = —Ho.

Here H* is the adjoint of H. [In fact a similar formula holds for any convolution
operator—exercise.] Thus the last line gives
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[Hflse = sup ‘ [ syt ds

¢eLl
el 1=1

sup |l - M0

PEL
el =1

sup || fllze - O]l s

$eL
ol 1=1

=C [l fllze

IA

IN

Here C is the norm of the modified Hilbert transform acting on L'. We have
shown that if 7 is bounded on L', then it is bounded on L. That completes
the proof. O

Remark 10.4.5. In fact the proposition that we just proved is true in consider-
able generality. We may replace L', L by any two conjugate spaces LP, )i
with 1/p+ 1/p’ = 1. And we may replace the Hilbert transform by any con-
volution operator. Details are left for the interested reader.

Now let us resume the proof of Proposition 10.4.3. Let f = x(o,q], Where
a is a small positive number and y denotes the characteristic function of the
indicated interval. We may calculate the (modified) Hilbert transform of f by
hand and see that

In particular, Hf is an unbounded function. Therefore the Hilbert transform
is not bounded on L. [It is not difficult to calculate that | Dy||z1 ~ log N,
where Dy is the Dirichlet kernel. This fact already suggests that the Hilbert
transform is not bounded on L*°.] By Lemma 10.4.4, we may also conclude
that boundedness of the Hilbert transform fails on L'.

It follows from the arguments in the last paragraph that norm summability
for Fourier series fails in L' and L. |

Problems for Study and Exploration

1. Prove that the Hilbert transform maps C* to C'*°. You will first need to
formulate a precise statement of the result.

2. What is the Hilbert transform of the function cos6?

3. What is the Hilbert transform of the function |0|?

4. The Hilbert transform is an isometry of L2. Explain this statement and
prove it.

5. The study of an integral operator of the form

f—f+xK



10.

11.

Problems for Study and Exploration 223

is relatively straightforward when the kernel K is integrable, or even ¢'"-
power integrable. But the kernel of the Hilbert transform is not integrable
to any power. Explain.

. Prove that the Hilbert transform is a self-adjoint operator in a suitable

sense.
If f is an L? function on the real line, then we define the Hilbert transform
in that context to be

f(t)

R T —

dt.

Hf(z)=PV.

Here we evaluate the principal value (i.e., PV) by integrating over a deleted
neighborhood |z —t| > € and then letting e — 0. Using a little distribution
theory, calculate that

o~

HJ(€) = —isgn(€) - F(£).

. Prove that the Hilbert H transform is idempotent in the sense that HoH =

+id.
. Prove that if k € L', then the operator f ~— f * k is bounded on LP,
1<p<oo.
Let
1 1 1
1+-==-+-=.
q p T

Show that if £k € L", then the operator f — f *x k maps LP to L? for a
suitable range of p, ¢, r. How does this result generalize that of Exercise
9? See [STE] for further details.

Use the theory of the Hilbert transform developed here to show that if we
give an alternative definition of partial summation operator by

_ ) Ny
Snf@) =Y [f(ie",

j==w(N)

with ¢, 1 tending monotonically to 400 with NV, then the same theory of
Fourier series results. That is to say, a Fourier series converges (pointwise
or in norm) using the S; as defined in the text if and only if it converges

using the S;.
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Wolff’s Proof of the Corona Theorem

Genesis and Development

The traditional definition of a function algebra is that it is any closed
subalgebra of the continuous functions on a compact Hausdorff space.
For us—at least at the beginning—the relevant compact Hausdorff
space is the circle T. Classically, an important function algebra has
been A(D)—the functions continuous on D and holomorphic on D.
[We call A(D) the disk algebra.] Each such function can be identi-
fied with its restriction to the circle. And any such restriction has
Fourier series with no coefficients of negative index. So this is clearly
a subspace. It also follows by inspection that it is a subalgebra, and
is closed.

The study of function algebras has expanded to include other
spaces—especially spaces that are amenable to a uniform norm. One of
the most important of these is H>° (D). Of course any bounded, holo-
morphic function on the disk may be identified with an L* function
on the circle T. So H*(D) may be thought of as a closed subalgebra
of L>(T).

We gain deeper insight into the structure of H*°(D), or of any
function algebra, by studying its space of multiplicative linear func-
tionals (i.e., ring homomorphisms). For H>°(D), it is clear that point
evaluation is a multiplicative linear functional. That is, if p € D is a
fixed point, then

H>*(D)> [~ f(p)

is a multiplicative linear functional. It is not hard to see using the
Banach—Alaoglu theorem that the point evaluations cannot be all the
multiplicative linear functionals on H* (D). In fact there must be
uncountably many more of them.

It is a metatheorem that an explicit description of all the multi-
plicative linear functionals on H*°(D) is beyond our grasp. But we
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could ask whether the point evaluations are somehow typical. For ex-
ample, are they dense (in the appropriate topology, which turns out
to be the weak-* topology). The answer to this question is “yes,” and
it is provided by Lennart Carleson’s very deep corona theorem.

One of the striking results in analysis from the late 1970s was Tom
Wolff’s new proof of the corona theorem. It uses important ideas from
harmonic analysis that were introduced by Fefferman and Stein, and
gives us an entirely new way to look at the matter.

The reader of this chapter will want to know a little functional
analysis, and be comfortable with hard estimates.

11.1 Introductory Remarks

In the early 1940s, I. M. Gelfand introduced the idea of a Banach algebra.
This is a Banach space that also has a multiplicative structure. The theory of
Banach algebras has turned out to be a remarkably accessible, flexible, and
powerful tool. One of the early triumphs of the theory was a brief and easy
proof of Norbert Wiener’s powerful theorem that the reciprocal of a nonvan-
ishing function with absolutely convergent Fourier series also has absolutely
convergent Fourier series.

In the 1950s and 1960s the theory of Banach algebras really took off. There
was particular interest in function algebras, that is to say, closed uniform
subalgebras of the continuous functions on a compact Hausdorff space. Of
special interest were various spaces of holomorphic functions. For example
the space of functions continuous on the closure D of the unit disk in C and
holomorphic on the interior D can be thought of as a uniform subalgebra of
the continuous functions on the unit circle (the boundary of D). We denote
this important Banach algebra by A(D).

In a related vein, the algebra of bounded holomorphic functions on D,
denoted by H*°(D), is a significant and much-studied subalgebra of L>°(9D).

Gelfand taught us that the deeper structure of a Banach algebra A lives
in its space of multiplicative linear functionals. These are the ring homomor-
phisms from A to C. It turns out that such a multiplicative linear functional
is automatically a bounded linear functional with norm precisely 1.

To see this, we first note that we shall always assume that the Banach
algebra A has a unit 1 (to learn about the extra ideas and arguments that are
needed when A does not have a unit, consult [RIC]). Now observe that, if ¢
is a multiplicative linear functional, then ¢(1) = ¢(1-1) = (1) - ¢(1) hence
©(1) = 1. Next, if z € A and X is a complex constant with |[A| > ||z|| then
certainly (A —z)~! exists. Indeed, the inverse is given by the Neumann series:

b))
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The series clearly converges in norm. Thus we see that
A—z)-A—2)"t=1.
For ¢ a multiplicative linear functional, we thus see that
(A=) p((A-2)7") =1.

As a result, ¢(\ — ) # 0, hence ¢(x) # .

We conclude that |o(x)| < |A] when |A| > ||z||. Therefore |p(z)| < |zl
Hence the norm of the linear functional ¢ is less than or equal to 1. Since
(1) = 1, we see in fact that ||¢|| = 1. The set of multiplicative linear func-
tionals on A is thus a closed subset of the closed unit ball (indeed, the unit
sphere) in the dual of A (thought of as a Banach space). Hence, by the Banach—
Alaoglu theorem (see [RUD3])), it is weak-* compact.

Now if ¢ is a multiplicative linear functional on the Banach algebra A,
then the kernel of ¢ is plainly a closed ideal m. Since, by the first fundamental
isomorphism of algebra, A/m = C, it can be argued that m is a mazimal ideal.

Conversely, if m is a maximal ideal in A, then it is easy to see that the
closure of m is also a proper ideal. In fact, if z € A and ||[1 —z| < 1, then 27!
exists in A by the usual Neumann series argument. If z € m, then it would
follow that 1 = 2 - 7! € m. So m is not an ideal. In conclusion, ||1 — z|| > 1
for all z € m. As a result, the closure of m is still a proper ideal. It follows
that \A/m is a Banach algebra over C. In fact it is a field because the ideal m
is maximal. It is a theorem of Gelfand that .A/m must therefore be isomorphic
to C. We conclude that the canonical homomorphism

p: A A/m=C

is a multiplicative linear functional. See [RUD2] for the details of these argu-
ments.

Put in slightly different words, if « € A, then the isomorphism .4/m = C
tells us that there is a unique complex number A such that x — A € m. Then
p(x) = A

In summary, although it would make perfect sense to denote the space
of all multiplicative linear functionals of the Banach algebra A by A* (for
example), we instead think of the space of multiplicative linear functionals as
the mazximal ideal space of A and denote it by M. Equipped with the weak-x
topology, M is a compact Hausdorff space.

One of Gelfand’s lovely observations is that we may think of each element
x of A as a continuous function on M just by

M>m+— m(z).

Thus x corresponds to a continuous function on the compact space M. It is
clear that different elements = € A correspond to different continuous func-
tions on M. Thus Gelfand’s result is that any Banach algebra is an algebra
of continuous functions on a compact Hausdorff space. Because of this iden-
tification, we often write x(m) rather than m(x).
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11.2 The Banach Algebra H®°

It is our intention in the present chapter to learn some of the deeper properties
of the Banach algebra H*°, the bounded analytic functions on the unit disk
in C. The maximal ideal space M of H* is an extremely complicated object
that is still intensely studied today. But it has a subset consisting of extremely
simple elements. Namely, if z € D then the point evaluation functional

a, : H® > f— f(2)

is a multiplicative linear functional. It of course corresponds to the maximal
ideal

m, = {f € H*: f(z) = 0}.

These maximal ideals are very easy to understand. It is natural to ask whether
{m, : z € D} is dense in M (the maximal ideal space of H*®) in the weak-x
topology. The speculation that this question has an affirmative answer became
known as the corona problem. Namely, if the set of point evaluations were not
dense in M, then it would be said that there was a “corona” of additional
multiplicative linear functionals.

Lennart Carleson [CAR] proved the density of {m.} in M in 1962 (see
[CAR)). His celebrated result is now known as the corona theorem. Carleson’s
original combinatorial/geometric proof is quite delicate and complicated. Tt
has the virtue of being applicable to many situations in geometric function
theory, and it is an important part of our arsenal of weapons in the study
of complex analysis (see [GAR]). But there is a much more accessible proof,
due to Tom Wolff, that we shall present here. Wolff created this beautiful
argument when he was still a graduate student in Berkeley, studying under
Don Sarason. He never published the proof, and we are all indebted to Paul
Koosis [KOO] for the elegant presentation that we are about to explain. It
may be noted that J. Garnett and N. Varopoulos also contributed some useful
simplifications to the proof given here.

11.3 Statement of the Corona Theorem

In fact the corona theorem has two important formulations, one of which has
already been indicated. We shall enunciate them both now, and prove that
they are indeed equivalent.

First Statement of the Corona Theorem: The point evaluation mappings
are weak-+ dense in the maximal ideal space M of H*>(D).

Second Statement of the Corona Theorem: If f1, fo,..., fi are elements
of H*°(D) and if there is a § > 0 such that

mjax|fj(2’)| >4 (11.3.1)
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for all z € D, then there exist g1, go, ..., gr € H>*(D) such that

figr + fag2 + -+ frgr =1 (11.3.2)

on the disk.

Proof that First Statement Implies Second Statement: Let f1, fo,...,
fr € H® satisfy (11.3.1). If there do not exist ¢1,9,...,9x € H> that
satisfy fig1 + -+ frgr =1 on D, then the set

A={fig1 + faga+ -+ fugr : 91,92, ..., 9xr € H®}

is a proper ideal in H*°. Of course this ideal is contained in some maximal
ideal m. But then f;j(m) = 0 for j = 1,...,k. Since we are assuming that
the First Statement of the Corona is true, we now know that there is a net
of points z, € D such that f;(z4) — fj(m) =0 for j = 1,..., k. But this
contradicts (11.3.1). Thus g1, ..., gx exist as claimed. |

Proof that Second Statement Implies First Statement: Fix an ideal m € M
and, seeking a contradiction, suppose that there is no net z, of points in D
such that z, tends weak-* to m. By the definition of the weak-* topology (see
[RUD3)), there must exist hy,...,hy € H* and a number § > 0 such that,
for each z € D, at least one of the inequalities

|hj(2) = hj(m)| >4 (11.3.3)

must hold. Set f;(z) = h;(z) — h;j(m). Of course hj(m) is just a complex
scalar. Then f; € H*. And of course each f;(m) = 0. But, by (11.3.3), for
each z € D there is an index j such that |f;(z)| > > 0.

As a result, (11.3.1) and (11.3.2) tell us that there exist g1, g2, - . . , g such
that fig1 + foge + - -+ + frgr = 1. In particular,

fi(m)gi(m) + fo(m)ge(m) + - - + fr(m)gr(m) =1.

But we already know that each f;(m) = 0, so that is a contradiction. O

We shall in fact prove the second formulation of the corona theorem. We
produce the functions g; by solving a dual extremal problem. It is worth noting
that statement (11.3.2) without any bounds on the g;’s is relatively straight-
forward. The Koszul compler (see [KKRA1]) is a useful algebraic device for
producing the g;’s.

11.4 Carleson Measures

Let P € 0D and h > 0. A Carleson region in D is a set of the form
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CPJL:{ZED: ‘Z—P| < h} (11.4.1)

We know that the unit disk D is conformally equivalent to the upper halfplane
U. In that context, for @ = (Q1,0) € OU and h > 0, a Carleson region is
defined to be

DQ7h:{z=x—|—z’y€U:|x—Q1|<h,0<y<h}. (11.4.2)

We certainly do not claim that the Cayley transform maps the Carleson re-
gions defined in (11.4.1) to the Carleson regions defined in (11.4.2). But the
two ideas are comparable in the sense that the Cayley transform of Cp}, lies
in Dg 3n and the inverse Cayley transform of Dg p, lies in Cp3p,. See Figure
11.1. In practice, we think of a Carleson region as being 2h units wide and h
units tall. We leave the details of all these assertions to the reader.

Let u be a positive measure on the unit disk D C C. We say that p is a
Carleson measure if there is a constant K > 0 such that, for any P € 0D and
h >0,

w(Cpp) < K-h.

We sometimes call K the “Carleson constant” of the measure p. This defini-
tion is based on a simple geometric condition. It is important because of its
connection (due to Hérmander) to complex function theory.

Theorem 11.4.1. Let u be a Carleson measure on the disk D. Then, for any
f e HY(D),

Carleson regions

Fig. 11.1. Shapes of Carleson regions.
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/ O du(z) < C- [l o) - (11.4.3)

D

Here the constant C' is independent of the choice of f, and depends on the
constant K in the definition of Carleson measure.

The converse is true as well: If a positive measure p on the disk satisfies
(11.4.3) for all f € HY(D), then u is a Carleson measure.

Proof. First assume (11.4.3). Fix a point P € 9D and h > 0. For notational
simplicity we shall take P = 1 + 0. Define

h

f(Z)Zm-

It is straightforward to check that f € H'(D). Indeed,

4 h T h
————df < ——df
/_,r le?? —1—h2" — /_7r h? + sin® #
T h
< —df
- /,ﬂ h? +62%/4

/20 9
< / — dt < 27.
—n/l2n) L HE

Notice also that |f(z)| > 1/[9h] for z € Cy p. Thus, if (11.4.3) holds, then
1
g€ < [[1@ldue < 0 on.
U

That is,
M(Cl,h) S 187C - h.

This proves that u is a Carleson measure with the constant K equaling 187 C'.

For the converse, we assume that p is a Carleson measure. Let f € H'(D).
Replacing f(z) with f(rz) for some fixed 0 < r < 1, we may assume that f is
continuous on D. Subtracting a constant from f if necessary, we may assume
that f(0) = 0. Now we must establish inequality (11.4.3) for a constant C
that is independent of the choice of f.

We shall use the idea of distribution function. If g is a measurable function
on a measure space (X, 1) and o > 0, then we let my(a) = pu({z € X : |g(z)| >
a}). Observe that

| o tmyar = [ ot o) > e

:/ ptpfl/ dp(z) dt
0 {w:lg(2)|>t}
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:/X/OW) p- 7~V dtdu(z)
= [ lot@) auta)

= llgl%» -
Our strategy now is to prove that if f € H'(D), then
my(t) < C-my ().

In this inequality we think of f on the left as a function on the disk D, and
we calculate the distribution function with respect to the measure p. On the
right,
Fey = s |f(2)]
z€LG (et)

is a function on the boundary dD; and we calculate the distribution function
with respect to ordinary Lebesgue measure on 0D. Integration of both sides
will then yield the inequality

| @lae <c- [ e
We will show momentarily that

1l <[ f e (11.4.4)

Thus the proof will then be complete.
In fact we already proved in Section 6.1 that, if p > 1, if ¢ is a function
on 0D and if u is its harmonic extension to D, then

[ulle < C - [lollLe - (11.4.5)

If instead f € HP(D), 0 < p < 1, then (again see Section 6.1) we may factor
f = B - F, where B is a Blaschke product and F' is nonvanishing. We define
V(z) = F(2)P/2. This is a holomorphic, hence harmonic, function on the disk
that satisfies a standard square-integrability condition. So the preceding result
for u applies now to V and we obtain the desired inequality (11.4.5).

For A > 0 we now set

Ex={2€0D: f"(z) <A}

and

Ox={z€dD: f*(z) > \}.

Thus mys«(A) = |Ox| (where bars here denote Lebesgue measure). Now we
need the following important geometric observation:
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Let zp € Fy; then define
S, ={2€D:|z—2| <21 —|2])}.

Since f*(zo) is defined by taking a supremum over S, we must con-
clude that |f(z)] < A for all z € S,,. By complementation,

2y={zeD:|f(z)] > A}
must be contained in

2\ =D\ U S, -

zo€EEN

Now it is clear from the semicontinuity of f* that O, is the disjoint union
of open intervals Ji in dD. Say that Ji has length 2ry. For each index k, let
Ay, be the “triangular region” erected above Jj, as in Figure 11.2. Analytically,
the region Ay is given by

1 . .
1— 2| < 3 -min{|z — " 2|, |z — e * 2o } .

What is crucial to the argument is that the “triangles” Ay are in effect
the components of the complement of the regions S,. More precisely,

2 =JA.
k

As a result, 2\ C |J,, Ax. We may conclude that

Fig. 11.2. The triangular region Ay.
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my(\) = n(22) < Y pu(Ar).
k

But each Ay lives inside a Carleson region of roughly the same size, so we
may conclude by the fact that p is a Carleson measure that pu(Ag) < K - |Jg|.
Therefore

mi(N) <K Y k| = K- |0 = K -mys()).
k

Using our calculation with the distribution function, we may now conclude
that

[l < w0 [ i),
D oD

We know from Section 6.1 that the right-hand side is equivalent to || f||g1. So
the result is proved. O

11.5 A Key Technical Lemma

For a smooth function g, we will find it useful to have the notation
by _1(0 0
9= 9. "2\ oz oy
= dg 1/90 .0

See the discussion in Chapter 7.
The purpose of this section is to prove the following result.

and

Lemma 11.5.1. Let R > 1. Let h be a C™ function on the disk D(0,R) =
{z € C: |z| < R}. Assume that, in the disk D(0, R), the measures

(zuog 1) Ih(=)P de dy

||

and )
<|z| log ||) |Oh(z)| dx dy
z

are Carleson measures with Carleson constants A and B respectively. Then
there is a C*° function v on a disk D(0, R') with R’ > 1 such that

Ov(z) = h(z) on D(0,R')

and

lu(e?)| < 9(VA+ B).
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Of course we already know that we can solve the 9 problem—see Section
7.2. Wolff’s special contribution is the estimate for the solution in terms of
the Carleson constants. The proof will be broken into several lemmas, and
will fill out the remainder of the section.

Proof of the Lemma. We may multiply h by a cutoff function that is identically
equal to 1 in a neighborhood of D(0,1) and thus arrange for h to be C™
with compact support. As already indicated, we certainly know (by Theorem
7.2.6) that there is a function vy, defined on all of C, that satisfies dvy = h.
By differentiating under the integral sign, we may certainly confirm that v
is C°.

We need to modify vg in order to achieve the indicated estimates. We do so
by adding a holomorphic function f to vg. Of course this holomorphic function
f will be annihilated by 9, so v + f will still be a solution to our d equation.
Notice that, if there is an f in H* that does the job, then f,.(z) = f(rz) will
also do the job for r sufficiently close to, but less than, 1. So we can restrict
attention to functions f that are continuous on D and holomorphic on D. The
space of such functions is commonly denoted by A(D) and is called the disk
algebra. Our job, in effect, is to calculate the distance |[vg — A(D)||oo-

We wish to use some functional analysis.

Lemma 11.5.2. Let X be a Banach space and Y C X a subspace. If v € X,
then
|z = Y| = sup{|a(2)] : « € X7, [|af| < 1, a(Y) = O} .

Proof. If « € X*, [[af| <1, a(Y) = 0, then
a(@)] = la(e — )| < o —yl| forany ye Y.
Taking the infimum over all such y gives
la(@)| < Jlz — Y]).
Now taking the supremum over all such «a gives
sup{la(z)| : a € X", [of < 1L, a(Y) = 0} < [lz - Y.

For the converse, consider a functional § that equals 0 on Y and equals
lx = Y] on . Then
[z =Y < [l — 0 = [l]]

so that ||5]] < 1. Apply the Hahn—Banach theorem to extend ( to a functional
0 on all of X having the same norm. Then

lz = Y|l = 8(x)| < sup{|a(z)| : @ € X, [la]l < 1,a(Y) = 0} .

This completes the proof. O
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With this lemma in mind, it will be useful for us to think of A = A(D)
as a subspace of C(0D), the continuous functions on dD. Notice that the
annihilator of A is naturally identified with (C/A)*. By the lemma,

[vo = Alloe = sup{|7(vo)| : 7 € [C/A]", ||7]| < 1} .
We must now identify [C/A]*.

Lemma 11.5.3. Let

HYD) = L= {fe B'D): [ f(e?)do =0}

Observe that H} = z - H. Then
[C/A]" = H .

Proof. Of course, by the Riesz representation theorem, the dual of C' is the
space M of finite Borel measures on 0D. It follows that the dual of C'/A is

{u €M: ! f(e?)du() =0 for all f € A}.

Thus, for p to be in the dual of A we must have that

/ €% du(0) =0 for j =0,1,2,....

—T

Now the F. and M. Riesz theorem (Section 9.6) applies and du(#) = g(e’) df
for some g € L'(—n, ). Since all the negative Fourier coefficients of g are
zero, it follows that g € H'. And the case j = 0 of the last equality tells us
that in fact g € H}.

Conversely, if g € H}, we may define a functional o on C/A by setting

T

alf +A) = / a(&)f(e%) db .

-
This completes the proof. O
Putting together our two lemmas, we find that
lvo — Alloo = sup{|7(vo)| : 7 € Hy, ||7]| < 1}.

In other words,

27
||vvoosup{‘ [ oy as) s e s < 1) aasa)

By our earlier discussion, we may restrict attention to those f € H' that have
an analytic continuation to a disk D(0, Ry) with Ry > 1.
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Now we apply Green’s theorem to the integral on the right-hand side of
(11.5.1). This is a bit tricky, and we write out the details. To begin, we write

/Wvo(e”)f(ew)dﬁz/ [vo(2) f(2 )]*aa log [2| — 0 5y L0(2)f(2)] log |z| ds(2).
0 oD
(11.5.2)

Here 9/0v denotes the outward normal derivative. Notice that the normal
derivative [0/0v]log |z| equals 1 on the boundary of the disk. And of course
log|z| =0 on dD.

The trouble with applying Green’s theorem with this integrand on the disk
is that log |z| has a singularity at the origin. So, to be rigorous, we need to
apply Green’s theorem on D’ = D\ D(0, ¢) for some small € > 0. It is easy to
see that the integral over 9D(0, €) makes a negligible contribution (vanishing
as € — 01), and we shall ignore it. The result then is that (11.5.2) equals

/ / vo(2) f(2)] A log 2] — Alvo(2) f(2)] log || dA(2)

D/
1
= [] Ao smon 7 4.
D/
Now letting e — 07 yields
2T
/ vo (%) f(e® d9—/ Alvo(z logﬂdA( z). (11.5.3)
0

Since f is holomorphic, we may easily calculate that
A['Uof] = 4(95[1)0f] = 45’008f + 4f A Vo -

Also -
00vg = Oh.

Putting these two calculations together gives
Ao f] = 4hf' + 4f0h.
Now the integral in (11.5.3) becomes
/ f(2)0h(z 1og dscdy+4//f 1og| |dxdy_I+II

(11.5.4)



238 11 Wolff’s Proof of the Corona Theorem

We may estimate

e

Since f € HY, f*(2) = f(2)/z € H  and ||f|| g1 = || f*|| 1, Lemma 11.5.1 tells
us that |Oh(z)||z|log[1/|#]] is a Carleson measure p. So we may write the last

expression as
[ 11 @ldutz)
D

Now our analytic characterization of Carleson measures (Theorem 11.4.1) tells
us that this last is dominated by 4B|| ]| g:.

In order to estimate II, it is necessary for us to do some more calculations
related to Green’s theorem. We present a result of P. Stein.

{|6h )|z \log‘ |}dzdy

Lemma 11.5.4. If f is a nonvanishing holomorphic function, then

|0f /02
£ (=)

Proof. This is a straightforward calculation. We have

Alf(2)| =

0 1/2
[T

o) 24(2) 5;“]

Alf(2)l =

1
2

a
(9
-5 o

0]

8 { (2)/?7) 1/28f(z)}
f(z

%5z

1
2[2 8zf
_ 1 ,‘af(@ ’

PRGN

1/28f7—1/28f
0z

|

Lemma 11.5.5. Let W(z) = |2|W'(2), with the function W' being twice con-
tinuously differentiable on the closed unit disk. Then

_: W (e)do = // (log ;) AW (z)dxdy.
D

Proof. Exactly like the calculation following Lemma 11.5.3 above. O
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Proposition 11.5.6. Let f be holomorphic on a disk D(0, R) for some R > 1.
Assume that f has a simple zero at 0 and no other zeros in D(0, R). Then

L teran= [ (o) - oo

Proof. Simply apply the result of the preceding lemma with W (z) = |f(2)| =
2] - [f(2)/2]. o

We estimate I7 from (11.5.4) using Schwarz’s inequality:

s [ (e i oo < | ]2

Now observe that if f € H} and f has a zero of order k at the origin, then
we may write

2)|?|z| log W dedy.

f2)=2"f(z) = 2f(2) + 2+ (ZF T = 1) f(2).

Thus we have rendered f as the sum of two elements of H}, each of which
has a simple zero at the origin. In what follows, then, we may assume that
our function f has a simple zero at the origin. For such an f, we have by the
preceding proposition that

// (l"gio |{f(())| dady = |||
D

That is the first expression that resulted from Schwarz’s inequality.
As in our estimations of term I, we have that

e

for f € H} (because |h(2)[?|z|1og[1/|z]] is a Carleson measure and we know
that f(z)/z € H'). That is the second expression that resulted from Schwarz’s
inequality.

For f € H}, holomorphic on D, we now see that

1
EM@SMWm

()[|2|log

//f 1ogﬂdzdy < 8VA| a1

Combining our estimates for terms I and I1, we find that

/ ﬂvo(ew)f(ew)%’ < 8(VA+ B)|
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This estimate is valid for f € H{ that are holomorphic on D. But this is all
that is required. We conclude that

v — Alloe < 8(VA+ B),

and that ends the proof of Lemma 11.5.1. |

11.6 Proof of the Corona Theorem

For simplicity we shall just prove the case k = 2 of the second formulation of
the corona theorem. This special case is algebraically simpler, but contains all
the key analytical ideas. The reader who wants to see the full proof for any
number of pieces of corona data should consult [KOO)].

By replacing fi(2), fo(z) with fi(rz), f2(rz), we may assume that each f;
is holomorphic on a neighborhood of D. Our standing hypothesis is that there
is a § > 0 such that either

Ifi(2)|>6>0 or [fa(2)]>6>0

for all z € D. Of course we may assume that || fi|lecc < 1 and [|f2c < 1.
Now select a C'*°° function U such that

(a) U(w) depends only on |w|;
(b) U(w) =0 for |w| <§/2;

(¢) U(w) =1 for |w| > 6.

(d) 0<U(w) <1forall we D.

Our standing hypothesis on fi, f translates to
U(fi1(z)) +U(f2(2)) =1 forz€eD.

Set

P E) o
%)= ) T URE) TR

These functions ¢; are clearly C'*° on some open disk containing D and ¢y (2)+
¢2(z) = 1. In particular, ¢1(z) =1 if ¢2(z) = 0 and vice versa. Furthermore,
each ¢; equals zero on the set where |f;(2)] < d/2.

We have the tautological equation

P P2
— - fi+—=— fo=1.
i fi 7,
The equation suggests that g; can be ¢1/f1 and go can be ¢o/ fo. However,
o1/ f1 and @2/ fo are not holomorphic. Thus we follow a paradigm of Leray and
Serre and endeavor to find correction terms that will make them holomorphic.
In particular, we set
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g1 = ?1 +vfo
and
g2 = % —vf1.

We seek a smooth function v that will make g1, g2 holomorphic. This means
that we must mandate

dg1 =0 (11.6.1)
and
g2 =0. (11.6.2)

Note in passing that no matter what the choice of v, the equation f1g1+ fogs =
1 will be satisfied.
Since df1 = dfs = 0, equations (11.6.1) and (11.6.2) translate to

%4-]”28 =0 and %—flavzo.

We know that ¢; + ¢ = 1 hence d¢; 4+ Jps = 0. As a result, our equations
combine into the single condition

= 0
ov = 992 .
fif
Now we must estimate d¢. Notice that, on the open set where |f;(z)| <

0/2, we have ¢2(z) = 1 hence _5(;52(7:) = 0. Likewise, on the open set where
[F2(2)| < 6/2, ¢1(2) = 0 hence dp1(z) = 0. As a result,

% < % |5¢2| on D
and Boals)
- 2
") = SR

is a O function on a neighborhood of D.
Our aim now is to apply the technical Lemma 11.5.1 from Section 11.5.
We know that for |z] < 1,

4 U(f1(2))0[U(f2(2))] = U(f2(2))0[U(f1(2))]]
U(f1(2)) + U(f2(2))[? '
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Hence ~
0[U (f2(2))]] < Cslf2(2)] -

A similar estimate holds for [OU(f1(2))|. As a result, since U(f1(2)) +
U(f2(2)) > 1, we may establish the estimate
2 1 201 £ (|2 TONE 1
h(2)] |Z\10gm < 2G5 (If(2)F° + |f2(2)1") 2] logm~ (11.6.3)

We know that f1, fo are bounded by 1 and are holomorphic, hence har-
monic, on D. The next milestone in our argument is Lemma 11.6.2. Its proof,
which is long and technical, is deferred to the end of the chapter. We first
need a little preliminary material.

If F is a given function on 9D, then let Ur be its Poisson integral to the
disk. If 0 < p < 1, then set V(z) = Up(pz). For I as given, define
1/2

N(F) = sup(Up:(2) = (Ur(2))?)

zeD

Another useful norm in harmonic analysis is

1
141l =sgpm/1|¢<t>—¢f|dt.

Here ¢; is the average of ¢ on the interval I. The || |« norm is called the
BMO norm, referring to the functions of bounded mean oscillation invented
by John and Nirenberg [JON]. Functions of bounded mean oscillation are of
interest in part because they form the dual space of H! (see [STE]).

The norm N is comparable to the “bounded mean oscillation” norm that
has just been defined. But it is somewhat easier to work with. Our first key
result about this new norm is as follows:

Lemma 11.6.1. If ¢ is real-valued and 2w-periodic, then
o]l < K-N(9),
where K is a constant that does not depend on ¢.

Proof. Let I be any interval. Now Schwarz’s inequality tells us that

ﬁ/lkb(t)—(bzldtg <}/I[¢(t)—¢1]2dt>l/2

- (} [ [0 - ¢<s>]2dtds)l/2 .

[For this last equality, multiply out the integrands.]
Now assume that |I| < 27. We may assume that I = (—«, ). We have
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e B
r) —
¢ T 82 I 1—2rcoss+r2

—d dt,
1—2rcost + r2 y

where we let r = 1 — sin[a/2].
With this r, and with —a <t < «a, we see that

1—r2 _ (I+7r)1-r) - 1 o2
1—2rcost+1r2 (1 —7r)2+4rsin®(¢t/2) — bsin(a/2) ~ ba
As a result,
2
Ui (1)~ 0P = 5 [ [ 169) = o0} dsa

-(%) mm//¢s .

If we combine this last inequality with the one from the start of the proof,

we find that Y
1 5V 2w
i 1ot = ol ar < 2 Aw)

for all intervals I of length not exceeding 2.
Now let k > 0 be an integer and assume that 27k < |I| < 27(k + 1). Let
J D I be an interval of length 27 (k + 1). Then

! E+1 1 9
|I|/I|¢(t)—¢Jdt<k~|J|/J|¢>(t)—gbjdt<|J/J|¢(t)_¢1|dt.

Of course ¢ is 2m-periodic, so it makes sense to write ¢ = [1/27] [; T p(s) ds.

Also )

and we know that this last does not exceed [5\/§7r/ 2N (9).
Finally, it is straightforward to check that

1 2
mﬂ¢mwﬁgmxwwmm
4
§U LW®¢ﬂﬁ§Hw@va%

This shows that
o]« < 10vV27N (). O
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Lemma 11.6.2. Let Cpy, C llbe a Carleson region. Let V' be a harmonic
function on a neighborhood of D, V = Up. Then

1
<|z log z|> (VV -VV)dzdy
is a Carleson measure, and the Carleson constant is majorized by a constant
multiple of (N (F))%.

The proof of Lemma 11.6.2 is deferred to the end of the chapter.
Applying the lemma to fi, fo, we see that the right-hand side of (11.6.3)
determines a Carleson measure and hence

1
|1(2) ||| log Ty dody
z
is a Carleson measure. The Carleson constant Ag for this measure depends
only on 4.
With the technical lemma of Section 11.5 in mind, we need now to identify
one more Carleson measure. Begin by calculating

L 006: 00 <f+f>

T fife AR \A f

Notice that the second term on the right vanishes identically on the open set
W where either |f1] or |f2| is less than 6/2. On the complement of that set
we see that this second term is bounded by

gsgp VU @)(I£1(2)] + fo(2))2

The first term also vanishes identically on W, and on “W this term is bounded
by
Lo (gl )
4 f1(2) f2(2)] U(fi(2) + U(f2(2)) )

But Af; = Afy =0, so this last expression involves only the derivatives f]
and f4. In modulus this expression is bounded by

Cs(1f1(2)° + [ f2(2)7) -

Thus we see that

oh()l|2| 108 1 < Ka(F{ () + I5(2))ellog o

As a result, using Lemma 11.5.1, we find that

1
|Oh(z)||z| log I dx dy
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is a Carleson measure with Carleson constant Bs depending only on §.

Now our technical Lemma 11.5.1 gives us a 0-solution v that is C* in
some neighborhood of D such that v = h on D and |v(e?)| < 9(v/A5 + Bs).
The functions

g1 Z%-H}fz
and
g2 :%_Ufl

are in H*°; in fact they are both in A(D). And they satisfy, for trivial algebraic
reasons, g1 f1 +ga2f2 =1 on D.
Finally, for z € D,

Hence, for j =1, 2,

. 2
lg;(e”)] < 3 +9 (\/A(s + Ba) ,

that is,
2
lgslloe < 5 +9 (VA5 + Bs) -

This proves the corona theorem for two pieces of corona data.

11.7 Proof of Lemma 11.6.1

Our job is to show that
1
J[ (it1oe 5 ) (V- 9Vilg(aldeay < K7 NCE) gl
D

We do this in two steps. The first is fairly straightforward.

Lemma 11.7.1. For all g € H' (D) and for some constant K' we have

// <|Z log ;) (VV-VV)|g(2)|dz dy < K'(N(F))*|lgll a2 -

|z]<1/2

Proof. For |z| < 1/2, we have the easy estimates |z|logl/|z| < 1/e and
lg(z)| < (1/m)llgllrr-

Now V(z) = Up(pz), where 0 < p < 1, hence (VV)(z) = VUp(pz) =
VUF, (pz), where
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RO =Fo) - = [ peyar.

2 J_,

We may differentiate the Poisson integral formula directly to find that for
2| <1/2,

™

4 .
VUR(p2) < - [ IR,

—T

that is,

T

1

Vo)l < o [ PO -5 [ FO dt\da

—T —T

for |z] < 1/2.

Inspecting the proof of Lemma 11.6, we see that the expression on the
right is majorized by 20v/27N (F). Putting our estimates together, we find
that

JJ (Ehoe ) (v 9vlatailaras < SEWE ol

|z|<1/2
The main work in establishing our result is in the next lemma.

Lemma 11.7.2. For any g € HY(D) and for some numerical constant K"
we have

l2log ) (VV - WV)lg(2)| de dy < K" (N (F)llgll
[ (s )

1/2<|z]<1

Of course combining the two lemmas gives the result. The remainder of
this section will be devoted to the proof of the last lemma.

The key technical ingredient to establishing the last lemma is this next
result

Lemma 11.7.3. Let 0 < h < 1/2 and P = €% € 0D. Let Cpn be the
corresponding Carleson region. Then there is a numerical constant C such
that

|z| log L (VV -VV)dzdy < C(N(F))?-h.
2|

Cp,n

Proof. We begin by transforming the problem from the disk to the upper
halfplane. Set
11—z
(=1 T2

Here z is the variable in the disk and ¢ the corresponding variable in the
upper halfplane U. Write ¢ = £ + in. Likewise put V(z) = w({). We may as
well suppose that V', w are real-valued.

For 1/2 < |z| < 1 we have the estimates
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1 1
L4 (e 4 5= )P+ )

Written in terms of ( = £ + in, we have

‘Z|2 52 (77_ 1)2

€+ Mm+1)2

hence 4
n
1— |2 = ——F—— < 4.

&+ mn+1)?

In conclusion,
1 1
2| log|7| <8n for 3 <l|z| < 1. (11.7.1)

Now let Cp,j, correspond, under the mapping z < ¢, to a Carleson region
C}",h' in the upper halfplane U. It is a simple calculation to see that C/P’,h’
is also a Carleson region—in the sense that it is about 2A units wide and h
units tall. Since the mapping under consideration is conformal, the quantity
we are trying to estimate, namely

I (s ) {(52) = (50) } e
I (e ) G (5 e
() (5) ) o

P’ h!

is equal to

and this in turn is

In the last estimate we have used (11.7.1).
We summarize our estimate as

// (|z|log| )VV|2dxdy<8// n(w? + w?) de diy.

P’ h
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Here of course the subscripts on w denote derivatives. Our job now is to show
that the quantity on the right is dominated by K" (N (F))? - h.

Now we shall exploit a trick. The Carleson region Cf, -, 18 contained in a
semicircular region M, /2 = {¢ : [(] < (¢/2) - h,n > 0}. Here we may take
¢ > 2. For ¢ € Cp, 5, we may be sure that

i<l 1
1-5ls 2
ch 4
As a result,
// wngw d§d77<4// (1C|> w§+w)d§dn
¢l <ch

n>0

Note that the factor (1 — |£|/[ch]) vanishes on the boundary of the region of
integration.
Of course w is harmonic because V is, and

62 62 2 2 2
So now we must estimate

C 82 2 3211)2
1=z f < | |> (852 * a£2>d§d’7

ICl<ch
n>0

in terms of h and N (F).
Referring to the definition of N'(F), if we put P(2) = Up2(2) — [Ur(2)]?
for z € D, then we have

0 < P(2) < (N(F))?.
We of course have z = (i — {)/(i + {), so that
(w()* = (Ur(p2))* = Up2(pz) — P(p2) ;

notice that the term Upz(pz) on the right is harmonic. If we set b(¢) = P(pz),
with 0 < p < 1 as usual, then

PPN (P 5
02 on? B 0¢2  on?2 )’
So the integral that we must estimate comes down to

] () )

[¢l<ch
n>0
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where

Let us write
0? 0?
= 8752 + 67?72 .
Of course ( = & +in. We apply Green’s theorem in the usual manner to the
last integral and find that

1 ff s oo ) o

|[¢l<ch
n>0

o [ [0 daye _, (1-9) a;«()} @l

D¢

Here I' is the semicircular contour that runs counterclockwise around the
boundary of the region M.,/ and differentiation in v, is directional differen-
tiation in the direction of the outward unit normal.

The line integral around the contour I' is negative. This is so because

(a) (1 — |¢|/[2h]) = 0 on I

(b) n(1 —|¢|/[2h]) > 0 inside I';
hence

(c) Dn(L = [|/[2h])/dve <0 on I
Therefore

b(¢)0(n(1 — [¢|/[2h])/Ov¢ <0 on I’

and the nonpositivity of the line integral follows.
We thus have

J< -2 // B(C) Ac ("(“f/z')) d dn .

[¢|<ch
n>0

We evaluate the integral using polar coordinates ¢ = oe'¥. Thus

10 7] 1 92
b= aw (7350 )+ e

(SR (SR
77(1—0h>—<1—ch>abln1/).

From this we easily derive

3 .
AV (77( _|cch|)) :—%smz/).

Substituting these calculations into the integral that estimates J, we find that

Also
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Problems for Study and Exploration
3 T ch )
J < —/ / b(oe™)o sine do dyp
h 0 0

§ 2 . Chasin o = 2
< SW(F)) /0 /0 W do dip = 120N (F))2h.

Returning to the beginning of our calculation, we conclude now with

// <|z| log |i|> |VV|? da dy < 32J < 384(N(F))*h,

Cp,n

and this is what we wished to prove. O

Now combining this last estimate with our standard analytic characteri-

zation of Carleson measures, the proof of our lemma is complete.

Problems for Study and Exploration

1.

2.

Let fi(z2) = z — 1/2 and f2(2) = z + 1/2. Find bounded holomorphic
functions g1, g2 such that fig1 + fog2 = 1 on the entire disk.

Formulate a “corona theorem” for C'°° functions on the unit disk. Now
prove it. This is a straightforward exercise with partitions of unity. Explain
why this proof does not adapt to holomorphic function theory.

. The corona theorem is relatively easy to prove if we do not require the

solutions g; to be bounded. Explain why this is so.
The hypothesis of the corona theorem is that

S olfil=6>0,
j

and an examination of the proof of the corona theorem gives upper bounds
on the g; in terms of powers of 1/d. Can you tell from Wolft’s proof what
powers might be involved? In fact the optimal estimate for the g; is not
known.

. Suppose that the f; given in the hypothesis of the corona theorem are all

polynomials. May we conclude that the g; provided by the corona theorem
are polynomials? Why or why not?

Let {p;} be points in the unit disk and ¢, the corresponding point eval-
uation functionals. Apply the Banach—Alaoglu theorem to elicit a new
linear functional @ that is the weak-* limit of a subsequence of the {¢,, }.
Explain why @ is not necessarily a point evaluation.

Refer to Exercise 6. If the sequence {p;} accumulates at an interior point
of the disk, then the limit functional will in fact be the obvious point evalu-
ation. If instead the sequence {p;} accumulates at a boundary point of the
disk, then the limit functional will not be a point evaluation. If {p;} and
{q;} are distinct sequences that accumulate at the same boundary point
p, then will their Banach—Alaoglu limits be different linear functionals?



Problems for Study and Exploration 251

8. A multiplicative linear functional on H* that is constructed as in Exer-
cises 6, 7 is said to “live in the fiber over p.” Show that any such fiber has
uncountably many distinct elements.
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Automorphism Groups of Domains
in the Plane

Genesis and Development

Felix Klein’s Erlangen program lays out a blueprint for understand-
ing a geometry by way of the mappings that preserve that geometry.
This vision has become quite prevalent and powerful in modern ap-
proaches to the subject. Certainly Alexandre Grothendieck and Saun-
ders Mac Lane carried this idea to new heights in their modern for-
mulations of algebraic geometry and algebraic topology.

For complex function theory, Klein’s idea may be implemented by
means of the study of conformal mappings. While there is certainly
value in studying individual mappings, there is even more to be had
from studying groups of conformal mappings. Thus we are led to study
the group of conformal self-maps (the automorphism group) of a planar
domain. This idea interacts elegantly and effectively with the notion
of invariant metric (see Chapter 1).

A very basic acquaintance with the group concept and with con-
formal mappings is all that is required to appreciate the ideas in the
present chapter. The study of automorphism groups exhibits a fruitful
interaction of algebra, analysis, and geometry. It points to many new
directions in the subject.

12.1 Introductory Concepts

As mentioned earlier, Felix Klein taught us that a natural way to understand
a geometric object is by way of the groups of transformations that act on
that object. In complex analysis, the natural transformations (or, in more
abstract language, the “morphisms”) are the conformal (one-to-one, onto,
holomorphic) mappings. If ¢ : {21 — {25 is such a mapping, then ¢ is a device
for transplanting the complex analysis of {2; to the complex analysis of (25
(and vice versa).
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If 2 is a fixed domain, then of particular interest are the conformal self-
maps of 2. The collection of such mappings forms a group under composition
of mappings:

The composition of two self-maps is another;

Each self-map of 2 has an inverse that is also a self-map;

The identity map is the group identity;

The binary operation of composition of mappings is associative.

We call this group the automorphism group of 2, denote it by Aut(f2),
and call its elements automorphisms.

The following result of H. Cartan will be of considerable utility in our
study of automorphisms:

Proposition 12.1.1. Let 2 C C be a bounded domain. Let P € {2 and sup-
pose that ¢ : 2 — §2 satisfies $(P) = P. If ¢'(P) =1, then ¢ is the identity.

Proof. We may assume that P = 0. Expanding ¢ in a power series about
P =0, we have
$(2) = z + Pr(z) + O(|z[*),

where Py, is the first nonvanishing monomial (of degree k) of order exceeding
1 in the Taylor expansion. Notice that

1 ok
P = (o)
Defining ¢7(z) = ¢po--- 0 ¢ (j times) we have

$%(2) = 2+ 2P,(2) + O(|z[F 1) ,
¢*(2) = 2+ 3Pi(2) + O(|2|*),

¢’ (2) = 2 + jPi(2) + O(|2|**).

Choose disks D(0,a) C 2 C D(0,b). Then for 0 < j € Z we know that
D(0,a) € dom ¢’ C D(0,b). Therefore the Cauchy estimates imply that, for
our index k, we have

ak
~ o2k

3k

| or b-k!
T 1ok

ak -’

60| = |7z 0) <
Letting j — oo yields that ¢®*)(0) = 0.

We conclude that Py, = 0; this contradicts the choice of P, unless ¢(z) = 2.
O
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There are other ways to look at this result, some of them quite illuminating.
Imagine that (2 is equipped with the Bergman metric. Because ¢/'(P) = 1, we
see that ¢ is invertible in a neighborhood of P. If «y is a geodesic emanating
from P, then ¢ o~ will also be a geodesic emanating from P. In fact, since
@(P) = P and ¢/(P) = 1, the curve ¢ o~y will be a geodesic emanating from
the same point and pointing in the same direction. By uniqueness for first-
order differential equations (Picard’s theorem), ¢ o« will coincide with y—at
least at points near P. Since this statement is true for any geodesic emanating
from P, we may conclude that ¢ is the identity in a neighborhood of P. By
analytic continuation, we see that ¢(z) = z.

Now suppose that {2 is a fixed domain and P € {2 a given point. Let ¢1, ¢
be automorphisms of {2 such that ¢1(P) = ¢o(P) and ¢} (P) = ¢4(P). Then
Y = ¢1 0 ¢, " has the property that 1 : 2 — 2, (P) = P, and ¢'(P) = 1.
By Cartan’s result, we conclude that ¥(z) = z and hence ¢1(z) = ¢2(2). In
conclusion, the mapping

Aut(2) 3 ¢ — (¢(P),¢'(P))

is one-to-one. In effect, this mapping shows that the automorphism group may
be identified with a subset of some Euclidean space (the target is C x C, which
is R*). In point of fact (we shall not provide the details here, but see [KOB]),
the group Aut({2) is a Lie group, which simply means that Aut({2) is a group
that is also a manifold, and the group operations are continuous (indeed, real
analytic) in the topology of the manifold.

One consequence of the discussion in the last paragraph is that, for a
given 2, the group Aut({2) has a dimension. It is natural to wonder what the
dimension of Aut({2) tells us about {2 itself. We shall discuss that question in
Section 12.3.

12.2 Noncompact Automorphism Groups

Before we can engage in a detailed analysis of the dimensions of automorphism
groups, we must amass some other ideas and techniques.

We have already noted that the automorphism group is a topological
group. In fact the topology we use, as is standard in complex analysis, is
the topology of uniform convergence on compact sets (in point-set topology
this is known as the compact-open topology). As we shall see in the developing
ideas, it is a matter of some interest to see when the automorphism group is
compact and when it is not. First we consider some examples.

Ezample 12.2.1. Let D ={z€ C:|z| <1} and A={z€ C:1/2 < |z| < 2}.
Then D is the unit disk in the complex plane and A is an annulus. Let us

! These issues are related to Hilbert’s fifth problem about the topology of Lie
groups. See [BRO].
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use the idea of the automorphism group to see that D and A cannot be
conformally equivalent.?

Now we know from any complex analysis text (see, for example, [GRK1]),
that the collection of conformal self-maps of the disk D consists of all maps
of the form

(—a

1—ac’
where 7 is a fixed real number and a is a complex number of modulus less
than 1. On the other hand, the collection of conformal maps of the annulus
A consists of all rotations ¢ — e'7¢ together with the inversion A : ¢ — 1/¢
(and of course compositions of these two types). Again see [GRKI1] and our
Theorem 1.5.1.

Let us consider D from the point of view of sequential compactness. Con-
sider the elements «; € Aut(D) given by

C0—>€i7—'

_(—(1-1/j)
WO=T= e
Then we see that
lim o;(() = -1,
j—oo

uniformly on compact sets. We conclude that the topological group Aut(D)
is not compact; for we have produced a sequence of elements of Aut(D) that
has no subsequence converging to an element of D.

By contrast, our explicit description of the automorphism group of A shows
that Aut(A) is just two copies of the circle. Put more analytically, if 3, are
elements of Aut(A), then either (i) infinitely many of them have a factor of
the inversion A or else (ii) infinitely many of them do not. Suppose the former.
Then each (; may be written 3; = Ao €' where 0 < pj < 27m. Then it is
easy to extract a subsequence that converges uniformly. As a result, Aut(A)
is compact. [A similar argument applies in the second eventuality.]

Now if there were a conformal mapping @ : D — A, then the induced

mapping
Yyt Aut(D) — Aut(A),
prpogoyt,

would be a topological group isomorphism. But of course these two groups
cannot be isomorphic as topological groups just because one is compact and
the other is not!?

2 It should be stressed that it is a priori clear that these two domains cannot
be conformally equivalent because they are not even topologically equivalent.
After all, D is simply connected while A is not. But our point is to see how
automorphism groups can be used to obtain useful results.

3 Tt is also worth noting that one automorphism group (for the annulus) is abelian
while the other (for the disk) is not. Details are left as an exercise.
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We conclude that D and A are not conformally equivalent.

Thus we see that the automorphism group can serve as a device for dif-
ferentiating conformal equivalence and/or inequivalence of domains. In the
context of the plane this device may seem somewhat artificial, just because so
many other powerful tools (the Riemann mapping theorem, the uniformiza-
tion theorem, tools from Riemann surface theory, etc.) are at our disposal.

In fact compactness/noncompactness is only one of many possible dialec-
tics that we could use to see that the annulus and the disk cannot be confor-
mally equivalent. We could also look at the dimension of the automorphism
groups. As already noted, the automorphism group of the annulus is two cir-
cles, and has dimension 1. By contrast, the automorphism group of the disk
is all maps of the form

(—a

1—al’
Plainly there are three free parameters (one for the real parameter T and
two for the complex parameter a) and the automorphism group of the disk
therefore has dimension 3. As a result, the annulus and the disk cannot be
conformally equivalent.

In fact we may apply this philosophy in other interesting circumstances.
Part of the content of the uniformization theorem of Kobe (see Section 4.6)
is that there are only three (conformally distinct) simply connected Riemann
surfaces: the disk D, the plane C, and the Riemann sphere C. Let us discuss
for a moment the automorphism groups of these objects.

As already noted, Aut(D) has dimension 3. The conformal self-mappings
of the plane are those of the form

C»—>e”

(—aC+b

for arbitrary complex constants a # 0 and b. Thus Aut(C) has dimension 4.
The conformal self-mappings of the sphere are the linear fractional transfor-

mations
aC+b

c+d’
To eliminate redundancies, we write these (by dividing out by ¢ or d, whichever
is nonzero) as

(—

aC+ 06 aC+ 0
¢ +1 C+o

Thus, plainly, the dimension* of Aut(@) is 6. In any event, the calculations
in the last paragraph explain why the disk, the plane, and the sphere must

C—

(+—

4 In fact it is worth noting that the conformal self-maps of the plane are just those
conformal self-mappings of the sphere that map oo to co. When we pass from
mappings of the plane to mappings of the sphere, we have the extra latitude of
moving the point at co to another point on the sphere—and that gives two more

degrees of freedom. That is why dim(Aut(C)) = 6 and dim(Aut(C)) = 4.
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all be conformally distinct. [Of course the sphere must be distinct from the
other two anyway because it is topologically inequivalent.] Note that a more
classical proof of the conformal inequivalence of the disk and the plane follows
from Liouville’s theorem.

Given what we have seen so far, it is natural to wonder which planar do-
mains have compact automorphism group. It is a classical fact (see [HEI1],
[HEI2], or [FAK]) that any domain with at least two, but finitely many, holes
has in fact a finite automorphism group. [We shall provide some heuristic jus-
tification for this assertion below. See also the discussion at the end of Section
12.5.] Thus the automorphism group will certainly be compact. It is natural,
then, to conjecture that if a planar domain is not simply connected, then it
will have compact automorphism group (and, conversely, if the planar domain
is simply connected then it will have noncompact automorphism group).

Part of this statement is obvious: If §2 is a simply connected planar domain,
not the entire plane, then the Riemann mapping theorem tells us that (2 is
conformally equivalent to the disk D. But then the argument given in our
first example shows that Aut({2) will be topologically isomorphic to Aut(D).
It follows, then, that Aut({2) is noncompact.

The other part of the statement is false, as the following example shows.

Ezample 12.2.2. Let D = {¢ € C: (| < 1} as before. Let d = {¢ € C : [¢| <
1/10}. Define
_¢(—1)2
For 1 < j € Z, we let '
() =popo--0p(C).
%,—/
J times

Ifj<0,5€Z, welet
And, finally, we set

With this language, we define

=D\ |J ¢@).

j=—c0

Figure 12.1 exhibits this domain. It is obviously infinitely connected. What is
its automorphism group?

Certainly any ¢ is an automorphism of {2, just because ¢ o ¢/ = ¢7T*,
Also the mapping ¢ — —( is an automorphism of (2. It is not difficult to show,
though we shall not provide the details, that these are all the automorphisms
of (2.

Further note that, by dint of tedious hand calculation, we may actually
calculate ¢’. In fact, for all j,
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Fig. 12.1. The domain (2.

po=5
1= 53¢

We see, therefore, that ¢/ — —1, uniformly on compact sets, as j — +oo (and
likewise ¢? — +1, uniformly on compact sets, as j — —o0). In conclusion,
Aut(2) is noncompact.

The upshot of this last example is that the possession of holes is not the
sole determinant of when a planar domain has compact automorphism group.
In fact part of what makes this subject fascinating is that the positive results
require a combination of algebra, complex function theory, and differential
geometry. The next theorem answers the quandary into which we have fallen,
and also illustrates this cross-fertilization of techniques.

Theorem 12.2.3. Let 2 C C be a bounded domain with C* boundary (i.e.,
the boundary consists of finitely many simple, closed, continuously differen-
tiable curves). If 2 has noncompact automorphism group, then §2 is confor-
mally equivalent to the unit disk.

Proof. By the Riemann mapping theorem, it suffices to prove that {2 is simply
connected. We establish this fact in several steps.

(1) There is a noncompact orbit. We claim that there must be a point
P € 2 and elements ¢; € Aut({2) such that ¢;(P) accumulates at a
boundary point @ € 9f2. If this were not the case, then for any collection
{®;} € Aut(£2) and any fixed P € £2 it would hold that {¢;(P)} lies in a
fixed, compact subset L C {2. Of course Aut({2) is a normal family (since
2 is bounded), hence there is a normally convergent subsequence v,
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(2)

(3)
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Q /\
S |

Fig. 12.2. Construction of a peaking function.

that converges to some limit holomorphic function g. Now the argument
principle shows easily that this limit function g is univalent. And the
fact that all the v, (P) are trapped in L shows that the limit function
maps {2 into (2. Since similar reasoning applies to the inverse mappings,
we may conclude that the limit mapping g is in fact an automorphism.
So we would see that Aut(f2) is compact. Since we assumed that in fact
this is not the case, we may therefore conclude that the asserted points
P € 2 and @) € 012 and automorphisms ); must exist.

There is a peaking function at the point Q € 8f2. A “peaking
function” is a function u : 2 — D such that

e [ is continuous on £2;

e 4 is holomorphic on (2;

o Q) =1 _

o |u(Q)] <1forall ¢e\{Q}.

Such a peaking function may be constructed by mapping {2 univalently,
with a mapping &, into the unit disk so that the holes in {2 go to interior
regions in the disk and the outer boundary of {2 goes to the boundary of
the disk (see also our discussion in Section 4.5). Carathéodory’s theorem
(Section 5.1) tells us that the mapping extends continuously and univa-
lently to the boundary. See Figure 12.2. Suppose that the boundary point
Q € 012 gets mapped to 1 € dD. Now the function

1
Q=5

is a peaking function for the point 1 in dD. Thus p = f o is the peaking
function that we seek for {2 at Q.

If K C {2 is any compact subset and if 1; and P, Q are as in as-
sertion (1) then there is a subsequence v;, such that ¢, (z) — Q
uniformly over z € K. To see this, let ¢;, P, @ be as in part (1). Let
 be the peaking function as in part (2). Consider the maps g; = p 0 ¢;.
Observe that each g; is holomorphic and bounded by 1. By Montel’s theo-
rem, there is a subsequence g;, that converges uniformly on compact sets
to a limit function go.
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Of course |go(¢)] < 1 for all ¢ € 2. But observe that

g90(P) = lim g;(P) = lim p(¢;(P)) = p(lim ¢;(P)) = u(Q) = 1.

j—o0 j—o0 j—o0
We have contradicted the maximum modulus principle (see [GRK1]) un-
less go = 1. But then this means that the ¢;, are converging, uniformly
on compact sets, to the constant function with value Q). That is what has
been claimed.

(4) There is a small, open disk D centered at Q such that 2ND is
simply connected. In fact this is a straightforward application of the
implicit function theorem (see [KRP]), and we leave the details to the
reader. Notice that this is the only step in the proof where we use the fact
that the boundary curve is continuously differentiable.

(5) The domain §?2 is simply connected. Suppose not. Then there is a
closed loop v : [0,1] — (2 that cannot be continuously deformed in 2
to a point. But of course the image curve of v is a compact set C. Let
D be the disk that we found in step (4). By step (3), there is a k so
large that v, (C') € DN 2. But this means that 1;, o is a closed curve
that lies entirely in the simply connected region DN 2. Hence 1), oy can
certainly be deformed to a point inside D N §2. But of course the map 1;
is a homeomorphism. Hence the image C of v itself may deformed to a
point in {2. That is a contradiction.

(6) And now our proof is complete, for the simply connected domain 2 is
conformally equivalent to the disk. This is what was claimed. O

We now have a fairly complete understanding of which domains in the
complex plane have compact or noncompact automorphism group. In the next
section we shall apply some of our new insights to the study of the dimension
of the automorphism group.

We remark that the proof of Theorem 12.2.3 can be modified to give a new
proof of the Riemann mapping theorem; thus one could, in principle, bypass
the use of that theorem in proving Theorem 12.2.3.

12.3 The Dimension of the Automorphism Group

If a domain {2 has very many holes, then the automorphism group will be
discrete (i.e., 0-dimensional). If the domain has just one hole, then the group
will be 1-dimensional. The group can be (at least) 2-dimensional if and only if
the domain is the disk or the entire plane or the punctured plane. The purpose
of the present section is to flesh out these observations.

The Riemann mapping theorem says that a simply connected domain (no
holes) that is not the entire plane is conformally equivalent to the unit disk.
We will make use of a lovely theorem of classical function theory that says that
a finitely connected domain (i.e., finitely many holes) is conformally equivalent
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Fig. 12.3. A finitely connected domain is equivalent to the
disk with finitely many smaller disks removed.

to the unit disk with finitely many smaller disks removed (Figure 12.3). The
result is proved in detail in our Sections 4.2, 4.4. See also [AHL2].

In fact, He and Schramm [HES] have proved that if a domain has at most
countably many holes, then it is conformally equivalent to the unit disk with
at most countably many smaller disks removed.

If a domain (with C! boundary) has automorphism group with infinitely
many elements, then Aut({2) is either compact or noncompact. If it is non-
compact, then Theorem 12.2.3 tells us that (2 is conformally equivalent to
the disk. So we may as well assume that the automorphism group is compact.
Thus the automorphism group, as a topological space, is compact; so it has an
accumulation point. But then the group cannot be a 0-dimensional manifold
(i.e., a discrete set). So it must be (at least) a 1-dimensional manifold.

Now the only compact 1-dimensional manifolds are the circle or a disjoint
union of circles. For a domain with finitely many holes, the only way that mul-
tiple connected components of the automorphism group can occur is through
inversion in one of the holes.®

Now assume, as above, that our domain is finitely connected. As previ-
ously noted, we may assume that it is a disk with finitely many smaller disks
removed. We may use Schwarz reflection—with a little extra care—to extend
any given automorphism A across each boundary hole. We may repeat the
reflection until the automorphism is extended entirely across the hole. Thus
we now have an automorphism of the disk that fixes all the holes. If we ignore
inversions, then the only automorphisms that we may consider are those that
shuffle the holes. But if the automorphism group is 1-dimensional, then there
is a 1-parameter subgroup ¢; of automorphisms. Fix a circle C about one of
the holes—see Figure 12.4.

Then the mapping

t— ¢i(C)

5 For example, in the simple case that the domain is the annulus A = {zeC:1/2<
|z| < 2}, the automorphism group is the set of all rotations plus the inversion
z — 1/z plus compositions of the two. Topologically, this automorphism group is
two circles. So the automorphism group has two connected components.
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Fig. 12.4. A circle about one of the holes.

describes a continuously parametrized family of closed curves in 2. It is im-
possible (by homotopy-theoretic considerations) for such a family to con-
tain curves that encircle two different holes in the domain. So in fact our
1-parameter group of automorphisms must fix all the holes. But then there
can be only one hole, because inversion in a hole would create new compo-
nents of the complement, and the domain is thus (conformally equivalent to)
an annulus.
Our heuristic arguments have shown that:

e The automorphism group of a domain with finitely many holes, but at
least two, is finite.

e The only bounded domain with 1-dimensional automorphism group is the
annulus.

Now which domains have 2-dimensional automorphism group? If 2 is
bounded and dim(Aut(£2)) = 2, then the orbit of any point P € (2 is two-
dimensional.% It follows then that Aut(§2) is noncompact (assuming 942 is C1),
and hence {2 is the disk. But we know the automorphism group of the disk ex-
plicitly: it is 3-dimensional. We conclude that there are no bounded domains
with 2-dimensional automorphism group. Dimension 3 is the top dimension
possible, and that occurs only when the domain is the disk.

What about unbounded domains? It is easy to see (refer to [GRK1]) that
the automorphism group of the entire plane C is the set of all linear maps

zr—az+Db,

where a # 0 and b are arbitrary complex constants. Thus Aut(C) has dimen-
sion 4.

6 Here the orbit of P is defined to be {#(P) : ¢ € Aut(£2)}.
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If instead £2 = C\ {0}—the punctured plane—then the automorphism
group consists of rotations, dilations, and inversion (z +— 1/z), and their
compositions. Hence the group has dimension 2. In fact one can see that an
automorphism of this (2 either takes the origin to the origin or takes the
origin to infinity. In the first case, the point 0 is a “removable singularity”
(by Riemann’s theorem), and we can see that the mapping is the restriction
to {2 of an automorphism of the plane. This makes it easy to determine the
dimension of the group. Recall that we have already observed that there are
no bounded domains with automorphism group of dimension 2.

12.4 The Iwasawa Decomposition

In Lie group theory there are important structure theorems that help us to
understand the specific groups that we study. Sometimes in concrete situations
these structure theorems take on special significance. We illustrate one of
these results in the context of the automorphism group of the unit disk in the
complex plane.

First let us formulate a simplified version of the abstract result:

Theorem 12.4.1. Let G be a connected, semisimple Lie group. Then we may
write

G=K-A-N,

where K is a compact Lie group, A is an abelian Lie group, and N is a
nilpotent Lie group.

We do not intend to prove the theorem here, but rather to discuss it. A
good reference is [HEL]. Now the group we wish to study is Aut(D). For this
group, it turns out that

K is the collection of automorphisms that fix the origin .

The subgroups N and A are best understood by looking at the so-called
unbounded realization of the disk.
That is, consider the mapping C given by
1-¢
D>3(—i-——=eU,
¢ 1+¢
where U denotes the upper halfplane U = {¢ € C : Im ¢ > 0}. Then, as usual,
we have the topological isomorphism

Aut(D) 34— oot € Aut(U).

Thus, if we can find the Iwasawa decomposition for Aut(U), then we will have
found the decomposition for Aut(D).
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You may calculate (exercise) that a linear fractional transformation

aC+b
c¢+d

Pl

is an automorphism of the upper halfplane U if and only if (after normalization
by multiplication by a constant in both the numerator and the denominator)
a, b, c,d are real and ad — bc > 0. We wish to decompose

aC +b

0(0) = g =roaou(),
where v € N’ has the form
v(()=C+p
for some real p; o € A’ has the form
a(C) = A¢
for some positive \; and x € K’ has the form
¢ H+d

for some real 7, §.

Notice that the elements of N are left—right translations of U. These form
an abelian, hence certainly nilpotent, group.” The elements of A’ are dilations,
thus forming an abelian group. Slightly less obvious is that the elements of
K’ fix the point 7 € U, and hence form a compact group.

It is merely a tedious but elementary algebra problem to solve for u, A, o, 5.
They are uniquely determined, and we find that

dc+ b
v =c+ ()
2 2
a(() = 10 ¢,

and
(a?d — abc)¢ + (be? — ade)

k(¢) = .
© (ade — be?)¢ + (a?d — abe)
It is easy to verify that the positivity condition characterizing automorphisms

of U is satisfied by the coeflicients of this mapping .
We invite you to check that

p(() =roaowv(().

7 A group is said to be nilpotent if there is an integer k so that any commutator
of order £ in the group is the identity.
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Now let us translate these three types of mappings back to the disk and
see what the Iwasawa decomposition looks like in the original context in which
the problem was posed above.

As we have already noted, the compact part of the group is easy. On the
upper half space U, this piece K’ is the subgroup of automorphisms that fix
1. These are mappings of the form

¢+ 9

¢ —0C+y

with v, d real. The corresponding subgroup in the disk is the collection of all
automorphisms that fix the origin. By the Schwarz lemma, these are just the
rotations.
For the nilpotent and abelian pieces we must work a little harder.
Let v/ € N’. We must calculate C~! o v’ o C to find the corresponding
element of N. First of all, ¢
i—

i€
A typical element of N is { + v],(§) = £ + p. Hence a corresponding typical
element v,, of N will be

vu(¢) =C 1o, 0 C(C)
i1-¢)
- (fcﬂ‘)
. i(1—
1+ ( (1+CC) Jru)

__(/i—%)' C_flfui
o \p+2 1_W<‘

—p+2i

(o) =

We can plainly see then that v,({) is the composition of a rotation and a
Mébius transformation. Notice that lim, .+ v, () = —1.

Now let o € A’. We must calculate C~! o o/ o C to find the corresponding
element of A. A typical element of A’ is £ +— ) (§) = A¢ for A > 0. Hence a
corresponding typical element «y of A will be

i— (i (152 Al
_ + ¢
or(¢) = ¢ o a0 C(0) = - ( .(u)) b <
i+ (N(5)) 1-c(H)
We see that ay(¢) is a Mdbius transformation. Notice that limy_o ax(¢) =1
and limy 1o ax(¢) = —1.

Ezample 12.4.2. Let us consider whether Aut(D) has a subgroup that is
group-theoretically isomorphic to the integers Z. With the Iwasawa decompo-
sition of the unbounded realization U this is obvious. For the translations
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() =&+k, keZ,

form a subgroup with the required properties. Notice that this result is not
entirely obvious if we work directly with the standard realization of elements
of Aut(D) as the composition of rotations with Mébius transformations.

Likewise, we can see that Aut(D) has a subgroup that is isomorphic to
the multiplicative group R of positive real numbers. This subgroup, looking
at the Iwasawa decomposition of the automorphism group of the unbounded
realization U, is just A itself, that is, the dilations

ah(€) = A-€.

The Iwasawa decomposition can be useful for understanding the orbits of
points under the automorphism group action. Fix a point P € D. Under the
action of K (the automorphisms that fix 0), the point P is sent to all points
of a circle centered at the origin. Under the action of N, the point P is sent
to a curve that is the boundary of a horocycle (see [HIL]). Under the action
of A, the point P is sent to a geodesic in the Poincaré—Bergman metric. We
invite the reader to draw pictures (and to do the attendant calculations) to
illustrate these points.

12.5 General Properties of Holomorphic Maps

Now we turn to a result of Lipman Bers that has a different kind of flavor. It
characterizes domains in terms of a certain algebraic invariant.

Let 2 C C be a domain. Let O({2) denote the algebra of holomorphic func-
tions from 2 to C. Bers’s theorem says, in effect, that the algebraic structure
of O(£2) characterizes 2. We begin our study by introducing a little termi-
nology.

Definition 12.5.1. Let {2 C C be a domain. A C-algebra homomorphism
v : O(f2) — C is called a character of O(2). If ¢ € C, then the mapping

e.: 0(2) — C,
f—= 1),

is called a point evaluation. Every point evaluation is a character.

It should be noted that if ¢ : O(£2) — O(£2) is not the trivial zero homo-
morphism, then ¢(1) = 1. This follows because ¢(1) = p(1-1) = (1) - p(1).
On any open set where the holomorphic function (1) does not vanish, we
find that ¢(1) = 1. The result follows by analytic continuation.

It turns out that every character of O(§2) is a point evaluation. This is the
content of the next lemma.
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Lemma 12.5.2. Let ¢ be a character on O(£2). Then ¢ = e, for some ¢ € {2.
Indeed, ¢ = @(id) € 2. Here id is defined by id(z) = z.

Proof. Let ¢ be defined as in the statement of the lemma. Let f(z) = z —c.
Then

o(f) = ¢(d) —p(c) =c—c=0.

If it were not the case that ¢ € {2 then the function f would be a unit in
O(12). But then

L=o(f [ =elf) e(f ") =0.

That is a contradiction. So ¢ € {2.
Now let g € O({2) be arbitrary. Then we may write

9(2) = g(c) + f(2) - 9(2),
where g € O(£2). Thus
e(g9) = ¢(g(c)) + @ (f) - ¢(9) = g(c) + 0 = g(c) = ec(g) -
We conclude that ¢ = e., as was claimed. |
Now we may prove Bers’s theorem.
Theorem 12.5.3. Let {2, 2 be domains. Suppose that
p:0(R) = 0(R)

is a C-algebra homomorphism. Then there exists one and only one holomor-
phic mapping h : 2 — 2 such that

e(f)=foh forall feO(R).

In fact, the mapping h is given by h = ¢(idg).
The homomorphism ¢ is bijective if and only if h is conformal, that is, a
one-to-one and onto holomorphic mapping from (2 to f2.

Proof. Since we want the mapping h to satisfy ¢(f) = foh for all f € O(£2), it
must in particular satisfy ¢(id) = idp o h = h. We take this as our definition
of the mapping h.

If a € {2, then e, 0 ¢ is a character of O(£2). Thus our lemma tells us that
eq ©  must in fact be a point evaluation on 2. As a result,

eaop=¢ec., withc=(eq0¢)(idp)=-e,(h)=h(a).
Thus, if f € O(£2), then

p(f)(a) = ealpo f) = (ea 0 @)(f) = en)(f) = f(h(a)) = (f o h)(a)
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for all a € £2. We conclude that o(f) = f o h for all f € O(R2).

For the last statement of the theorem, suppose that h is a one-to-one,
onto conformal mapping of 2 to 2. If g € O(£2), then set f = goh~ 1. It
follows that ¢(f) = f o h = g. Hence ¢ is onto. Likewise, if ¢(f1) = ¢(f2),
then f; o h = f» o h hence, composing with h~!, fi = f». So ¢ is one-to-one.
Conversely, suppose that ¢ is an isomorphism. Let a € {2 be arbitrary. Then
e, is a character on O(f2); hence e, o ¢! is a character on O(2). By the
lemma, there is a point ¢ € (2 such that eq 0 ¢t = e.. It follows that

€a =€.0Q.
Applying both sides to idy; yields
ea(idn) = (ec 0o p)(idgp) .
Unraveling the definitions gives
a=e.(idgoh) = hc).

Thus h(c) = a and h is surjective. The argument in fact shows that the pre-
image c¢ is uniquely determined. So h is also one-to-one. O

As an application of Bers’s theorem, we can see immediately that the disk
D ={z€C:|z] <1} and the annulus A = {z € C: 1/2 < |z| < 2} are not
conformally equivalent. For the algebra O(D) can be generated by 1 and z.
But the algebra O(A) cannot be generated by 1 and just one other function
(because natural generators for O(A) are {1,z,1/z} and it is impossible to
come up with a shorter list). We leave the details of these assertions to the
reader.

Recall from Section 4.5 the concept of essential boundary point. We say
that a domain is mazimal if each boundary point is essential. Given a domain
§2, there is a unique maximal 2* D 2 (see [FIS, p. 66]). Now it is possible to
prove the following result:

Theorem: Let 21, {25 be two planar domains. Let ¢ : 25 — (27 be a
one-to-one, onto holomorphic mapping. Then the mapping

@ . HOO(.Ql) — HOO(QQ),
f=1fow (%)

defines a real algebra isomorphism of H™((21) onto H™({)) with
&(i) =1 (here i denotes the H* function that is identically equal to

Conversely, if @ is a real algebraic isomorphism of H* (1) onto
H>({29) with (i) = i, then there is a one-to-one, onto mapping
w25 — Q7 such that (x) holds.
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The proof of this result is not difficult (see [FIS, p. 67]). But we shall omit
the details and move on to new directions. We now turn to some results about
limits of automorphisms. The first was proved by H. Cartan in the 1930s. We
begin with some preliminary remarks.

First, if f; are holomorphic maps from (2 to (2 and if f; converges uniformly
on compact sets to a limit function f, and finally if f is not constant, then f
is a holomorphic mapping from {2 to 2. This assertion is immediate from the
open mapping principle.

Second, if f; are holomorphic mappings from {2 to {2, if g; are holomorphic
functions on {2, and if

(a) lim;_ f; = f is a holomorphic mapping from {2 to (2,
(b) limj_,~ g = g is a holomorphic function on 2,

then lim;_. g; o f; = g o f. To see this, let w; € 2 be a sequence with limit
w € £2. Uniform convergence on compact sets gives us that lim; o f;(w;) =
f(w). By the same token, lim;_. g;(fj(w;)) = g(f(w)). We conclude that
the sequence g; o f; converges uniformly on compact sets to g o f.

Now we turn to Cartan’s result.

Proposition 12.5.4. Let £2 be a bounded domain and ¢; € Aut(£2). Assume
that the p; converge uniformly on compact sets to some function f. Then f is
either itself an automorphism, or else f is constantly equal to some boundary
point of §2.

Proof. Of course the limit function f will be holomorphic. Now we examine
the sequence g; = f j_l. These form a bounded sequence of holomorphic func-
tions on {2. By Montel’s theorem, there is a subsequence g;, that converges
uniformly on compact subsets of {2 to some element g € O({2). We assert that

g (f(w))- f'(w)=1 forall we 2 with f(w) € 2. (12.5.1)

To see the assertion, observe that g;o f; = id and hence g} (f;(2))-fj(z) =1
for all j and all z € 2. Thus we need only check that

Jim g5 (f(w)) = g'(f (w))

for allw € 2N f~1(£2). This assertion holds, however, because lim;_,, f;(w) =
f(w) and the sequence g§ converges uniformly on compact sets to g’.

With our claim proved, we now note that, if f is not constant, then f is
certainly a holomorphic map from 2 to 2 (by the first remark preceding the
enunciation of our proposition). Also g is not constant by (12.5.1), and again
our first remark implies that g is a holomorphic map from {2 to (2. Since
g;j o f; =id = f; o g;, our second remark now implies that

gof=id=fog,

hence f € Aut(£2).
But if f is constant then (12.5.1) tells us that ¢ = f({2) cannot be a point
in £2. It follows that ¢ € 0f2. O
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It is easy to see that, in the second conclusion of the proposition, the limit
of the sequence of automorphisms cannot be an isolated boundary point of 2.
This follows because {2 is connected, and because of uniform convergence on
compact sets.

A simple but good example to keep in mind for illustrating the proposition
isf2=D={z€C:|z| <1} and

_ 2= (=1
MO ==y
Of course each f; is an automorphism of the disk, but lim; o, fj(z) = -1 €

oD.

The theory becomes particularly rich if we examine not just any sequence
of automorphisms but rather the sequence of iterates of a single mapping
or automorphism (we have already glimpsed this additional structure in our
proof of Cartan’s Proposition 12.1.1). In what follows, if f : 2 — 2 is a
holomorphic mapping then we shall use the notation

fi(z)=fofo---of forj=1,2,....
——

j times

Proposition 12.5.5. Let f be a holomorphic mapping of the domain {2 to
itself. Assume that some subsequence f7% converges uniformly on compact
sets to a function g € O(£2). We conclude that

(a) If g € Aut(R?) then f € Aut(£2).
(b) If g is not constant, then every convergent subsequence of the
sequence hy, = fi*+17J% has the limit function idg,.

Proof. First consider part (a). If it were the case that f(a) = f(b), some a,b €
2, then it would follow that f7(a) = f7(b) for all j and hence g(a) = g(b).
We must conclude that a = b since g € Aut({2).

For surjectivity, we know that f7*(£2) C f(£2) for every choice of index. It
is immediate that ¢g(£2) C f(£2) C (2, just by set theory. But we must have
that g(£2) = 2 because g is an automorphism. Therefore f({2) = {2. Assertion
(a) is now proved.

We turn to (b). By a previous remark, we certainly know that g is a
holomorphic mapping from {2 to (2. Let h be some subsequential limit of the
hi. Then, by an earlier remark, f/*+1 = hy o f/* implies that ¢ = h o g.
Therefore h is the identity on g(£2). But g({2) is open in {2, so we know that
h =idg,. That completes the proof. O

One interesting consequence of this last proposition is that, if the iterates
f7 of f converge uniformly on compact sets to a nonconstant function, then
the limit function is the identity.

Now we have an important result of Cartan:
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Theorem 12.5.6 (Cartan). Let {2 be a bounded domain and let f be a holo-
morphic mapping of 2 to 2. Suppose some subsequence fI* of the iterates

of f converges uniformly on compact sets to a nonconstant function g. Then
f € Aut(£2).

Proof. Montel’s theorem tells us that h; = f/*+1 7% has a subsequence that
converges uniformly on compact sets. By part (b) of the last proposition, we
know that the limit of this subsequence is idy;. By part (a) of that proposition,
f € Aut(2). |

The next result is philosophically related to the three-fixed-point theorem
(Theorem 1.4.3) that we proved earlier.

Corollary 12.5.7. Let {2 be a bounded domain and suppose that f : 2 —
2 is a holomorphic mapping with two distinct fixed points. Then f is an
automorphism of §2.

Proof. Call the fixed points a and b with a # b. We assume, of course, that
a # b. Montel’s theorem tells us that there is a subsequence {f7*} of the
iterates that converges in {2 to a holomorphic function g. Certainly g(a) = a
and ¢g(b) = b. Hence g is not constant. By the theorem, f € Aut({?). O

The next corollary is in part a reiteration of the theorem of Cartan with
which we began this section. Compare it to the classical Schwarz lemma.

Corollary 12.5.8. Let 2 be a bounded domain and a € 2. Then |f'(a)] <1
for all holomorphic mappings f : 2 — (2 that fir a. Let Aut,(£2) consist of
those automorphisms that fix the point a. Then we have

Aut,(2) ={f : f is a holomorphic mapping from 2 to 2 ,
fla)=a, [f'(a)]=1}.

Proof. As usual, by Montel, there is a subsequence f7* of iterates that con-
verges, uniformly on compact sets, to some holomorphic g. One may calculate
that

Jim [ () = lim [f'(a)}* = ¢'(a) .

But this can be true only if |f/(a)| < 1 (otherwise the powers of the derivative
would blow up).

In case |f'(a)| = 1, we see that |g’(a)| = 1. But then g is not constant, and
Cartan’s theorem tells us that f € Aut((2).

Conversely, suppose that f € Aut(§2) and f fixes a. Then f~! € Aut,(£2).
We know already that |f’(a)| < 1. Likewise, [1/f(a)| = |(f~1)(a)] < 1, or
|f'(a)] > 1. We conclude that |f'(a)| = 1. O

We saw some of the interest of Aut,(£2) in the last corollary. Note that
Aut, (£2) is itself a group, known as the isotropy subgroup of a. By Montel’s
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theorem, this subgroup is compact in the topology of uniform convergence
on compact sets. Because an automorphism is an isometry in the Bergman
metric of {2, we find it useful to consider the mapping

Aut,(2) 2 o ¢(a). (12.5.2)

Applying reasoning as in the last proof, or simply invoking the last corollary,
we see that |¢’(a)| = 1. This mapping is also one-to-one (by reasoning that we
have used before), just because an isometry is uniquely determined by where
it takes a point (in this case a) and the derivative at that point.

Thus the mapping (12.5.2) is an injection of the compact group Aut,({2)
into the unit circle in the complex plane. The image therefore must be a
compact subgroup of the circle group. It is easy to see therefore that the
image is either the entire circle or else a finite subgroup generated by some
element of the form e2™/%F k=1,2,... .

An interesting corollary of the reasoning just presented—an interpretation
really—is contained in the following result.

Proposition 12.5.9. Let 2 be a bounded domain. Fiz a point a € (2. Let
f e Aut,(2). If f'(a) > 0, then f =idg.

Proof. We know that f’(a) lies on the circle. If f/(a) > 0, then f'(a) = 1. It
follows now from Cartan’s theorem that f = idy,. |

Now we bring the argument principle into play to study how the presence
of topology adds rigidity to the automorphism group structure.

Proposition 12.5.10. Let {2 be a domain. Let f; be a sequence of functions
holomorphic on §2, and suppose that they converge uniformly on compact sets
to a limit function f. Suppose that there is a closed path v in {2 such that the
intersection of the regions interior to f; oy contains at least two points. Then
f is nonconstant.

Proof.  Suppose not. If f(z) = a, then there would be a point b in the region
interior to the curve f; o, b # a, such that

1 / 1
7f fi d¢ = — _dn_
2mi J, fj—b 21 J g0y m—b

is a nonzero integer for all but finitely many j. But the sequence f7/(f; — b)
converges uniformly to 0 on . That is a contradiction. O

Now our main result about multiply connected domains is this:

Theorem 12.5.11. Let 2 be a bounded, finitely connected domain in C with
connectivity at least 2. Assume that each connected component of the com-
plement of 2 has at least two points. Let f be a holomorphic self-map of §2.
Assume that every closed path v in 2 that is not homologous to 0 in {2 has
image under f that is also not homologous to 0 in 2. Then f € Aut(£2).
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Proof. As usual, we apply Montel’s theorem to the sequence of iterates f7.
We find thereby a subsequence f7* that converges to some limit g. Because {2
has connectivity at least 2 (i.e., the complement has at least two connected
components), there is a closed path «y in {2 that is not homologous to 0. Since
floy = fo(fi~tory), we see that no path fi* o can be homologous to 0 in
(2. Thus, for each k, there is a connected component K} of the complement
of £2 such that K, lies in the interior region of the closed curve f/* o ~.
Since 2 has just finitely many holes (i.e., bounded connected components
of the complement), we may suppose (by passing to a subsequence if necessary
and renumbering the holes) that K lies in the region interior to f/* o~ for each
k. Since Kj, has at least two points, we find from our preceding proposition
that g is not constant. Now Theorem 12.5.6 tells us that f is an automorphism
of £2. O

In fact it is known (see [HEI1|, [HEI2]) that a domain of finite connec-
tivity at least three will have finite automorphism group; that is to say, the
domain has only finitely many conformal self-maps (see our earlier discussion
in Section 12.3). Heins even gave sharp upper bounds for the size of the auto-
morphism group. Let §2;, have k holes (i.e., £2; has connectivity k + 1). Then
the sharp upper bound N (k) for the number of elements in Aut({2), k > 2,
is

N(4) =12,

N(6) = 24,

N(8) = 24,
N(12) = 60,
N(20) = 60,

N(k) = 2k for k #4,6,8,12,20.

A very interesting open problem is to determine which finite groups arise
as the automorphism groups of planar domains (there are some results for
finitely connected regions). It is known that if G is a compact Lie group,
then there is some smoothly bounded domain in some C™ with automorphism
group equal to G. But it is difficult to say how large n must be in terms of
elementary properties of the group G. See [BED], [SAZ] for details.

Problems for Study and Exploration
1. Calculate the automorphism group of a bounded domain with two holes.

[Hint: Such a domain is conformally equivalent—see the results in Chapter
4— to an annulus with one more disjoint disk removed.]
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. Let

N={(eC:-1<Im(<1}.

Give an explicit description of the automorphism group of (2.

. Let £y C (23 C --- be domains. Define {2 = U;{2;. What can you say

about the relationship of Aut((2) with Aut(£2;)?
Give an example of a Riemann surface without boundary that has compact
automorphism group.

. Give an example of a Riemann surface—that is not a planar domain—that

has noncompact automorphism group.
Calculate the automorphism group of the Riemann sphere.
What is the dimension of the automorphism group of the torus?

. Let A ={C € C:1/2 < |[{] < 2}. Calculate the isotropy group of the

point <.

. Refer to Exercise 2. Calculate the isotropy group of the origin in that

domain.

Let {2 be the domain consisting of the box {¢ € C: |Re(| < 2, |[Im (| < 2}
with the four disks D(1+14,0.1), D(1—14,0.1), D(—=1—i,0.1), D(—1+14,0.1)
removed. Calculate the automorphism group of 2. Now perturb one of the
holes by 0.1. Show that the resulting domain has automorphism group
consisting only of the identity.
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Cousin Problems, Cohomology, and Sheaves

Genesis and Development

One of the most important things that we do in complex function
theory is to construct holomorphic functions with specified proper-
ties. Given the way that we are prone to think, a natural way to
effect this process is to perform some local construction and then to
endeavor to extend the result to an entire domain (2. The function
theory of one complex variable is replete with methods for perform-
ing that “extension” process. Infinite products, analytic continuation,
division problems, approximation theorems (Runge, Mergelyan), and
the Cauchy—Riemann equations are just some of the devices that we
have for taking a local construction and making it global.

But in fact there are many rather powerful and far-reaching
techniques—which have become quite important in algebraic geom-
etry and several complex variables—that can be used to good effect
in one complex variable as well. Some of these devices are in fact
not very well known in the context of one complex variable. In the
present chapter we shall first introduce the Cousin problems—which
are a poor man’s version of sheaf cohomology—and show how they
can be used to solve some very concrete and substantive problems that
arise in classical function theory. We invite the reader, as an exercise,
to study the more classical proofs of the results that we shall present.

We shall also include a brief introduction to sheaves and sheaf
cohomology. Sheaves are a natural language for the study of Riemann
surfaces and other analytic objects—both in one and several complex
variables (see [GUN2], where the Riemann—Roch theorem for Riemann
surfaces is formulated rather naturally in this language). They arise
also in many other parts of mathematical analysis. Our treatment
will give the reader a taste of the algebraic point of view in complex
analysis.
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13.1 The Cousin Problems

We shall motivate the form of the Cousin problems by first looking at a little
combinatorial topology.

Ezample 15.1.1. Let

P ={zeC:1< 2| <2},
2 ={zeC:|z| <2}

Consider the open coverings U = {U;} of 2° and V = {V;} of 2! that are
illustrated in Figure 13.1.

We shall play the following game with these coverings: To each nonempty
intersection U; N Uy, we assign an integer g, subject to the rules

—_— ==

Fig. 13.1. Open coverings of 2.



13.1 The Cousin Problems 283

9ik = —Gkj (13.1.1)

9ij + 9ik + gki =0 if UiﬂUjﬂUk;é@. (13.1.2)

[We similarly assign integers hjj, to each nonempty intersection V; N Vj.]

The question that we wish to consider is, “Will it always be possible to
choose integers g;,i = 1,2,3,..., such that g;5 = gx — g; for all j, k [respec-
tively, will it always be possible to choose integers h;,i = 1,2, 3, ..., such that
hjr = hi — h;]7 As motivation for this question, the reader should consider
the problem of choosing a branch for log z, z in the complex plane less the
origin.

On the annulus, with cover {U;}, the answer to our question is decidedly
“no.” For a counterexample, let g12 = 1, g23 = 10, and g3; = 100. Define the
other g;; according to (13.1.1). Observe that (13.1.2) is vacuous. If g1, g2, g3
are chosen so that go — g1 = 1 and g3 — g2 = 10, then it must be that
g3 — g1 = 11, and that is inconsistent with g;3 = —100.

By contrast, our problem can always be solved on the disk 2! with cover
{V;} because the (now nonvacuous) condition (13.1.2) guarantees that the
number gi3 will be compatible with the conditions forced by g2 = g2 — ¢1
and g23 = g3 — g2. The contradiction that occurred on the annulus cannot
arise.

The game we have been describing is an algebraic/combinatorial device for
detecting the fact that the annulus has a hole and the disk does not. In some
sense, the number of unsolvable problems of the form (13.1.1), (13.1.2) counts
the number of holes in the region. The subject of algebraic topology (especially
singular homology and cohomology theory) has its roots in considerations such
as these (see [LEF1], [LEF2)).

We now set up a conceptual framework that will make an argument like
this last one rather natural. Our first step in this program is to consider the
Cousin problems. We enunciate them as follows:

FIRST COUSIN PROBLEM (Cousin I) Let {2 C C be a domain. Let
{U,} be an open covering of {2. Suppose that for each U;, U with nonempty
intersection there is a holomorphic g, : U; N Uy, — C satisfying

(@) gjx = —gwj;
() gjx +9gre + 905 =0 on U;nU,NU,.

Problem: Find holomorphic functions g; on U; such that g;; = g — g; on
U; N Uy, whenever this intersection is nonempty.

We also shall consider a multiplicative version of this problem:

SECOND COUSIN PROBLEM (Cousin II) Let 2 C C be a do-
main. Let {U;} be an open covering of {2. Suppose that for each U;, Uy, with
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nonempty intersection there is a nonvanishing holomorphic g;; on U; N Uy
such that

(@) gjk-grj =15
() gjk-gre-gei=1 on  U;NU,NU,.

Problem: Find nonvanishing holomorphic functions g; on U; such that g, =
gk/g; on U; N Uy, whenever U; N Uy, # 0.

Proposition 13.1.2. The analogue of the First Cousin Problem for C*
(rather than holomorphic) functions always has a solution.

Proof.  Let {¢;} be a C partition of unity on {2 subordinate to the covering
{U;}. So each ¢; is a C*° function supported in U; and >, ¢; = 1 on {2. See
[MUN] for more on partitions of unity.

For each i, define

= ¢u(2)gui(2),  z€ Ui
¢
Notice that g; € C°°(U;). Then, on U; N Uy, we have
gi( Z¢é Hgen(2) — 9e5(2)}
= Z¢£ (2)gjx(2)
¢

= gjk(2). m

Theorem 13.1.3. If 2 C C is a domain, then (holomorphic) Cousin I can
always be solved on (2.

Proof. Let {¢;} be a partition of unity subordinate to {U;}. Define

hi=Y dugei  on U
¢

Of course, h; may not be holomorphic. However, on U; N U; we have

1o}
2 (g ¢e 9ok — 9ej) ¢e 9jk) ,ggk 0.
0z 8
Therefore the form 6
f = } on Ul'

is well defined and C'* on (2. By Corollary 7.3.6, there is a u € C*°(§2) such
that Zu = f. Set
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g; = hi —Uu on Uz
Then, on U; N Uy, we have

gk — 95 = hi — hj = gji.

Also, for each 1, %gi = a%hi — %u = 0 on U;. Hence each g; is holomorphic

on U; and we are done. O
Next we turn our attention to Cousin II.

Lemma 13.1.4. Let 2 C R? be a simply connected domain. Let f : £2 — C
be continuous and nonvanishing. Then there is a continuous g on {2 such that
expg=f. If f is C%, any k > 0, then g is C*.

Proof. By continuity, each P € (2 has a neighborhood Up on which f has
a continuous logarithm. Fix Py € 2 and let v : [0,1] — {2 be a continuous
Jordan curve with v(0) = Py, (1) = Py. By a continuity argument, f o y(t)
has a continuous logarithm for 0 < ¢ < 1 (that is, the set

S={s€(0,1):log(fon(t))
is well defined and continuous for 0 < t¢ < s}

is open, closed, and nonempty). Seeking a contradiction, we suppose that
lim;_,- log fo~y(t) # log f oy(0). Let u(s, t) be a fixed-point homotopy of the
curve v with the constant curve at Fy. Thus

e w is continuous on [0, 1] x [0, 1];

o u(0,t) =~(t), all tel0,1];

e u(l,t)="PF, all tel01];

o u(s,0)=u(s,1) =Py, all se€|[0,1].

The function

1 .
plo) = 51 { i log (s, 0) ~ o (s, 0) |
is then a continuous, integer-valued function of s that satisfies p(1) = 0 and
p(0) # 0. This is a contradiction. Thus in fact lim;_, - log foy(t) = log foy(0).

Now a standard argument shows that the set of all P € {2 to which log f
can be unambiguously propagated from the initial point P is both open and
closed. That completes the proof in the continuous, or C?, case.

The C* result follows by applying implicit differentiation to the equation
expg = f. O

Lemma 13.1.5. Let 2 C C be simply connected and let f : 2 — C be a
holomorphic and nonvanishing function. Then there is a holomorphic function
g on {2 such that expg = f.
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Proof. By the preceding lemma, there is a C! function g that works. But then
g satisfies the Cauchy—Riemann equations, as we see by implicit differentia-
tion. O

Theorem 13.1.6. Cousin II can be solved on any domain 2 C C.

Proof. Let U = {U;} be an open covering of 2 and let {g;;} be Cousin II data
for this covering.
We first consider a special case.

Part I: Assume that each U; is a disk. Use Lemma 13.1.4 to write each
gjk = exp hjj, (this is where we use the hypothesis that each U; is a disk so
that each U; NUj is topologically trivial). Of course the hjj are Cousin I data
for the covering U. Let {h;} be a solution of this Cousin I problem. Finally,
set g; = exp h;. That solves our original Cousin II problem.

Part II: In case the U; are not all disks (hence not necessarily all topologically
trivial), we let {U;} be a refinement of the covering {U;} such that each U;
is a disk. Let p : N — N satisfy U; C Uy, for each i (p is called an affinity
function). Define

Gjk Uj N Uk —C
by 3k (2) = 9p()p(k)(2). Then {g;1} is a set of holomorphic Cousin II data for

the covering {U;}. Let {§;} be nonvanishing holomorphic functions that solve
this Cousin IT problem (as provided by Part I of the proof).
Now for any 4, j,k, and z € U; N U; N Uy we have

k37 9p().i91.00) (2) = Gk Go(e)p() (2) = Gk Gk (2) = 1.
Therefore ~ -
gkgp(k)ﬂ'(z) = gjgp(j)yi(z) on Ul N Uj N Uk
As a result, ~
9i(2) = Gk9pr),i(2)  on UiNUy
gives a well-defined nonvanishing holomorphic function on U;.
Finally, for any j, %, ¢, and z € U, N U; N Uy, we have
9197 (2) = §e9p(0) k()37 90y ;(2) = 9 (2)-
This is the desired result. O

The next result is a typical application of Cousin II.

Theorem 13.1.7 (Weierstrass). Let 2 C C be any domain. Let M C (2
be a discrete set. Then there is a holomorphic f on all of 2 such that M =

{z € 2: f(z) =0}.
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Proof. Let each m € M have a neighborhood U, in {2 that excludes all other
elements of M. Let {U;} be a locally finite subcover of M subordinate to
{Um}tmenm- Let Uy = 2\ M. Then Uy is open in 2. Let f;(2) = z — m; on U;
and let fo on Uy be identically equal to 1.

Define Cousin II data

gik = % on U;NUy. (13.1.3)
j

Since Cousin I is solvable on (2, there exist nonvanishing holomorphic g; on
U, such that

Gik = Ik on U;NU. (13.1.4)
9j
Define ()
i(z
flz) =2 on Uj;.

(2) gi(2)
Then (13.1.3) and (13.1.4) imply that f is well defined and holomorphic on
0. Also M ={z€ 2: f(z) =0}. O

Weierstrass’s theorem was generalized by his student Mittag—Leffler. The
result is the following incisive and widely-used theorem.

Theorem 13.1.8 (Mittag—LefHer). Let 2 C C be a domain and M C 2 a
discrete set. For each m € M let p,, be the principal part of a meromorphic
function at m. Then there is a meromorphic function h on all of 2 such that
h/pm is holomorphic near m for each m.

Proof. The proof is nearly identical to that of the last result. Details are left
for the reader. |

13.2 A Few Words About Sheaves

It is not out of place to talk about sheaves in a book on one complex variable.
Certainly sheaves are the most natural language in which to formulate ideas
about Riemann surfaces (see [GUN1], [GUN2]). Many of those ideas specialize
down rather naturally to give very elegant formulations of ideas in the complex
plane.

Let F be a topological space, X a Hausdorff space, and let 7 : F — X be
a continuous mapping satisfying

(13.2.1) = is surjective;
(13.2.2) If f € F then there is a neighborhood W C F of f such
that 7|y, is a homeomorphism.



288 13 Cousin Problems, Cohomology, and Sheaves

Then the triple (F, X, ) is called a sheaf. The letter F alludes to the French
faisceau (sheaf), honoring the French mathematician Jean Leray (1906-1998),
who developed the idea. It was K. Oka (1901-1978) and H. Cartan (1904- )
who first used sheaves in the theory of complex variables. The map 7 is called
the sheaf projection. If € X, then the inverse image F, = 7~ !({x}) is called
the stalk over z. If U C X and pu: U — F is a continuous map that satisfies
mopu(z) = x for all z € U, then p is called a section of F over U. The set of
all sections of F over U is denoted by I'(U, F). Frequently the stalks are each
equipped with an algebraic structure such as group, ring, or module. In such
a case we speak of a sheaf of groups, rings, or modules.

We shall see that sheaves are a natural vehicle for passing from local in-
formation to global information. Local statements are usually formulated in
terms of elements of I'(U, F),U a small open set in X. Global statements are
generally seen to be assertions about I'(X,F). There are several important
elementary examples that should be kept in mind for the rest of the section.

Ezxzample 15.2.1. Let X = M be a manifold. Define F = Z x M with the
obvious topology. Let 7 : F — M be given by 7(z,m) = m. This is a trivial
or product sheaf. If U C M, then p : U — F given by p(m) = (0,m) is a
section of F over U. We call it the 0-section. Of course F is a sheaf of rings.

Ezample 15.2.2. Let X = M be a paracompact manifold and mq € M. Define
F = (Zx{mo}) U ({0} x (M \ {mo})).
Topologize F as follows:

(i) For (0,m) € F,m # myg, we let U be a neighborhood of m in M that is
disjoint from mg. Then {0} x U is a neighborhood of (0, m) in M.
(ii) The only neighborhood of (k,mg) € F is the singleton {(k, mg)} itself.

Using the sets described in (i) and (ii) as a subbase, we may generate
a topology for F. Of course the projection is given by w(k,m) = m. Then
7 is surjective and is a local homeomorphism. This sheaf is known as the
skyscraper sheaf. We encourage the reader to draw a picture. See also Figure
13.2.

Example 13.2.5. Let M be a paracompact C* manifold. If m € M andU C M
is a neighborhood of m, then we define C°°(m,U) to be the collection of all
scalar-valued C*° functions defined on U. Let

C>*(m) = U C*(m,U).

Usm

If f,g € C*®°(m), then we define the relation f ~ g if f = g on some small

neighborhood of m. This is clearly an equivalence relation. The set C¥ =
C>(m)/ ~ is called the ring of germs of C*° functions at m.



13.2 A Few Words About Sheaves 289

mg

Fig. 13.2. The skyscraper sheaf.

If f € C*°(m) then we denote the residue class of f in C3° by either ~,, f
or [f]m, depending on the context. Our sheaf F will be

F=J o

meM

This is the sheaf of germs of C* functions on M.

Topologize F as follows: If F' € F, let f be a representative of F. Thus f
is defined on an open W C M. Let an open neighborhood of F' in F be given
by

{fWh={nfzecW}

The set of all such {f,W} generates (as a subbase) the coarsest topology
under which the projection 7 : [f], — « is a local homeomorphism.
If a C'*° function g on an open set U C M is fixed, then the map

Uszxr—y,geF

is a section of F over U. [Note, in particular, that a globally defined C*°
function on M is just an element of I'(X, F).] Conversely, any section of F
over an open set U C M is induced by a C'°° function on U. Thus the C'*®
functions on U C M are just the sections of F over U.

The given topology on F is not Hausdorff. To see this, take M = R and
m = 0 and consider the sheaf elements induced by the identically 0 function

and by the function
0 ifx <0,
J(@) = {6_1/12 if x> 0.

Remark 15.2.4. Naively, a sheaf looks like Figure 13.3. In the last example,
each C'*° function on an open set U C M corresponds to a “layer” in F. For
each x € M, the stalk over x corresponds to the germs of all C'*° functions
at x.
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——

Fig. 13.3. Idea of a sheaf.

Exercise for the Reader: Describe C2° in terms of formal power series.
As you do this, keep in mind the theorem of E. Borel that any formal power
series about x is the Taylor series of some genuine C*° function defined in
a neighborhood of x (see [KRP1]). Of course the series will not, in general,
converge to that C*° function. &

The last example goes through in just the same way if we replace the
C* functions by either the C* functions or the (smooth) differential forms
of degree k (or bidegree (p,q) on a complex manifold) or the real analytic
functions (when M is a real analytic manifold) or the holomorphic functions
(when M is a complex analytic manifold). The sheaf of germs of holomorphic
functions is Hausdorff (exercise).

Example 13.2.5. The constant sheaf C x X is a sheaf over X if and only if
C is equipped with the discrete topology (exercise). [Hint: Think about the
property of local homeomorphism.]

Given a sheaf (F, X, ) of abelian groups (with group operations written
additively) and a countable open covering U = {U;}2; of X, we construct
cohomology groups as follows. First, if » € {0,1,2,...}, then an r-cochain
with respect to U is a function f that assigns to each (ig,...,i,) € N'*1 an
element f(ig,...,4r) € I'(Uj, N---NU;,,F), subject to the condition that f
is an alternating function of its indices. Let C"(U, F) denote the set of all
r-cochains of F with respect to the cover U. Notice that C” is an abelian
group in a natural way.

Define the coboundary operator

§:C" — O

1 Although we use the notation C" in other contexts to denote spaces of smooth
functions, there is little danger of confusion here.
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by
r+1 ) R
(5 os - virs1) = (=17 f (i0y - gy vinsn)
=0
Here ~ denotes omission.
Lemma 13.2.6. We have
5% =0.

Proof. Observe that 62f is a sum of terms

~ ~

(YR TR TR P

with j < k. When 4; is removed first, the signature is (—1)7F*=D_Tf i is
removed first then the signature is (—1)¥*7. By cancellation, the sum is zero.
O

Define Z" = Z"(U,F) to be those f € C” such that §f = 0. Define
B" = B"(U, F) to be those g € C" such that g = §f for some f € C"~!. Then
Z" and B" are subgroups of C”. We call B" the group of coboundaries and
Z" the group of cocycles.

Notice that B" is a subgroup of Z" just because 62 = 0. Thus the quotient

HWUF)=H =Z"/B", r>1,

is well defined and is called the r*® cohomology group of X (with respect to
the covering U) with coefficients in the sheaf F. By convention, since BY must
clearly be 0, we set H° = Z9.
In more sophisticated language, the lemma tells us that we have the
semiezact sequence
ot el

where, at each C", B" = Im (d|5.—1) C Ker (0|,.) = Z". We measure the
extent to which this sequence fails to be exact at C" by way of the cohomology
group H".

3

Ezxample 13.2.7. Let £2 be the annulus in C with & = {Uy, Uz, Us} the covering
(of £2°) indicated in the first example of Section 13.1. Let F = Z x 2. Then
HO(U,F) = Z° consists of those f on I = {1,2,3} such that f(ig) — f(i1) = 0
on U,;, N U;, for all ig,4;. That is, f assigns to each U; the same integer. In
brief, H' = 20 = (2, F) = Z.

Now Z! consists of those f on I xI such that f(ig,i1)— f(io,2)+f(i1,i3) =
0 on Uy, NU;, NU,,. [Note: This is vacuously satisfied since Uy NUa NU3 = ().
Thus Z! = C*.

On the other hand, Z' > f = §g for some g € C? if and only if f(ig,i1) =
9(io) — g(i1). [This simply says that the analogue of Cousin I can be solved
for the sheaf F.] In summary, H* = Z'/B! = C'/B! counts the number of
unsolvable Cousin I problems with data in the group Z.
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The 1-cocycle
f1,2)=0, f(1,3)=0, f(2,3)=1
is clearly not a coboundary. Also the 1-cocycle
9(1,2)=1, ¢(1,3)=0, ¢(2,3)=0
is also not a coboundary. Finally, the 1-cocycle
h(1,2) =0, hA(1,3)=-1, h(2,3)=0

is not a coboundary. However, notice that both g — f and h — f are cobound-
aries. Since f, g, h clearly generate all of Z! as a group, it follows that the
residue of f alone in H' generates H'. Thus H' is cyclic. Indeed, H' = Z.
Finally, 2" = B" = C" for r > 2 for vacuous reasons, hence H" = 0 for
r > 2.
Thus we see that the annulus {2 has a “one-dimensional” hole, and it is
detected by H (U, F). The annulus has no holes of dimension two or higher.

Ezample 13.2.8. Let 2, U = {U;} be as in the last example. However, let F
be the sheaf of germs of C* (k times continuously differentiable) functions.
Then Z° consists of those f(i) such that f(ig) = f(i1) on U;, N U;,. We
therefore see that Z° = C*(£2). Just as in Section 13.1, we may always use
partitions of unity to solve Cousin I for C* functions. Thus H'(§2,F) = 0.
This is a manifestation of the fact that the sheaf of germs of C* functions (or
C* functions) is fine (see E. Spanier [1]). For trivial reasons, H" = 0 when
r>2.

Ezample 13.2.9. Let £2,U be as above. Let F be the sheaf of germs of holo-
morphic functions on £2. As in the preceding example, H°(f2, F) is isomorphic
to the group of holomorphic functions on 2. By Theorem 13.1, Cousin I can
always be solved on §2, so H! = 0. Finally, H" = 0,r > 2, for trivial reasons.

Ezample 13.2.10. Let 2 = {z € C: |z| < 2} and let V be the covering (of £21)
as in the first Example of Section 13.1. Let F = Z x {2 as in Example 13.2.1.
Then H® = Z° = Z as in Example 13.2.7.

Now f € C* satisfies §f = 0 precisely when f(1,2) — f(1,3) + f(2,3) =0
on Vi1 NVo N V3 (this condition is no longer vacuous). Also, f = dg precisely
when f(io,i1) = g(i0) — g(i1). As discussed in Section 13.1, it follows that
§f = 0 implies that f = §g for some g € C°. Hence H! = Al/B! = 0. For
trivial reasons, H" = 0 when r > 2.

Exercise for the Reader: Let {2 C C be an open set and & = {U;} an open
covering of 2. Let (F, {2, 7) be the sheaf of germs of holomorphic functions.
Then H*(U,F) = 0 if and only if every Cousin I problem for the covering U
can be solved. &
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Return now to the general setting of arbitrary Hausdorff X, sheaf of abelian
groups F, and covering U. We need to see to what extent the cohomology
groups depend on the covering . The hope is that, if the covering becomes
sufficiently fine, then the cohomology groups are independent of the choice of
covering. When formulated suitably carefully, this hope is fulfilled.

If V = {V;} is a refinement of the covering &« = {U,}, then we need to
relate the cohomology computed with respect to V to that computed with
respect to U. In the end we hope to see that the cohomology stabilizes under
the direct limit process for coverings.

To make the preceding paragraphs precise, we let U = {U;};es be an
open covering for X and V = {V;},¢; be an open covering that refines U. Let
o: I — Jsatisfy V; C U, for all i € I. We call o an affinity function. Then
o induces a map o* of C"(U,F) to C"(V,F) as follows: Let f € C"(U,F).
Let (ig,...,4i,) € N"T1. Define o* f € C"(V, F) by

(@ )0, ir) = flolio), -, 0(ir))ly, Ao, -

Exercise for the Reader: Verify the following simple facts about o* :

*

(a) o* is a homomorphism;

(b) d0* = o*0;
(¢) o*(Z") C Z" and o*(B") C B";

(d) By (c), the induced map o* : H"(U, F) — H"(V, F) is well defined. ¢

We call two r-cocycles with respect to a fixed covering cohomologous if they
differ by a coboundary (i.e., if they are representatives of the same cohomology
class in H").

The next lemma is technical but essential:

Lemma 13.2.11. Let U be a covering of X and V a refinement of U. Let o
and o' be two affinity functions for U and V. Then oc* = o' on H".

Proof. We proceed by means of a standard device of homological algebra
known as a chain homotopy. Since the assertion is obvious for r = 0, we may
assume that 7 > 1. Let © : C"(U,F) — C"~1(V, F) be given by

r—1

(@f)(’to, s 7iT—1) = Z f(U(io), SR U(ig_l),U(ig),U/(ig),

£=0
O'/(Z'g_i_l), ey U/(ir—l))-

[Notice that © is a sort of adjoint for §.] We claim that
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(0 f — " f = O5f + 6O . (13.2.3)

This is the chain homotopy condition. Assuming that we have proved (13.2.3),
notice that if f € C"(U,F),6f = 0, then (¢/)*f — o*f = 60f. Thus (¢')*f
and o* f are cohomologous. The result follows.

It

remains to prove (13.2.3). We compute that

T

8O f)(io, - vir) = Y _(=1)¥(OF) (o, iks - . ir)

k=0
r k—1
Z(_l)k {Z(_l)ef (O’(io), s O—(if)a U/(ié)v sy U/(ik)a s O—/(ir))
=0

+ (—1)Zf (O(io), .. .,U(ik), N ,O'(ig+1),0/(ig+1), PN ,O'I(ir))}

—

(D F (0o), - 0(i0), 0 (o), - 0 (k)10 (i)

O f)(igy -y ir)

> (=15 f(olin), ..., o(ie)o’ (ie), . ., o' (ir))

=YW (oo 0ie). 0 (i) 0 ()0 i)
=0 p=¢

r (-1
{Z (—1)+k g (U(io), Lo (in), ..70(2'@),0/(2'@),...,J’(iT))
£=0 k=0
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+ { flo(io),...,0(ie—1),0"(ie),-..,0 (ir))

£=0

T

_ Zf(o(io), ooy 0(ie), 0" (igs1), - - .,o/(ir))}

£=0

= _6(@f (i07 tet ’ir) + {f(al(iO)v s >Ul(ir>) - f(O’(i()), ce ’0(7;7"))}'

Here the first part of the last equality comes from renaming indices and switch-
ing the order of summation. Moreover, the equality of the expressions in braces
holds because the series cancel. Now the last line is equal to

=8(O0f)(igy .-y ir) + {(") flioy -y ir) — 0 flioy . ir)}

It follows that

(00) f(ig, .-, ir) + (O8) flio, ... ir) = (") flio, ... ,ir) — " flig, ..., i)
as desired. O

If f e Z"(U,F), then it is convenient to adopt the standard notation [f]
to denote the equivalence class of f in H" = Z"/B". The lemma says that
a*([f]) = o"*(|f]) for all [f] € H"(U,F) and any two affinity functions o,0’.
If V is a refinement of U, then f induces a well-defined cohomology class with
respect to V (namely o* f for any affinity function o). Let

Z'(X,F) = U Z" (U, F).
coverings U of X

Let f,g € Z"—say that f € Z"(U,F),g € Z"(V,F). We write f ~ g pro-
vided that there is a common refinement W such that the induced cohomology
classes of f and g with respect to W are equal. Then ~ is an equivalence rela-
tion (exercise). The collection of equivalence classes is denoted by H" (X, F),
the " cohomology of X with coefficients in the sheaf F. In an obvious fashion,
H"(X,F) is an abelian group. If [f] € H"(U,F), let [[f]] denote the residue
class of [f] in H"(X,F). Thus [f] — [[f]] is a homomorphism of H" (U, F)
into H"(X,F) for each r and each covering U. The group H"(X,F) is the
direct limit of the groups H"(U, F).

Each element of H"(X, F) comes from some covering Y. Thus the elements
of H°(X,F) are in one-to-one correspondence with the global sections of F.
To understand H' (X, F), we need the next lemma:

Lemma 13.2.12. Let U be an open covering of X and V a covering that is
a refinement of U. Let o be an affinity function for U and V. Then o* :
HYU,F) — HY(V,F) is injective.

Corollary 13.2.13. For any coveringU of X, the map H* (U, F) — H* (X, F)
18 1njective.



296 13 Cousin Problems, Cohomology, and Sheaves

Proof of Lemma 13.2.12. Tt suffices to show that Kerc* = [0]. For this, we
must prove that if ¢ € Z'(U, F) satisfies o*c € BY(V,F), then c € BY (U, F).
To see this, notice that the hypothesis o*c € B*(V, F) implies that o*c = §y
for some v € C°(V, F). With the notation V = {Vi}ier, U = {U;}jes, we
have for all m,n € I that

Yn = Vm = Co(m)a(n) = Co(m)j ~ Co(n)j O UjNVmNVy
(here we have used the condition that ¢ = 0). In other words,
Tn F Co(n)j = Ym + Co(m); on U;NV,NV,.
Hence the section e; € I'(U;, F) given by
€j =Tt Comy; on UiNVy
is well defined. We now compute, on Uy N Uy, NV,

ee —ex = (Yn + Conye) — (Yn + Com)k) = Cho(n) + Co(nyt = Che-

Hence ¢ = ée or ¢ € BY (U, F). O

It follows from Corollary 13.2.13 that H'(X,F) = 0 if and only if
HY(U,F) = 0 for some covering U. Therefore Cousin I for the sheaf F is
always solvable if and only if H'(X,F) = 0.

Unfortunately, there are no such simple descriptions of H? (X, F) in terms
of HP(U,F) for p > 2. On the other hand, the following important result of
J. Leray often makes it unnecessary to pass to the direct limit in order to
calculate with cohomology.

Theorem 13.2.14. Let X be a paracompact manifold, F a sheaf over X, and
U = {U;}ier an open covering on X such that H?(U;y N ---NU,;,,F) =0 for
every p > 1 and every choice of ig, ... ,ip. Then HP(U,F) = H?(X,F) for all
p=>0.

We do not supply a proof of this theorem but instead refer the reader to
[GUNI, p. 44]. It should be noted that, in many applications with X an open
domain in Euclidean space, a covering by balls or disks will plainly satisfy the
hypotheses of Leray’s theorem. So the theorem is not difficult to use.

Our goal now is to develop a little homological algebraic machinery so as
to give the reader the flavor of how sheaf cohomology is used in practice. We
begin with the following exercise:

Exercise for the Reader: Let X be a C'°° paracompact manifold. Let £
be the sheaf of germs of C*° functions on 2. Let F be a sheaf of £-modules
(i.e., each F, is an &-module). Then HP(U,F) = 0 for every open covering
U = {U,}icr and every p > 0. [Hint: This will be similar to the solution of
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Cousin I for C* functions. Let {¢};cr be a partition of unity subordinate to
U Ifce ZP(U,F) and s = (sg,51,...,5p—1) € IP, then set e(i) = >, drcCr,i-
Then de = ¢/] &

The matiére of homological algebra is exact sequences. If A, B,C are
abelian groups and

AL BYC
are homomorphisms, then we say that this sequence is ezact at B if Image ¢ =
Ker . If C = {0}, then “exactness” at B means that ¢ is surjective. If A =

{0}, then exactness at B means that 1 is injective.
If 7,G, H are sheaves (of abelian groups) over X and

0-F 2G5 H-0

are homomorphisms (on each stalk), then “exactness” is defined in an obvious
manner. These homomorphisms trivially induce homomorphisms

0—cru,F) S orw,6) L e, H), (13.2.4)

any p > 0, any open covering U = {U, };c7. The induced sequence is also exact
(exercise), except that the final map may not be surjective (which is why we
have omitted the final 0).

Ezample 13.2.15. Let F be the constant sheaf 2miZ x X, where X = {z € C :
1 < |z| < 2}. Let G be the sheaf of germs of C*° functions over X. Let H be
the sheaf of germs of nonvanishing C* functions (under multiplication). In
the diagram

0-r2ghH—0, (13.2.5)

we take ¢ to be the trivial injection and 1 the exponential map. Then the
sequence is exact (because we check the assertion on the stalk level). But the
induced exact sequence

0w, F) L, g) L e, H) (13.2.6)
is not surjective at the final stage for the covering U = {X} (or for any

covering) because not every C° function on the space X has a well-defined
C* logarithm.

This failure of exactness is both a source of difficulty and of rich theory.
Indeed, the failure of an algebraic property of groups (in this case the property
of exactness) can often be measured by a resolution of groups for which the
property holds. In the present case, the resolution is given by an exact sequence
of cohomology groups. We construct the resolution as follows:
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crt U, F) > cru, F) > crt u, F)

¥ ¥ ¥

cr-1u,g) > cru,g) > crti U, g)

Figure 13.4
Instead of (13.2.4) we write

0— CPU,F) S CPU,G) L CEU,H) — 0, (13.2.7)

where C} is precisely the subgroup of C? that is the image of the map ¢* in
(13.2.4) induced by 1. We have the commutative diagram given in Figure 13.4.
The phrase “commutative diagram” means, for instance, that ¢* o § (where
5. CP YU, F) — CP(U,F) and ¢* : CP(U,F) — CP(U,G)) equals § o ¢*
(where 6 : CP~Y(U,G) — CP(U,G) and ¢* : CP~HU,F) — CP~1(U,G)) and
likewise for all the other “boxes” in Figure 13.4. (The only possible way that
one can write about this subject is to force the reader to verify the details.)
It follows that there are induced maps

0—ZPU,F)— Z°U,G) — ZEU, H) — 0

and
0— B”U,I") — B*(U,G) — BE(U,H) — 0.

Hence the maps

0— H'U,F) — H'U,G) — HyU,H),
HYU,F)— H'U,G) — Hy(U,H), (13.2.8)

are well defined. We wish to construct homomorphisms that connect up the
rOwsS.
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Proposition 13.2.16. The commutative diagram (Figure 13.4) induces a
natural homomorphism

5 HY (U, H) — HPPH U, F)
for every p > 0.

Proof. Let [h] € HE (U, H), and let h be a representative. Since ¥* is surjective
there is a g € ZP(U,G) such that ¢*g = h. We claim that [(¢*)~16g] makes
sense and is uniquely determined as an element of HP*1(U, F) by [h].

Now *dg = d¢*g = dh = 0 whence, by exactness, dg € ¢*(CPTL(U, F)).
So our expression [(¢*)~!dg] makes sense but may not be uniquely determined.
If g = ¢* f, then ¢*df = dop*f = d0g = 0. Thus the injectivity of ¢* implies
that 0f = 0. So &g € ¢*(ZPTH (U, F)).

It remains to check that when [h] = 0, that is, h € Bf(U,H), then
(¢*)"*6g € BPYY(U,F). Now h € BE(U,H) implies that h = dk, some
k € CP ' (U,H). The surjectivity of 1* yields an m € CP~'(U,G) with
¥*m = k. But then ém — g (with g as in the first paragraph) satisfies

Y*(dm — g) =y om — Y g =Y *m — h =5k —h =0.

By exactness, we have dm — g € ¢*(CP(U, F)); say that dm — g = ¢*u, some
w € CP(U,F). Then

—8g = 6(0m — g) = 66" = ¢*6p € ¢"(BPT U, F)). O

Theorem 13.2.17 (The Snake Lemma). The sequence

0— H'WU,F) & HOWU,G) L HOU. H) & HY U, F)
CHWU,G) Y HYUH) S HAU,F) — -
18 exact.

Proof. Exactness at HP (U, F): Reviewing the proof of Proposition 13.2.16,
we note that the image of 6* in HP(U,F) is precisely the set of cohomology
classes determined by ZP(U,F) N (¢*) Y BP(U,G)}. On the other hand, the
kernel of ¢* in HP (U, F) must be the subgroup of (¢*)"1{BP(U,G)} that lies
in ZP(U, F). (Note that exactness at the stage H(U, F) is trivial.)

Exactness at HP (U, G): That Image ¢* C Ker ¢»* is immediate. Conversely,
if [g] € Kery*, then let ¢ € ZP be a representative for [g]. Then ¢*g €
BP(U,H), so p*g = §f for some f € CP~' (U, H). Referring again to Figure
13.4, we see that since v is surjective there is an e € CP~1(U, G) with ¢*e = f.
But then
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V(g —de) =v g —ypTde=0f—YTe=45f —d0f =0.

Therefore g — de € Ker ¢* on the cochain level. Thus there is an h € CP (U, F)
with ¢*h = g — de. Also, ¢*6h = d¢*h = (g — de) = 0—0 = 0.
Since ¢* is injective, we conclude that dh = 0, hence h € ZP. Finally,
¢*[h] = [¢*h] = [g — de] = [g] as desired. O

Exactness at HP(U,H): If [g] € HP(U,G), then §*¢*[g] = (¢*)~1d]g] by
definition of §*. But §[g] = 0 and ¢* is univalent. Hence §*¢*[g] = 0.

Now suppose that [h] € HP(U, H) satisfies 6*[h] = 0. This means, accord-
ing to the definition of §*, that there is a ¢ € CP(U,G) with ¥*g = h and
§*[h] = (¢*)~1d[g] = 0. Set = = (¢*)~1dg. Then x is a coboundary, so z = dy
for somey € CP(U,F). Let f = g—¢*y. Then 6 f = dg—¢*dy = dg—¢*x = 0.
Hence f € ZP(U,G). Finally, ¥*[f] = [¢*g — ¥*¢™y] = [v*g] = [h] as desired.

O

We next wish to eliminate the need for the special groups HY. If U =
{U;}jes is an open covering of X and V = {V;}icr is another open covering
that refines U, let o : I — J be an affinity function for these coverings. Then,
as above, ¢ induces a homomorphism

o' HY(U,H) — H(V, H)
(where we continue to use the notation of the snake lemma).

Lemma 13.2.18. Assume that X is a paracompact manifold. LetU = {U; }jes
be an open covering of X and g € CP(U, H). Then there is a refinement
V = {Vi}ier ofU and an affinity function o : I — J such that o*g € C§(V, H).

Proof. By passing to a refinement, we may suppose that U is locally finite.
Also we may choose open sets {W;};c; such that U;W; = X and W; C U;,
each j. Now we claim that each x € X has an open neighborhood V,, satisfying
the following conditions:

(13.2.9) If s€ JP™ and x € Us, N ---N Us, = Us, then V,, C Uy and if there
isa p € I'(V;,G) such that ¥ o u = g;

(13.2.10) If x € W; then V, C Wj;

(13.2.11) If V, N W, # 0 then V, C U;.

To see that such V, exist, note that the fact that the manifold is normal and
that U is locally finite makes all the assertions but the second part of (13.2.9)
trivial. But the latter follows from part (13.2.2) of the definition of sheaf. For
each z € X, let p(z) € J be such that € W),(,. By (13.2.10), we know that
Ve €Wy Ifzg, ...,z € X and Vo NNV, # 0, then Vg N W,y # 0
for all k = 0,...,p. Hence, by (13.2.11), Vo, € Up(p) N+ -NUp(s,)- It follows
from (13.2.9) that g,(z0)...p(z,) € LUz N -NUq,,G) € T'(Vae NNy, , H)
satisfies g, (z0)...p(a,) = You for some p € I'(V,,N---V,,,G). Now let V = {V;}
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be a locally finite refinement of the covering {Vy}zex of X. If 0 : I — J is
an affinity function such that x € V; implies p(z) = o(¢) then, by definition,
o*g € CY(V, H). O

Corollary 13.2.19. If X is a paracompact manifold, then the canonical map
A of the direct limit of HY (U, H) into HP(X, H) is a surjective isomorphism.

Proof. Denote the direct limit of HY (U, H) by H{ (X, H). The surjectivity is
immediate from Lemma 13.2.18. For the injectivity, it suffices to observe that,
if U is an open covering of X, then

CP(U,H) N B"(U, H) = BPU,H). O

Theorem 13.2.20. If X is a paracompact manifold and 0 - F — G — H —
0 is an exact sequence of sheaves of abelian groups over X, then there is a
long exact cohomology sequence

0— H°X,F)— HX,G) — H*(X,H) - HY (X, F)
- Hl(X’g) HHI(XaH) o

Proof. Combine Theorem 13.2.17 and Corollary 13.2.19. |

Remark: Notice that in Theorem 13.2.17 we did not specify what the maps
are in the exact sequence. In applications of exact sequences, it does not mat-
ter what the specific maps are. What is important is the relationship specified
by the exactness of the sequence.

Exercise for the Reader: Apply Theorem 13.2.20 to the sheaves that we
discussed in Example 13.2.15. What conclusions can you draw about the ex-
ponential map? &

Exercise for the Reader: Give an example of a first Cousin problem on
a Riemann surface that cannot be solved. To what extent does H!(2,0)
measure the number of unsolvable Cousin problems? &

Problems for Study and Exploration

1. Explain why the sheaf of germs of holomorphic functions is not fine.

2. Explain why a C* function (or a holomorphic function, or a real analytic
function) on a domain 2 is nothing other than a section of the appropriate
sheaf.

3. Let 2 C C be a domain and M C {2 a discrete set. Define a sheaf over
2 as follows: If z € 2\ M then let the stalk over z be the germs of all
nonvanishing holomorphic functions. If m € M then the stalk over m is
the ideal generated by the germ of (z — m). The resulting sheaf is called
the ideal sheaf of M. What is a suitable topology on M? Give a classical
interpretation of what a global section of this sheaf would be.
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10.

11.

Problems for Study and Exploration

Let § and 7 be sheaves of rings over a domain 2 C C. Define § & 7.
Define S® 7.

. Let A be the annulus {¢ € C : 1 < |¢] < 2}. Consider the cohomology

of A with coefficients in the sheaf of germs of holomorphic functions.
Which cohomology class is the obstruction to calculating logarithms of
holomorphic functions on A? How does your answer change—if at all—
when A is replaced by D ={( € C: |¢| < 1}?

. Let S be the sheaf of germs of holomorphic functions over the domain

27 C C and let 7 be the sheaf of germs of holomorphic functions over the
domain {2 C C. How is the sheaf S x 7 related to the sheaf of germs of
holomorphic functions over 21 x (25?7 [Hint: A function F'(z1, z3) is said
to be holomorphic if it is holomorphic in each variable separately. Equiv-
alently, it is holomorphic if it has a convergent power series expansion
> ik @ik(21 — p1)7 (22 — p2)* about each point (py,ps) of the domain.]

Explain the concept of analytic continuation—particularly the monodromy
theorem—in the language of the sheaf of germs of holomorphic functions.

. Using Exercise 7 as inspiration, define a Riemann surface using the lan-

guage of sheaves.

Formulate the classical Weierstrass theorem, as discussed in the text, in
the language of sheaf cohomology. Now prove it.

Formulate the classical Mittag—Leffler theorem, as discussed in the text,
in the language of sheaf cohomology. Now prove it.

Formulate a version of the classical Mittag—Lefler theorem for compact
Riemann surfaces. Use the language of sheaf cohomology. Now prove it.
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